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IV PREFACE. 

« 

name appearing with his as joint-author, he replied, that, owing 
to his state of health, more of the work might devolve upon 
me than I expected. The issue has proved the correctness of 
his surmise. 

As to the state of the MS. at the time of his death, two 
hundred pages had been already completed, and the general scope 
and plan of the work decided upon. I need hardly say that his 
wishes have been implicitly carried out in every respect, so far 
as lay in my power. The work has been completed at the request 
of Professor Kankine's Executrix, and at that of the Publishers, 
at whose desire also I have undertaken the superintendence of 
New Editions of his other Scientific Manuals, some of which 
have already been submitted to the Public. 

E. F. B. 
Glasgow, October, 187S, 
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AEITHMETICAL EULES. 

For convenience sake the following Arithmetical Rules are here 
given : they will be referred to hereafter in the designing of toothed 
gearing, under The Theory op Pure Mechanism, Part II. 

Definition. — A prime number is one which is only divisible by 
the number 1. 

1. To find the Prime Factors of a Given Number. — Tiy the prime 
numbers, 2, 3, 5, 7, 11, &c., as divisors in succession, until a prime 
number has been found to divide the given number without a 
remainder; then try whether and how many times over the quotient 
is again divisible by the same prime number, so as to obtain a 
quotient not divisible again by the same prime number; then try 
the division of that quotient by the next greater prime number; and 
so on until a quotient is obtained which is itself a prime number; 
that is, a number not divisible by any other number except 1. This 
final quotient and the series of divisors will be the prime factors of 
the given number. To test the accuracy of the process, multiply 
all the prime factors together; the product should be the given 
number. 

2. To find the Greatest Common Measure (otherwise called the 
greatest common divisor) of Two Numbers. — Divide the greater 
number by the less, so as to obtain a quotient, and a remainder less 
than the divisor; divide the divisor by the remainder as a new 
divisor; that new divisor by the new remainder; and so on, until a 
remainder is obtained which divides the previous divisor without 
a remainder. That last remainder will be the required greatest 
common measure. 

If the last remainder is 1, the two numbers are said to Vie^ ** Y^vcaa 
to each other." 
M-amp/e. — Required, the greatest common laeasvxYe oi W^^ ^v\A 
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Divisor, 1420) 1808 (1, Quotient. 

1420 

Remainder, 388) 1420 (3, Quotient. 

1164 

Remainder, 256) 388 (1, Quotient 

256 

Remainder, 132) 256 (1, Quotient. 

132 
Remainder, 124) 132 (1, Quotient. 

124 

Remainder, 8) 124(15, Quotient. 

120 

Remainder, 4 ) 8 ( 2, Quotient. 

The last remainder, 4, is the required greatest common measure, 
Dejmition, — Ratio is the mutual relation of two quantities iu 
respect of magnitude. 

3. To reduce the Ratio of Two Numbers to its Least Terms, 
divide both numbers by their greatest common measure. 

^ , 1808-4 452 

For example, , .,^ — j = ttff- 

^ ' 1420 -f- 4 355 

4. To express the Ratio of Two Numbers in the foim of a Con- 
tinued Fraction. — Let A be the lesser of the two numbers, and B 
the greater; and let a, 5, c, dy &c., be the quotients obtained diiring 
the process of finding the greatest common measure of A and B. 
Then, in the equation 

B=a+1 
A 6 + 1 

^+1 

d + &c., 

the right-hand side is the continued fraction required. 

To save space in printing, a continued fraction is often arranged 
as follows: — 

1 1 1 i 
a + T -J— <KC. 

6+ c+ a + 

The ratio of two incommensurable quantities is expressed by an 

esidless continued fraction. For example, the ratio of the diagonal 

1111 
io the ade of a square is expressed by 1 + ^ ^ ^-^ ^— &c., 

without end. 

^. To form a senea of Approximation to a GiVieii'^^Xha.— "^^^x^^ 
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the ratio in the form of a continued fraction. Then write the 


quotients in their order; and in a line below them write r- to the 

left of the first quotient, and ^ directly under the first quotient.' 

Then calculate a series of fractions by the following rule : — Multiply 
the first quotient by the numerator of the fraction that is below 
it, and add the numerator of the fraction next to the left; the 
sum will be the numerator of a new fraction : multiply the first 
quotient by the denominator of the fraction that is below it, and 
add the denominator of the fraction that is next to the left; the 
sum will be the denominator of the new fraction; then write that 
new fraction under the second quotient, and treat the second 
quotient, the fraction below it, and the fraction next to the left, as 
before, to find a fraction which is to be written under the third 
quotient, and so on. For example : 

• Quotients,.... a, 5, c, d, &c 

-, ^. 1 n n' n" 

i<ractions, =-> ai — > — ;> —»'> 
1 m m! m 

m~l + 0~'l^ m'~0 + bm^ m"" m + cm!' 
To take a particular case; let the given ratio be as before, -^^^ 

then we have the following series : — 

Quotients, 1 3 1 1 1 15 2 

^ ,. 1 1 4 5 9 U 219 452 

^^^^'^^^ 1 i 3 4 7 n 172 355 

Less or greater than K Q L G L G L G 
given ratio, J 

The fractions in a series formed in the manner just described are 
called converging fractionSy and they have the following properties : — 
First, each of them is in its least terms; secondly , the difierence 
between any pair of consecutive converging fractions is equal to 
unity divided by the product of their denominators; for example, 
9 5 36-35 1 9 14 99-98 1 ,,. „ ^, 

7'-4 = '7irr = 28> 7-ri= 7Tir=T7^ ^^^^^^ *^"y 

are alternately less and greater than the given ratio towards which 
they approximate, as indicated by the letters L and G in the 
example; and, ybwr^A^y, the difference between any one of them 
and the given ratio is less than the difference \>e;t^^€ii ^C(ia.\i crci<^ ^oA 
the next fraction of the series. 
Unctions intermediate between the conveT^iig ii».Ci\i\o\i^TS^«l'^^ 
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found by means of the formula -7 j — ji where — and - , are 

•^ hm + km m m 

any two of the converging fractions, and h and k are any two whole 

numbers, positive or negative, that are prime to each other. 

6. Logarithms. De&iitions. — The power of a number is the 
product of itself multiplied a certain number of times. The i7idex 
or exponent of the power is the small figure placed above the right- 
hand comer, which denotes the number of times the multiplication 
takes place. The Logarithm of a number to a given base is the 
index of the power to which the base must be raised to be equal 
to the given number. That number of which the indices of the 
powers are the logarithms, is called the hose of the system. A suffix 
denotes the base of the logarithm ; if a^ = n, x is the logarithm of 
the number n to the base a, or log„ n^^x. 

Logarithms to the base 10 are called common logarithms. 

7. The logarithm of 1 is 0. 

8. The common logarithm of 10 is 1, and that of any power of 
10 is the index of that power; in other words, it is equal to the 
number of noughts in the power; thus the common logarithm of 
100 is 2; that of 1000, 3; and so on. 

9. The common logarithm of *! is^ 1, and that of any power of 
•1 is the index of that power with the negative sign ; that is, it is 
equal to one more than the number of noughts between the decimal 
point and the figure 1, with the negative sign; for example, the 
common logarithm of -01 is - 2 ; that of '001, - 3 ; and so on. 

10. The logarithms given in tables, are merely the fractional 
parts of the logarithms, correct to a certain number of places of 
decimals, without the integral parts or indices; which are supplied 
in each case according to the following rules : — 

The index of the common logarithm of a number not less than 
1 is one less than the number of integer places of figures in that 
number; that is to say, for numbers less than 10 and not less than 
1, the index is 0; for numbers less than 100 and not less than 10, 
the index is 1 ; for numbers less than 1000, and not less than 100, 
the index is 2 ; and so on. 

The index of the common logarithm of a decimal fraction less 
than 1 is negative, and is one more than the number of noughts 
between the decimal point and the significant figures; and the 
negative sign is usually written above instead of before the index ; 
that is to say, for numbers less than 1 and not less than -1, the 

index is 1; for numbers less than -1 and not less than -Ol, the 
index is 2 ; and so on. 

The fractional part of a common logarithm is always positive, 
and depends solely upon the series o^ Agates of which the number 
consists, and not upon the place o£ t\ie de^VcaaV ^o\w\» ^^s^aw^ 
t/jews 
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Examples. 




Number. 


Logarithms. 


377000 


5-57634 


37700 


4-57634 


3770 


3-57634 


377 


2-57634 


37-7 


1-57634 


3-77 


. 0-57634 


•377 


1-57634 


•0377 


2-57634 


•00377 


3-57634 


and so on. 





11. The logarithm of a product is the sum of the logarithms of 
its factors. 

12. The logarithm of a power is equal to the logarithm of the 
root multiplied by the index of the power. 

13. The logarithm of a quotient is found by subtracting the 
logarithm of the divisor from the logarithm of the dividend. 

14. The logarithm of a root is found by dividing the logarithm 
of one of its powers by the index of that power. 

Note,— In applying these principles to logarithms of numbers 
less than 1, it is to be observed that negative indices are to be 
subtracted instead of being added, and added instead of being 
subtracted. 

15. To avoid the inconvenience which attends the use of nega- 
tive indices to logarithms, it is a very common practice to put, 
instead of a negative index to the logarithm of a fraction, the 
complement (as it is called) of that index to 10; that is to say, 

9 instead of 1, 8 instead of 2, 7 instead of 3, and so on. In such 
cases, it is always to be understood that each such complementary 
index has - 10 combined,. with it; and to prevent mistakes, it is 
useful to prefix - 10 + to it; for example, 

VnTniiai* Logarithm with Logarithm with 

xHumoer. Negative Index. Complementary Index. 

•377 1-57634 -10 + 9-57634 

•0377 2-57634 - 10 + 8-57634 

•00377 3-57634 - 10 + 7-57634 

16. To find the fractional part of the common logarithm of a 
number of five places of figures; take from the table the logarithm 
corresponding to the first three figures, and the difference between 
that logarithm and the next greater logarithm in the tahl^^, \!a»LV- 
tiply that difference by the two remaining ^gate^ ol ^% ^«v 
nnmher, and divide by 100; the quotient NviW \>^ a <iorc^^\Ivy£i> '^ 
be added to the logarithm already found. 
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Example. — Find the common logarithm of 37725. 

Log. 377, 57634 

Log. 378, 57749 

Difference, 115 

x2^ ^ 100 

Correction, 29 

Add log. 377, . 57634 

Log. 37725, 57663 ^7WM?er. 

17. To find the natural number, or antilogarithm^ corresponding 
to a common logarithm of five places of decimals, which is not in 
the table; find the next less, and the next greater logarithm in the 
table, and take their difference. Opposite the next less logarithm 
will be the first three figures of the antilogarithm. Subtract the 
next less logarithm from the given logarithm; annex two noughts 
to the remainder, and divide by the before-mentioned difference; 
the quotient will give two additional figures of the required anti- 
logarithm. (The first of those figures may be a nought.) 

Example, — Find the antilogarithm of the common logarithm 
•57663. 

Next less log. in table, 57634 

Next greater, 57749 

Difference, 115 

Given logarithm, 57663 

Subtract log. 377, 57634 

Divide by difference, 115)2900 

Two additional figures, 25 

80 that the answer is 37725. 

I^ote, — ^The last two rules refer particularly to the tables in 
Kankine's Useful Eules and Tables, but are equally applicable to 
other tables. For instance, where the logarithm of a number of 
5 figures is given in the tables; in these last two rules, for 3 read 5, 
and for 5 read 7. 



TEIGONOMETRICAL RULES. 

The following is a summary of the Principles and Chief Bales of 
Trigonometry : — 

Defimtion. — Every expression which in any way contains a 
number, or depends for its value upon the value of the number, 
is said to be ayunction of that number, as 2a3, cc^, log. x, tan x are 
^functions of x, 

18. Trigonometrical Functions DeMed.—^\rg^^^ >i>a2kX» ^,^^^ 
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stand for the tliree angles of a right-angled triangle, being the 
right angle, and that a,b,c stand for the sides respectively opposite 
to those angles, e being the hypothenose; then the various names 
of trigonometiical functions of the angle A have the following 
meanings : — 

• A ® A ^ 

sm A = - : cos A = -: 

a c—b , . c ' a 

versin A = : coversm A = : 

c ' c 

tanA = T: cotanA = -: 
a 

A ^ A ^ 

sec A = T ; cosec A = -. 
a 

The complement of A means the angle B, sttch that A + B = a 
right angle j and the sine of each of those angles is the cosine of 
the other, and so of the other functions by pairs. 

19. Relations amongst the Trigonometrical Functions of One 
Angle, A, and of its Supplement, 180°- A: — 

• A n 9-A **^ -^ 1 

8mA= ^1— cos*A = T- = A-i 

^ sec A cosec A 

cotan A 1 



cosA= ^l-sin2A = t-= r> 

^ cosec A sec A 

versin A = 1 - cos A ; 

coversin A = 1 - sin A j 

sin A 1 



tan A= j- = — 7 r=sin A'sec A= ^sec^ A-1: 

cos A cotan A ^ 



cos A 



cotan A=-^ — t=i r-= cos A • cosec A= Jcoaeo^ A - 1 : 

sin A tan A v ^ 

sec A= r-= Jl+t&n^ A: 

cos A ^ ' 

cosec A = -; — r= J^ + cotan^ A. 
sm A ^ 

sin (180° - A) = sin A; 

cos (180°- A) = -cos Aj 

versin (180° - A) = 1 + cos A =2 - versin A ; 

coversin (180° — A) = coversin A ; 

tan (180°- A) = -tan A; 

cotan (180° - A) = - cotan A ; 

sec (280°- A) = - sec A ; 

cosec (180" - A) = cosec A. 
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20. The CirctQar Measure of an Angle. — If a right line as radias 
by revolution about a fixed point at its extremity as centre, ^traces 
out an angle from a fixed position, the angle may be measured by 
the ratio of the arc to the radius; this mode of measurement is called 
circular measure. The unit of circular measure is the angle whose 
arc is equal to the radius, that is, 360° ^ 2t = (57° 17' 45" = 206265"). 

To compute sines, &c., approximately by series; reduce the 
angle to circular measure — that is, to radius-lengths and fractions 
of a radius-length let it be denoted by A. Then 

. .__. A3 A5 A^ . 

sm A _ A - ^ + 2:3X5 " 2.3.4.5.6.7 "*" ^''' 

. , A2 A* A« . 

cosA = l--2- + 2:3:i-OA5:6^^^ 

21. Trigonometrical Functions of Two Angles :— 

sin ( A ± B) = sin A cos B ± cos A sin B ; 
cos ( A ± B) = cos A cos B q: sin A sin B j 

tan ^A + 'B)= tan A ± tan B 
^ ~ ' 1 q: tan A tan B' 

22. PonnulflB for the Solution of Plane Triangles.— Let A, B, C 
be the angles, and a, 6, c the sides respectiv^ely opposite them. 

I. delations amongst the Angles — 

A + B + C = 180°; 
or if A and B are given, 

C = 180' - A - B. 

II. When the Angles and One Side are given, let a be the given 
side; then the other two sides are 

sin B sin C 

o = a '—. — r ; c = a'- — r. 
sm A sm A 

III. When Two Sides and the Incltided Angle are given, let a, h 
be the given sides, C the given included angle ; then 

To find the third side. First Method : 

c= J{a^ + b^-2abcosC); 

Second Method : Make sin D = — v?L • cos ^ ; then 

a + b ^ 

c = {a + b) cos D. 



Third Method: Make tan E= '^ , ■ sin 77; then 

a-b 2 

c s= (a - b) sec "E. 
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To find the remaining Angles, A and B. 

If the third side has been computed, 

ft Ji 

sinA = ~-sinC: sinB = --sinC. 
c c 

If the third side has not been computed, 

. A + B ^ C ^ A-B a-b , C 
tan •— 2— = cotan ^; tan^- = — ^ cotan -^; 

J, A + B A-B T^ A + B A-B 

2 ■*" 2 ^ ~~2 2~' 

TV, When the Three Sides are given, to find any one of Hie 
Angles^ such as C — 

a2 + 62_c2 
cosO = — s — 7 — ; 

or otherwise, let 

a + h + c ,. 
s= 5 — j then 



cos 



C_ Ms-c) C_ / (s-a)(s-b) , 

2""V~^6~^ 2-V ^ ' 



cotan ^ - A /^^?^^^)— — tan ^ - A / (iZ^MfZ^. 
cotan 2 - Y (^-a) (s-by ^^"^ 2 " V s(s-c) ' 



^ 2 J8{s-a) {s - 6) (5 - c) 

= T • 

ab 



ITote. — In all trigonometrical problems, it is to be borne in 
mind, that small acute angles, and large obtuse angles, are most 
accurately determined by means of their sines, tangents, and 
coseca/nts; and angles approaching a right angle by their cosines, 
cotangents, and secantq, 

23. To Solve a Right-angled Triangle. — Let C denote the right 
angle; c the hypothenuse; A and B the two oblique angles; a and 
b the sides respectively opposite them. 

Given, the right angle, another angle B, the hypothenuse c. 
Then 

A = 90°-B; a = c'cosB; 6 = c*sinB. 

Given, the right angle, another angle B, a side a, 

A=90°-B; 6 = a*tanB; c = a'secB. 

Given, the right angle, and the sides a, b, 

tanA = ^; tanB = *; c= Ja?-vt?- 
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Given, the right angle, the hypothenuse c; a side a, 



1 



a 



sin A = cosB = -: 5= J<:^-^a\ 

c ^ 

Given the three sides, a, b, c, which fulfilling the equation 

c^ = a^ + 62^ the triangle is known to be right-angled at 0, 

sm A = - : sm JD = ~. 
c c 

24. To Express the Area of a Plane Triangle in terms of its 

Sides and Angles. 

Given, one side, c, and the angles. 

A _ ^. ^^^ ^ ®^^ ^ 
.Area — -^ * : -rz — • 

2 sm C 
Given, two sides, b, c, and the included angle A. 

. 6 c -sin. A 
Area = ^ . 

Given, the three sides a, b, c. Let — ^ = «; then 

Area = J -j » (s - o) (» - 6) « - c) > . 



RULES OF THE DIFFERENTIAL AND INTEGRAL 

CALCULUS. 

25. Dejmitions, — A. function has already been defined. When a 
function of one quantity is assumed equal to another quantity, 
both quantities are called variables, the one upon whose assumed 
value the other depends being called the independent variable, 
while the other, whose value depends upon it, is called the de- 
pendent variable. The expression y = <^ a; for instance denotes that 
the dependent variable y, depends for its value upon the independent 
variable x, the expression denoting that y is 2i function of x. 

A quantity, x, may be assumed to be made up of an infinite 
number of infinitesimal parts, dxy this expression meaning simply 
one of the small infinitesimal differences of which x is made up, 
i,e., x = n'dx, where n is assumed to increase without limit, and 
dx to diminish without limit: this process of considering a quantity 
to be diminished without limit is called differentiation. 

The quotient, if it has a limit formed by taking the difference of 
the function of a quantity, and the function of that quantity witk 
a small increment, and dividing by the increment, is termed the 
differenHal coefficient of the function, with regard to the quantity 

— T^ — — is the differential coefficient of ^ a? with respect to 

*ny written ^' x\ ot o^etm^ \Ni^ ^\sii!^\!QLisic^\fi!i9^ 
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or decremfent of the dependent variable divided by that of the 
independent variable, the former being a function of the latter, is 

called the differential coefficient, thus -^ is the differential co- 

efficient of y with respect to a?, it being always borne in mind that 

-p- is one quantity, which cannot be divided into a numerator dy, 

and a denominator dx. 
26. Rules for finding differential coefficients,— 

If y = C (a constant) ; t^ = 0. 

The Differential Coefficient of the sum of functions is equal 
to the sum of the differential coefficients of the functions, or if 
v = w-{-y + z where all of these quantities are functions of oj, then 
dv _ dw dy dz 

dx"^ dx dx dx 

In the same way to find the differential coefficient of the differ- 
ence, product, and quotient of functions of quantities. 

l.fv=y-z, then ^- = -J^ - -t-» where v, y, z, are functions of x. 
^ dx dx dx ' ^' 7 

Ti. XI ^^ ^^ dy dz . 

It v — wyZj then j- = -t- 'y'z+-f''wz+-T- "uo * y, where 

Vy w, y, z, are functions of x, 

dy dz 
z • — i — y 

If V = — . then -=— = 3 , where v. Vs z, are functions of x. 

dt/ 
If <pxs=nx, 4>'x = n} or otherwise let <Px = y = nx, then -j-^^f 

thus if <^a? = 7aj, 4>'x = 7. 

If tftx = of, <i>'x = wa;**""*, thus i£<Px = x^, ^'x = 7ixfi. 

If <^a? = logJc, 4>'x = '^ . thus if </>fB = login x, 4>'x = —, tt.^ 

® Ojlogea' ^-^^ ' OjlogelO 

1 ^ 43429 
2-30258a? "" x 

l£<t>x= log^x, 4}'x = -. 

X 

If 0a; = a^, <^'a; = a* loge a. 

If <i>x = 8in X, <i>'x = cos x. 
l£4>xs=co8x, ^'x= —sinx. 

If 4>x = tan X. d>'x = — ^—, 

' ^ coa^x 

I^e^miwn. — By sine "^ x is meant tTae avi^e '^V^^^ «v\:^^ "^ 
r thus ifsc = sine y, ^= sine "* x. 
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If ^ oj = sin ^X, ^'X=: 



1 



-1 



^ a = COS "^ a;, ^' aj = - 



1 



^/(l-«^) 



^x = tan ~* 05, ^ a? = .j 5. 

1 + ic^ 

If V = <^ oj, and ^v = xXf then x' x = ^' v <^' x^ or otherwise; 
If » = ««:, y = Aja:, y = *t' then -^=-^. ^. 

If ^ fB = log. sin aj, then ^' a; = -: — • cos x : here Zcw. sin x is first 

sm a? 

difierentiated with respect to sin x, and then sin x with respect to x. 

Definition. — The differential coefficient of the differential coeffi- 
cient is called the second differential coefficient; the differential 
coefficient of the second is called the third; and so on : — 

Thus let ^aj = x\ then ^' x = nx"*"^, ^^ x = n{n - l)a;'*"*, 
^"' x = n {n-1) (n- 2) aj""^; where ^" x stands for the second 
differential coefficient, ^'" x for the third differential coefficient. 
So let ^x = sin x, then ^' x = cos x, f x= - sin ar, ^'" x= — cos x. 
This process is called successive differentiation. 

Another mode of representing this is the following : — — is the 
differential coefficient of y with respect to x ; the second differ- 
ential coefficient dxis represented by -j-^, where -r-^ is a quan- 

ax 
tity which cannot be divided into a numerator d^y and deno- 

minator c^ a^, as already stated of the quantity ~^, 

Clt X 

27. The following is an illustration of the application of the differ- 
ential calculus to Geometry. In fig. 1, 
let O X, O Y be two axes of co-ordi- 
nates at right angles to each other. 
Let A B be a curve, whose equation 
is represented by y = ^a;, i.6., each 
point of the curve has ordinates and 
abscissae bearing to each other the 
ratio represented by the equation, and 
all the points in the curve are known 
when their ordinates and abscissae 
(co-ordinates) are known. Let O C 
= a be a patWcvxVaT n«\\x^ oi x, «csA X.Qj 
Fig. L =5 = (j>a be a -^at^ivcxiW n^xjl^ qS. 'ij'^ 
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also let A E be a small increment of a; = Aa?, and E B a correspond- 
ing increment of y = Ay. The trigonometrical tabgent of the 

Ay 

Let there be a line, A T, lying between A B 



angle E A B = ^ 
*=* Aic 



dy 



and AE, whose tangent is T-^ = ^'a?. Then as B approaches 

Cu OS 

towards A, the line AB will ultimately be the line A T; that is, 
its limiting value as soon as A and B coincide, will be A T. 
Hence if aj be an abscissa of a curve, and ^03 = 3/ be an ordinate, 

the differential coefficient -— =ip'x is the trigonometrical tangent 

Cv X 

of the angle which the geometrical tangent of the curve makes 
with the axis of x, at the point where the abscissa is x. 

The differential calculus will occasionally be applied in an ele- 
mentary manner to portions of the following work, as, for example, 
in treating of the Varied Motion op Points (Part I., Section 3). 

28. The integral calculus is the inverse of the differential; it 
determines the whole magnitude of a quantity of which the dif- 
ferentials are given. 

If a number of points be taken in a curve, and chords drawn 
joining the points, and also tangents drawn through the points 
intersecting each other, the sum of the one will be less than, and that 
of the other (intersected portions) will be greater than the length 
of the curve; if the chords, and tangents are increased in number, 
they will approximate to the length of the curve. The integral 
calculus is used for finding the exact length of the curve. A 
mechanical illustration is the computation of the space passed over 
by a point having varied motion. 

29. Approximate Computation of Integrals. — The present article 
is intended to afford to those who have not made that branch of 
mathematics which treats of the process of integration a special 
study, some elementary information respecting it. 

The meaning of the symbol of an integral, viz. : — 



j u d X, 




is of the following kind : — 

In fig. 2, let A B D be a plane area, of which one boundary, 
A B, is a portion of an axis of 
abscissae O X, — the opposite 
boundary, C D, a curve of any 
figure, — and the remaining 
boundaries AC, B D, ordinates 
perpendicular to X, whose — j- 
respectiva Ahscissse, or dis- 
tances from the origin O, are 



m^.^. 
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O A =a; OB = o. 



Let E F = w be any ordinate whatsoever of the curve C D, and 

O E = a; the corresponding abscissa. Then the integral denoted 
by the symbol, 



/ud x^ 
a. 



means, th^ area of the figure A C B D. The abscisssa a and h 
which are the least and greatest values of a?, and which indicate 
the longitudinal extent of the area, are called the limits of in- 
tegration; but when the extent of the area is otherwise indicated, 
the symbols of those limits are sometimes omitted. 

When the relation between u and x is expressed by any ordinary 
algebraical equation, the value of the integral for a given pair of 
values of its limits can generally be found by means of formula 
which are contained in works on the Integral Calculus, or by 
means of mathematical tables. 

Cases may arise, however, in which u cannot be so expressed in 
terms of a?; and then' approximate methods must be employed. 
Those approximate methods, of which two are here described, are 
founded upon the division of the area to be measured into bands 
by parallel and equi-distant ordinates, the approximate computa- 
tion of the areas of those bands, and the adding of them together; 
and the more minute that division is, the more near is the result 
to the truth. 

First Approximation. 

Divide the area A C D B, as in ^g, 3, into any convenient 

number of bands by parallel or- 
dinates, whose uniform distance 
apart is A a?; so that if n be the 
number of bands, n+1 will be the 
number of ordinates, and 




.^K 



Fig. 3. 



h - a = n AXf 

the length of the figure. 

Let u', u"y denote the two ordinates which bound one of the 
bands ; then the area of that band is 



w -^-w* 



' A oSf nearhf; 



and consequently, adding together the approximate areas of all 
the hands, — denoting the extreme ordinates as follows,^- 



AO=Wa; BDaii*-, 
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also let A E be a small increment of re = Aa?, and E B a correspond- 
ing increment of y = Ay. The trigonometrical tabgent of the 

A.y 
angle E A B =-r^. Let there be a line, A T, lying between A B 

and AE, whose tangent is 3-^ = ^' a?. Then as B approaches 

towards A, the line A B will ultimately be the line A T ; that is, 
its limiting value as soon as A and B coincide, will be A T. 
Hence if a; be an abscissa of a curve, and ^03 = 2/ be an ordinate, 

the diflferential coefficient -— =^'a; is the trigonometrical tangent 

of the angle which the geometrical tangent of the curve makes 
with the axis of x, at the point where the abscissa is x. 

The differential calculus will occasionally be applied in an ele- 
mentary manner to portions of the following work, as, for example, 
in treating of the Varied Motion op Points (Part I., Section 3). 

28. The integral calculus is the inverse of the differential; it 
determines the whole magnitude of a quantity of which the dif- 
ferentials are given. 

If a number of points be taken in a curve, and chords drawn 
joining the points, and also tangents drawn through the points 
intersecting each other, the sum of the one will be less than, and that 
of the other (intersected portions) will be greater than the length 
of the curve; if the chords, and tangents are increased in number, 
they will approximate to the length of the curve. The integral 
calculus is used for finding the exact length of the curve. A 
mechanical illustration is the computation of the space passed over 
by a point having varied motion. 

29. Approximate Computation of Integrals. — The present article 
is intended to afford to those who have not made that branch of 
mathematics which treats of the process of integration a special 
study, some elementary information respecting it. 

The meaning of the symbol of an integral, viz. : — 



\ u dxy 




is of the following kind : — 

In ^g, 2, let A B D be a plane area, of which one boundary, 
A B, is a portion of an axis of 
abscissee O X, — the opposite 
boundary, C D, a curve of any 
figure, — and the remaining 
boundaries AC, B D, ordinates 
perpendicular to O X, whose — ^ 
respective ahscissse, or dis- •«. o 

tances from the origin O, are ^^' ' 



i 
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struct a curve whose abscissse are the various values of y within the 
prescribed limits, and its ordinates the corresponding values of «. 
Then the area of that curve is denoted by 

j v dy= j \ w dxdy. 

Next, let * [ J 

' t = j V ' ay 

be the value of this double integral for a given value of z. Coii- 
struct a curve whose abscissae are the various values of z within the 
prescribed limits, and its ordinates the corresponding values of t 
Then the area of that curve is denoted by 

\t'dz= I j v dydz= j j Iwdxdydz; 
and so on for any number of successive integrations. 



RULES FOR THE MENSURATION OF FIGURES AND 
FINDING OF CENTRES OF MAGNITUDE. 

Section 1. — Areas op Plane Surfaces. 

30. Parallelogram. Rule A, — Multiply the length of one of the 
sides by the perpendicular distance between that side and the 
opposite side. 

Rvle B, — Multiply together the lengths of two adjacent sides 
and the sine of the .'ingle which they make with each other. 
(When the parallelogram is right-angled, that sine is =1.) 

31. Trapezoid (or four-sided figure bounded by a pair of parallel 
straight lines, and a pair of straight lines not parallel). Multiply 
tlie half sum of the two parallel sides by the perpendicular distance 
between them. 

32. Triangle. Ruh A. — Multiply the length of any one of the 
sides by one-half of its perpendicular dist<ance from the opposite 
angle. 

Rvle B. — Multiply one-half of the product of any two of the 
sides by the sine of the angle between them. 

Rule (7.— Multiply together the following four quantities : the 
half sum of the three sides, and the three remainders left after 
subtracting each of the three sides from that half sum ; extract the 
square root of the quotient ; that root will be the area required. 

w<^/^. — A ni/ Polygon may be measured by dividing it into tri- 
nDgles, measuring those triangles, and addm^ t\ievi «jce«L^ ^A^^'Ociet. 

«^«X Parabolic Figures of the TT^nid "Degt^^.— ^\i^ ^^x^;jwSCvi 



ANY PLANE AREA. 



ir 




Fig. 6. 



Fig. 6. 



jGgnres to vhicb the following rules apply are of the following kind 
(see figs. 5 and 6.) One boundary is a straight line, A X, called the 
base or aocis; two other boundaries are 
either points in that line, or straight " 
lines at right angles to it, such as 
A B and X C, called ordinates; and 
the fourth boundary is a curve, B C, j 
of the parabolic class, and of the third 
degree; that is, a curve whose ordinate 
(or perpendicular distance from the base A X) at any point is 
expressed by what is called an algebraical function of the third 
degree of the abscissa (or distance of that ordinate from a fixed 
point in the base). An algebraical function of the third degree of a 
quantity consists of terms not exceeding four in number, of which 
one may be constant, and the rest must be proportional to powers 
of that quantity not higher than the cube. 

MtUe A. — Divide the base, as in fig. 5, into two equal parts or 
intervals; measure the endmost ordinates, A B and X C, and the 
middle ordinate (which is dotted in the figure) at the point of 
divison; add together the endmost ordinates and four times the 
middle ordinate, and divide the sum by six ; the quotient will be 
the mean breadth of the figure, which, being multiplied by the 
length of the base, A X, will give the area. 

Rule B. — Divide the base, as in fig. 6, into three equal intei-vals; 
measure the endmost ordinates, A B and X C, and the two inter- 
mediate ordinates (which are dotted) at the points of division ; add 
together the endmost ordinates and three times each of the inter- 
mediate ordinates; divide the sum by eight; the quotient will be 
the Ttieam breadth of the figure, which, being multiplied by the 
length of the base, A X, will give the area. 

In applying either of those rules to figures whose curved 
boundaries meet the base at one or both ends, the ordinate at each 
such point of meeting is to be made = 0. 

34. Any Plane Area. — Drawanaxisor base-line, AX,^ 
in a convenient position. The most convenient position 
is usually parallel to the greatest length of the area to 
be measured. Divide the length of the figure into a 
convenient number of equal intervals, and measure 
breadths in a direction perpendicular to the axis at 
the two ends of that length, and at the points of 
division, which breadths will, of course, be one more 
in number than the intervals. (For example, in fig. 
7, the length of the figure is divided into ten equal 
intervals, and eleven breadths are measured at b^^b^^ 
&c,) Then the following ruIesT are exact, if tVie svdea 
'/ tLe £garea are bounded by straight lines, aiid\>7 

c 




Vy^,-!. 
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parabolic carves not exceeding the third degree, and areapprosi" 
mate for boundaries of any other figures. 

Etde A. — (" SimpsorCs First Bule" to be used when the number 
of intervals is even.) — Add together the two endmost breadths, 
twice every second intermediate breadth, and/our times each of the 
remaining intermediate breadths; multiply the sum by the common 
interval between the breadths, and divide by 3; the result will be 
the area required. 

For two intei-vals the multipliers for the breadths are 1, 4, 1 
(as in Bule A of the preceding Article); for four intervals, 
1, 4, 2, 4, 1 ; for six intervals, 1,4, 2, 4, 2, 4, 1 ; and so on. These 
are called '^ Simpson's Multipliers." 

Eacample, — Length, 120 feet, divided into six intervals of 20 
feet each. 

Breadths In Feet Simpson's p-A,?««fa 

and Decimals. MuldpUers. troancts. 

17-28 1 17-28 

16-40 .4 65-60 

14-08 2 28-16 

10-80 4 43-20 

7-04 2 1408 

3-28 4 13-12 

1 0-00 

Sumy 181-44 
X Common interval, 20 feet. 

-f- 3)3628-8 

Area required, 1209-6 square feet. 

Evle B. — (" Simpson* s Second Rule " to be used when the 
number of intervals is a multiple of 3.) — Add together the two 
endmost breadths, twice every third intermediate breadth, and 
thrice each of the remaining intermediate breadths; multiply 
the sum by the common interval between the breadths, and 
by 3; divide the product by 8; the result will be the area 
required. 

" Simpson's Multipliera " in this case are, for three intervals, 
1, 3, 3, 1; for six intervals, 1, 3, 3, 2, 3, 3, 1; for nine intervals, 
\, 3, 3, 2, 3, 3, 2, 3, 3, 1 ; and so on. 
jShxemple, — Length, 120 feet, divided mto sibL mt^Y^ala of 20 
feet each. 



TBAPSZOIDAL SULE. 19 

Bieadl^sinFeet Simpson's -d^a^^ 

and Decimals. Mult&Uera. Prodncta. 

17-28 1 17-28 

16-40 3 49-20 

1408 3 42-24 

10.80 2 21-60 

7-04 3 2112 

3-28 3 9-84 

1 0-00 I 

Sum, 161-28 
X Common interval, 20 feet. 

3225-6 
X 3 

-f. 8)9676-8 

Area required, 1209-6 square feet. 

• 

Remarks. — The preceding examples are taken from a parabolic 
figure of the third degree, for which both Simpson's Bules are 
exact; and the results of using them agree together precisely. For 
other figures, for which the rules are approximate only, the first 
rule is in general somewhat more accui-ate than the second, and is 
therefore to be used unless there is some special reason for pre- 
ferring the second. 

The probable extent of error in applying Simpson's First Itule 
to a given figure is, in most cases, nearly proportional to the fourth 
power of the length of an interval. 

The errors are greatest where the boundaries of the figure are 
most curved, and where they are nearly perpendicular to the axis. 
In such positions of a figure the errors may be diminished by sub- 
dividing the axis into smaller intervals. 

Ride (7. — (" MerrifielcPs Trapezoidal Rule," for calculating sepa- 
rately the areas of the parts into which a figure is subdivided by 
its equidistant ordinates or breadths.) — Write down the breadths 
in their order. Then take the differences of the successive breadths, 
distinguishing them into positive and negative, according as the 
breadths are increasing or diminishing, and write them oppo- 
site the intervals between the breadths. Then take the dif- 
ferences of those differences, or second differences, and write them 
opposite the intervals between the first d^ffereueea, d^sX»\xi^3X^\xi^ 
them into positive and negative, according \iO \3a» iQj^<3WSJk% 
pnncipleB: — 
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First DiflerenceB. Second Difference. 

Positive incr^siDg, or ) p j . 

^Negative diminisniDg, j 

Negative increasing, or ) Vecrative 

Positive diminishing, J ^ 

In the column of second differences there will now be two blanks 
opposite the two endmost breadths; those blanks are to be filled 
up with numbers each forming an arithmetical progression with 
the two adjoining second differences, if these are unequal, or equal 
to them, if they are equal. 

Divide each second difference by 12; this gives a correction, 
which is to be subtracted from the breadth oi)po8ite it if the second 
difference is positive, and added to that breadth if the second 
difference is negative. 

Then to find the area of the division of the figure contained 
between a given pair of ordinates or breadths; mtdtiply t/ie lusHf 
sum of the corrected breadths by the interval betweeti them. 

The area of the whole figure may be formed either by adding 
together the areas of all its divisions, or by adding together the 
halves of the endmost corrected breadths, and the whole of the 
intermediate breadths, and multiplying the sum by the common 
interval. 

Eocample. — Length, 120 feet, divided into six intervals of 20 feet 
each. 



I 



Breadths in 
Feet and 
Decimals. 


First 
Differences. 

• 


Second 
Differences. 


Corrections. 


Corrected Areas of 
Bread^s, DiTisions. 

Feet Sq. Feet 


17-28 




(-1-92) 


+ 0-16 


17-44 ^ 




-0-88 








y 339-6 


16-40 


-2-32 


-1-44 


+ 0-12 


16-52- 


« 306-8 


14-08 


-3-28 


-0-96 


+ 0-08 


14-16 


► 250-0 


10-80 


-3-76 


-0-48 . 


+ 0-04 


10-84 


► 178-8 


7-04 










7-04 






-3-76 






\ 102-8 
3-24 

\ 31-6 


3-28 




+ 0-48 


-0-04 




-3.28 











( + 0-96) 


-0-08 


-0-08 J 





Total area, square feet, 1209-6 

The second differences enclosed ia parentheses at the top and 
bottom of the column are those filled in. "V>y xtia^vck^ Wi^oii'isrssL^SL 
^^^thmetical progression with, the second di1ieTftxice."a«cd^o\uv£i%>i>c«c^« 



Intermediate breadths, 
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The last corrected breadth in the present example is negative, 
and is therefore subtracted instead of added in the ensuing com- 
putation. 

Eule D. — (" Corrmion Trapezoidal Evh^^ to be used when a 
rough approximation is sufficient.) Add together the halves of 
the endmost breadths, and the whole of the intermediate breadths, 
and multiply the sum by the common interval. 

Exam/pie, — The same as before. 

Feet. 

Half breadth at one end, 17*28 4- 2 = 8-64 

16-40 

14-08 

10-80 

7-04 

3-28 

Half breadth at the other end, . .0 

60-24 
X Common interval, . 20 

Approximate area, .... 1204-8 square feet. 
True area as before computed, . . 1209*6 

Error y —4-8 square feet. 

35. Circle. — The area of a circle is equal to its circumference 
multiplied by one-fourth of its diameter, and therefore to the square 
of the diameter multiplied by one-fourth of the ratio of the circum- 
ference to the diameter. The ratio of the area of a circle to the 

square of its diameter (which ratio is denoted by the symbol 7) 

i'&memamensurahk; that is, not expressible exactly in figures; but 
it can be found approximately, to any required degree of precision. 
Its value has been computed to 250 places of decimals; but the 
following approximations are close enough for most purposes,, 
scientific or practical : — 

K _««- * TT-1 ^ • «' Errors in Fractions of the 

Approximate Values of ^. ^^^^^ ^^^^^ 

•7853981 634 - + one-300,000,000,000th. 

•785398+ - one-5,000,000th. 

•7854 - + one-400,000th. 

355 

-. ^T5 - + one-13,000,000th. 

4 X 113 ' ' 

jj - + one-2,500th. 

The diameier of a circle eqical in area to a gi'oen squttTe \a ^ec^ 
nearJjr J -12838 x the aide of the square. The ioWo^Vu^ ^«>J^^ ^^ 
examples of this: — 
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Table — Multipliers 


FOB CONVEETINO 






Sides of Squares into 
Diameters of 
Equal Circles. 


Diameters of Circles 

into sides of 

Equal Squares. 




1 


1-12838 


0-88623 


1 


2 


2-25676 


1-77245 


2 


3 


3-38514 


2-65868 


3 


4 


4-51352 


3-54491 


4 


5 


5-64190 


4-43113 


5 


6 


6-77028 


5-31736 


6 


7 


7-89866 


6-20359 


7 


8 


9-02704 


7-08981 


8 


9 


10-15542 


7-97604 


9 


10 


11-28380 


8-86227 


10 



s 



36. The area of a Circular Sector (0 A C B, fig. 8) is the same 

fraction of the whole circle that the 
angle A O B of the sector is of a whole 
revolution. In other words, multiply 
half the square of the radvua, or one-eighth 
of the aqua/re of the diameter, by the 
circular measure (to radius unity) of the 
angle A O B; the product will be the 




Fig. a 
area of the sector. 



Section 2. — Volumes op Solid Fiqubes. 

37. To Measure the Volume of ai^ Solid. — Method L Sy 
layers, — Choose a straight axis in any convenient position. (The 
most convenient is usually parallel to the greatest length of the 
solid.) Divide the whole length of the solid, as marked on the 
axis, into a convenient number of equal intervals, and measure 
the sectional area of the solid upon a series of planes crossing the 
axis at right angles at the two ends and at the points of dLviai(m. 
Then treat those areas as if they were the breadths of a plane 
figure, applying to them Rule A, B, or C of Article 34, page 17; 
and the result of the calculation will be the volume required. If 
Bule is used, the volume will be obtained in separate layers. 

Method II. By prisms or columns (" Woolet/s Eule"), — ^Assume 
a plane in a convenient position as a base, divide it into a netwoi^ 
of equal rectangular divisions, and conceive the solid to be built of 
a set of rectangular prismatic columns, having those rectangular 
divisions for their sectional areas. Measure the thickness of the 
solid at the cen^e and at the middle of each of the aides of each of 
those rectangular columns; add together the doubles of all the 
thicknesses before-mentioned, which are in the interior of the solid, 
and the simple trhicknesses whicb. are at ila\io\xTL'3a.Tvea\ divide the 

^om by six, and multiply by the area o? oti^ xaOuwi^Bic ^^mvm 

of the base. 
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Section 3. — ^Lengths op Curved Lines. 

38. To Galcnlate the Lengths of Circular Arcs.— When the 
proportion of the arc to an entire circumference is given, the 
length of the arc, in terms of the radius, is to be calculated by 
multiplying that proportion by the well-known approximate value 
of the ratio of the circumference of a circle to its radius : viz., 

circumference 710 , /.oooio*? i xi, i. j.- • 

t: = TT7» nearly, = 6 '283 185 nearly : the above ratio is 

radius 113 ^^ ^ 

commonly denoted by the symbol 2 «•; the reciprocal of the above 

113 
ratio is very nearly =y^ = 0*159155 nearly; but it is often much 

more convenient in practice to proceed by drawing; and then the 
following rules are the most accurate yet known :— * 

I. (Fig. 9). To draw a straight line approximately equal to a 
given circular arc, A B. Draw the straight 
chord B A; pi*oduce A to C, maHng 
AC = J B A; about C, with the radius 
C B = f B A, draw a circle; then draw the 
straight line A D, touching the given arc 
in A, and meeting the last-mentioned circle Fig. 9. 
in D ; A D will be the straight line required. • 

The error of this rule consists in the straight line beiug. a little 
shorter than the arc : in fractions of the length of the arc, it is 
about j7nn7 ^^^ ^^ ^^^ equal in length to its own radius ; and it 
varies as the fourth power of the angle subtended by the arc ; so 
that it may be diminished to any required extent by subdividing 
the arc to be measured by means of bisections. For example, in 
drawing a straight line approximately equal to an arc subtending 
60°, the error is about -^ of the length of the arc ; divide the arc 
into two arcs, each subtending 30° ; draw a straight line approxi- 
mately equal to one of these, and double it; the error will be 
reduced to one-sixteenth of its former amount ; 
that is, to about ^^^^^ of the length of the arc. 
The greatest angular extent of the arcs to b^ 
which the rule is applied should be limited 
in each case according to the degree of pre- 
cision required in the drawing. 

II. (Fig. 10). To draw a straight line ap- 
pToodmatdy equal to a given drcula/r arc, A B. 
(Another Method.) Let C be the centre of 
the arc. Bisect the arc A B in D, and the Fig. 10. 
arc A D in E j draw the straight secant 

* These rtdes are extracted J&om Papers le&d. to t\i^ '^rdsui^ kssscs^v^^s^ss^. 
£a 1867, aad pttbJi§bed in the PhUoaopMoaX ACagcudne ioT ^«^\KaiQ«t «^ 
9ctobei' of that year. 
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C E F, and the straight tangent A F, meeting each other in F ; 
draw the straight line F B ; then a straight line of the length A F 
+ F B will be approximately equal in length to the ai-c A B. 

The eiTor of this rule, in fractions of the length of the arc, is 
just one-fourth of the error of Rule I., but in the contrary direction; 
"and it varies as the fourth power of the angle subtended by the arc. 

III. To lay offwpon a given circle an arc approximately equal in 
length to a given straight line. In fig. 11, let A D be part of the 

circumference of the given circle, A one end of 

the required arc, and A B a straight line of the 

given length, drawn so as to touch the circle at 

the point A. In A B take A C = J A B, and 

about C, with the radius C B = f A B draw a 

Fig. 11. circular arc B D, meeting the given circle in D. 

A D will be the arc required. 

The error of this rule, in fractions of the given length, is the 

same as that of Bule I., and follows the same law. 

IV. (Fig. 11.) To draw a circular arc which shall he approxi' 

fnately equal in length to the straight line A B, sluall with one of its 

ends touch that straight line at A, and slwll subtend a given angle. 

Pn A B take A C = J A B ; and about C, with the radius C B 

= } A B, draw a circle, B D. Draw the straight line A D, 

making the angle B A D = one-half of the given angle, and meeting 
the circle B D in E. Then D will be the other end of the required 
arc, which may be drawn by well-known rules. 

The error of this rule, in fractions of the given length, is the 
same with that of Rules I. and III., and follows the same law. 

V. To divide a circular arc, approodmately, into any required 
number of eqyual parts. By Rule I. or II., draw a straight line 
approximately equal in length to the given arc; divide that straight 
line into the required number of equal parts, and then lay off upon 
the given arc, by Rule III., an arc approximately equal in length 
to one of the parts of the straight line. 

Rule V. becomes unnecessary when the number of parts is 2, 4, 
8, or any other power of 2; for then, the required division can 
be performed excuitly by plane geometry. 

VI. To divide the whole circumference of a circle approxvmxitely 
into any required number of equal arcs. When the required 
number of equal arcs is any one of the following numbers, the 
division can be made exactly by plane geometry, and the present 
rule is not needed : — any power of 2 ; 3 ; 3 x any power of 2 ; 5 ; 
5 X any power of 2 ; 15 ; 15 x any power of 2.* In other cases 

* It may he convenient here to state the methods of subdividing arcs and 
whole circles by plane geometry. (1.) To bisect an'y drcular arc Cjw VJaa 
chord of the arc aa a haaey construct any convemenfc lao^G^e-a \,T\a.Ti^^ ^VQsv 
^^0 samzm't pointing away from the centre oi tYie a^^*, «.«ltT^^\.\\aft^Qai 
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proceed as follows : — Divide the circumference exactly, by plane 
geometry, into such a number of equal arcs as may be required, in 
order to give sufficient precision to the approximative part of the 
process. Let the number of equal arcs in that preliminary division 
be called n. Divide one of them, by means of Rule V., into the 
required number of equal parts ; n times one of those parts will 
be one of the required equal arcs into which the whole circumfer- 
ence is to be divided. 

Hules I., III., and V., are applicable to arcs of other curves 
besides the circle, provided the changes of curvature in such arcs 
are small and gradual. 

39. To Measure the Length of any Curve.— Divide it into short 
axes, and measure each of them by Rule I. of Article 38, page 23. 

Section 4. — Geometrical Centres and Moments. 

40. Centre of Magnitude — General Principles.— By the magni- 
tude of a figure is to be understood its length, area, or volume,, 
according as it is a line, a surface, or a solid. 

The centre of magnitude of a figure is a point such that, if the 
figure be divided in any way into equal parts, the distance of the 
centre of magnitude of the whole figure from any given plane ia 
the mean of the distances of the centres of magnitude of the several 
equal parts from that plane. 

The geometriccd mx)ment of any figure relatively to a given plane 
is the product of its magnitude into the perpendicular distance of 
its centre from that plane. 

I. Symmetrical figure, — If a plane divides a figure into two- 
symmetrical halves, the centre of magnitude of the figure is in that 
plane; if the figure is symmetrically divided in the like manner 
by two planes, the centre of magnitude is in the line where those 
planes cut each other; if the figure is symmetrically divided by 
three planes, the centre of magnitude is their point of intersection; 
and if a figure has a centre of figure (for example, a circle, a sphere, 

the centre of the arc to that summit will bisect the arc. (2. ) To mark 

the sixth part of the circumference of a circle. Lay off 

a cSiord equal to the radius. (3. ) To mark the tenth 

part of tibe circumference of a circle. In fig. 12, 

draw the straight line AB=the radius of the circle; 

and perpendicular to A B, draw B C=4 A B. Join 

A C, and firom it cut off C D = C B. AD will be the 

chord of one*tenth part of the circumference of the 

circle. (4*) For the fifteenth part, take the difference Fig. 12. 

between one-sizth and one-tenth. It may be added 

that Gauss discovered a method of dividing the circmnfet^ncft ^i. ^ ^\£^<&\rj 

geometry exactly, when the number of equal paxts is any ^cvni^ lixxsx^et *Oaafc 
28 equal to 1 + a power of 2; such as 1 + 2* = 17 ; 1 +2? =2.^1 , ^^. \ Vo^» "Oaft. 
method ia too labohous for use in designing mecbaixUm. 
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an ellipse, an ellipsoid, a parallelogram, &c.), that point is its ceutro 
of magnitude. 

II. Compound figure, — To find the perpendicular distance fi»m 
a given plane of the centre of a compound figure made up of parts 
whose centres are known. Multiply the magnitude of each part 
by the perpendicular distance of its centre from the given plane; 
distinguish the products (or geometrical movMnta) into positive or 
negative, according as the centres of the parts lie to one side or to the 
other of the plane ; add together, separately, the positive moments 
and the negative moments : take the difference of the two sums, 
and call it positive or negative according as the positive or negative 
sum is the greater; this is the resultant moment of the compound 
figure relatively to the given plane; and its being positive or nega- 
tive shews at which side of the plane the required centres lies. 
Divide the resultant moment by the magnitude of the compound 
figure; the quotient will be the distance required. 

The centre of a figure in three dimensions is determined by find- 
ing its distances from three planes that are not parallel to each 
other. The best position for those planes is perpendicular to each 
other; for example, one horizontal, and the other two cutting each 
other at right angles in a vertical Une. To determine the centre 
of a plane figure, its distances from two planes perpendicular to the 
plane of the figure are sufficient. 

41. Centre of a Plane Area. — To find, approximately, the centra 
of any plane area. 

Rule A. — Let the plane area be that represented in fig. 7 (of 
Article 34, page 17). Draw an axis, AX, in a convenient posi- 
tion, divide it into equal intervals, measure breadths at the ends 
and at the points of division, and calculate the area, as in Article 
34. ^ 

Then multiply each breadth by its distance from one end of the 
axis (as A) ; consider the products as if they were the breadths of 
a new figure, and proceed by the rules of Article 34 to calculate 
the area of that new figure. The result of the operation will be 
the geometrical moment of the original figure relatively to a plane 
perpendicular to A X at the point A. 

Divide the moment by the area of the original fignre; the 
quotient will be the distance of the centre required from the plane 
perpendicular to A X at A. 

Draw a second axis intersecting A X (the most convenient posi- 
tion being in general perpendicular to A X), and by a similar pro- 
cess find the distance of the centre from a plane perpendicular to 
the second axis at one of its ends; the centre will then be completely 
detenmned, 

^ti/e jS, — ^J/ convenient, the distance oi \\ie "te«^\T^^ ^ifeiiJut^ ^xlqaxl 
B plane cutting an axis at one of the mtexme^v^Aft ^om\& ^ ^x:!^- 
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sion, instead of at one of its ends, may be computed as follows : — 
Take separately the moments of the two parts into which that 
plane divides the figure; the required centre will lie in the part 
which has the greater moment. Subtract the less moment from 
the greater; the remainder will be the resultant mom&nt of the 
■whole figure, which being divided by the whole area, the quotient 
will be the distance of the required centre from the plane of 
division; 

Rema/rh, — ^When the resultant moment is = 0, the centre is in 
the plane of division. 

R^de (7. — To find the perpendicular distance of the centre from 
the axis A X. Multiply each breadth by the distance of the 
middle point of that breadth from the axis, and by the proper 
*' Simpson's Multiplier," Article 34, page 18; distinguish the pro- 
ducts into right-handed and lefb-handed, according as the middle 
points of the breadths .lie to the right or left of the axis; take 
separately the sum of the right-handed products and the sum of 
the left-handed products; the required centre will lie to that side 
of the axis for which the sum is the greater; subtract the less sum 
from the greater, and multiply the remainder by ^ of the common 
interval if Simpson's first rule is used, or by f of the common 
interval if Simpson's second rule is used ; the product will be the 
remlta/Kt moment relatively to the axis A X, which being divided 
by the area, the quotient will be the required distance of the centre 
from that axis.* 

42. Centre of a Volume. — ^To find the perpendicular distance of 
the centre of magnitude of any solid figure from a plane perpen- 
d'icolar to a given axis at a given point, proceed as in Rule A of 
the preceding Article to find the moment relatively to the plane, 
substituting sectumal areas for breadths; then divide the moment 
by the volume (as found by Article 37) ; the quotient will be the 
required distance. 

To determine the centre completely, find its distances from three 
planes, no two of which are parallel. In general it is best that 
those planes should be perpendidular to each other. 

43. Centre of Magnitude of a Curved Line.— j^2«Ze A — To find 
ajpproxima/tely the centre of magni- 
^jude of Or very fiat curved line, — 
In fig. 13, let ADB be the arc. 
Draw the straight chord A B, which 
bisect in C; draw C D (the defiec- Fig. 13. 

tion of the arc) perpendicular to 

AB; f rom D lay off DE=:|^ CD; E wiU be very nearly the 

centre required. 

* J^e rales of this Article are expressed in symboVa, a» ioVVyw^ \— "Vfc\. x «ct^ 
'/be the perpeadjcular distances of any point in ttie "elona w^^ix^^ ^"^^ 
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Fig. 14. 



This process is exact for a cycloidal arc whose chord, A B, is 
parallel to the base of the cycloid. For other cuiTes it is approxi- 
mate. For example, in the case of a circular arc, it gives I) E too 
small ; the error, for an arc subtending 60°, being about -g^ of the 
deflection, and its proportion to the deflection varying nearly as 
the square of the angular extent of the arc. 

Bule B, — When tlie curved line is not very flat, divide it into 
very flat arcs; find their several centres of magnitude by Hule A, 
and measure their lengths; then treat the whole curve as a com- 
pound figure, agi'eeably to Rule II. of Article 40, page 26. 

44. Special Figures. — I. Triangle (fig. 14). — From any two of 

the angles draw straight lines to the middle 
points of the opposite sides; these lines will 
cut each other in the centre required ; — or 
otherwise, — from any one of the angles draw 
a straight line to the middle of the opposite 
side, and cut off one-third part from that line 
commencing at the side. 
XL Quadrilateral {"S^g. 15). — Draw the two diagonals A C and 
B D, cutting each other in E. If the quadrilateral is a parallelo- 
gram, E will divide each diagonal into two equal parts, and will 
itself be the centre. If not, one or both of the diagonals will be 
divided into unequal parts by the point E. Let B D be a diagonal 
that is unequally divided. From D lay off" D F in that diagonal 
= B E. Then the centre of the triangle F A C, found as in the 

preceding rule, will be the centre required. 

III. Plane polygon, — Divide it into tri- 
angles; find their centres, and measure 
their areas; then treat the polygon as a 
compound figure made up of the triangles, 
by Rule II. of Article 40, page 26. 

IV. Prism or cylinder with plane par- 
allelends, — Find the centres of the ends; 
a straight line joining them will be the axis 
of the prism or cylinder, and the middle 




Fig. 15. 
point of that line will be the centre required. 



planes perpendicular to the area and to each other, and Xq and y^ the per- 
pendicular distances of the centre of magnitude of the area from the same 
planes; then 

^_ //xdxdy , ^. //ydxdy 

^»" Jfdxdy ' ^^' f/dxdy ' 

See Article 29, page 16. 
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Fig. 16. 



V. Te^a/iedron, or triangtdar jyyramid {^'g. 16). — Bisect 
any two opposite edges, as AD and 
B C, in E and F; join E F, and bisect 
it in G ; this point will be the centre 
required. 

VI. Any pyramid or cone with a 
jiUjme base. — Find the centre of the 
base, from which draw a straight line 
to the summit ; this will be the axis of 
the pyramid or cone. From the axis 
cut off one-fourth of its length, begin- 
ning at the base; this will give the 
centre required. 

VII. Any polyhedron or plane-faced solid, — Divide it into 
pyramids ; find their centres and measure their volumes ; then 
treat the whole solid as a compound figure by Eule II. of Article 
22. 

VIII. Circtdar arc, — In ^g, 17, let A B be the arc, and C the 
the centre of the circle of which it is part. 
Bisect the arc in D, and join D and A B. 
Multiply the radius C D by the chord A B, 
and divide by the length of the arc A D B ; 
lay off the quotient C E upon C D ; E will be 
the centre of magnitude of the arc. 

IX. Gircula/r sector, C A D B, fig. 17. — 
Find C E as in the preceding rule, and 
make C F = | C E : F will be the centre re- 
quired. ^ 

X. Sector of a flat ring, — Let r be the external and r' the 
internal radius of the ring. Draw a circular arc of the same 

angular extent with the sector, and of the radius 5 • -^ t^, 

and find its centre of magnitude by Rule VIIL 




Fi^. 17. 
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ELEMENTARY MECHANICAL NOTIONS. 
Definition op General Terms and Division of the Subject. 

45. Mechanics is the science of rest, motion, and force. 

The laws, or first principles of mechanics, are the same for all 
bodies, celestial and terrestrial, natural and artificial 

The methods of applying the principles of mechanics to particular 
cases are more or less different, according to the circumstances of 
the case. Hence arise branches in the science of mechanics. 

46. Matter (considered mechanically) is thai which fills space. 

47. Bodies are limited portions of matter. Bodies exist in three 
conditions — the solid, the liquid, and the gaseous. Solid bodies 
tend to preserve a definite size and shape. Liquid bodies tend to 
preserve a definite size only. Gaseous bodies tend to expand iqide- 
finitely. Bodies also exist in conditions intermediate between the 
solid and liquid, and possibly also between the liquid and ihe 
gaseous. 

48. A Material or Physical Volume is the space occupied by a 
• body or by a part of a body. 

49. A Material or Physical Surface is the boundary of a body, 
or between two parts of a body. 

50. Line, Point, Physical Point, Measure of Length. — In 
mechanics, as in geometry, a Line is the boundary of a surface, or 
between two parts of a surface ; and a Point is the boundary of a 
line, or between two parts of a line; but the term ^^ Physicd 
Point" is sometimes used by mechanical writers to denote aa 
im/nieasurdbly small body — a sense inconsistent with the strict 
meaning of the word " point ;" but still not leading to error, so 
long as it is rightly understood. 

In Tneasuring the dimensions of bodies, the standard British unit 
of length is the ya/rd, being the length at the temperature of 62** 
Fahrenheit, and at the mean atmospheric pressure, between the 
two ends of a certain bar which is kept in the office of the Ex- 
chequer, at "Westminster. 

In computations respecting motion and force, and in expressing 
the dimensions of large structures, the unit of length commonly 
employed in Britain is ihe/oot, being one-third of the yard. 

In expressing the dimensions of machinery, the unit of length 

commonly employed in Britain is the inch, being one-thirty-sixth 

pait of the yard. Fractions of an incla. or^ -^ety commonly stated 

Sjr mecbamcs and other artificers m^iaVfea, c^T\At^) ^^^^^s^- 
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teenths, and thirly-aecond parts; tut accord h)g to a resolution of 
( "inBtitution of Mechanical Engineers, passed at tlie meeting 
"wt Mancliester in June, 1857, the practice hag been inti-oduced 

^pressing fractions of an inch in decimals. 
,_ io French unit of length is the metre, Leing abont jinnnnnro "^ 
a earth's circumference, measured round the poles. 

51. Rest is the I'elation between two points, when the straight 
line joining tliem does not change in length nor in direction. 

A body is at rest relatively to a point, when every point in the 
body is at rest relatively to the first mentioned point. 

52. Motioa is the relation between two points when the straight 
line joining them changes in length, or in direction, or in both, 

V body moves relatively to a point when any point in the body 
es relatively to the first mentioned point. 
L 'Fised Point.-^When a single point is spoken of as having 
' m or rest, some other point, either actual or ideal, is always 
f expressed or understood, rdativdy to which the motion or 
f the first point takes place. Such a point is called nfitxd 

kr as the phenomena of motion alone indicate, the choice of 
point with which to compare the positions of other points 
tra to be arbitrary, and a matter of convenience alone ; but 
the laws of force, as affecting motion, come to be considered, 
be seen that there are reasons for calling certain points 
1 preference to others. 
I^^e mechanics of the solar system, the fixed point is what is 
the common centre of mass of the bodies composing that 
In applied mechanics, the fixed point is either a point 
at rest relatively to the earih, or (if the structure or 
under consideration be movable from placo to place on 
lb), a point which is at rest relatively to the atructure, or to 
le of the machine, as the case may be. 
Points, lines, surfaces, and volumes, which are at rest relatively 
to a fixed point, are fixed. 

64. Ciaematics. — The comparision of motions with each other, 
"without reference to their causes, is the subject of a branch of 
geometry called " Cinematics." 

55, Force is an action between two bodies, either causing or 
tending to cause change in their relative rest or motion. 

The notion of force is first obtained directly by sensation; for 
the forces exerted by the voluntary muscles can bo felt. The 
existence of forces other than muscular tension is inferred from 
their effects. 

5C. Eqnilibriiim or Balance is the condition of two or uiOTa 
forces which are so opposed that their combined. aictTOB. cfci, a-VA."^ 
produces no ebangc in its rest or motion. 
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The notion of balance is first obtained by sensation; for the 
forces exerted by voluntary muscles can be felt to balance some- 
liimes each other, and sometimes external pressures. 

57. Dynamics — Statics and Kinetics. — Forces may take effect, 
either by balancing other forces, or by producing change of motion. 
The former of those effects is the subject of Statics; the latter that 
of Kinetics, and the Science which treats of both is by modem 
practice entitled Dynamics; these, together with Cinetnatics, 
already defined, form the three great divisions of pure, abstract, or 
general mechanics. 

58. Structures and Machines.— The works of human art to 
which the science of applied mechanics relates, are divided into 
two classes, according as the parts of which they consist are 
intended to rest or to move relatively to each other. In the 
former case they are called Structures; in the latter. Machines. 
Structures are subjects of Statics alone; Machines, when the 
motions of their parts are considered alone, are subjects of Cine- 
matics; when the forces acting on and between their parts are 
also considered, machines are ssubjects of Dynamics. 
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PRINCIPLES OF CINEMATICS, OR THE COMPARISON 

OF MOTIONS. 

59. Division of the Subject.— The Science of Cinematics, and 
the fundamental notions of rest and motion to which it relates, 
having already been defined among the Elementary Mechanical 
Notions, Articles 51, 52, 53, 54, it remains to be stated, that 
the principles of Cinematics, or the comparison of motions, will be 
divided and arranged in the present part of this treatise in the 
following manner : — 

I. Motions of Points. 
TI. „ Rigid Bodies or Systems. 

III. „ Pliable Bodies and Fluids. 



CHAPTER I. 
MOTIONS OF POINTS. 

Section 1. — Motions of a Pair op Points. 

60. Fixed and Nearly Fixed Directions. — From. the definition 
of motion given in Article 52, it follows, that in order to deter- 
niine the relative motion of a pair of points, which consists in the 
change of length and direction of the straight line joining them, 
that line must be compared, at the beginning and end of the 
motion considered, with some fixed or standard length, and with 
^t least two fixed directions. Standard lengths have already been 
considered in Article 50. 

An absolutely fixed direction may be ascertained by means whose 
P^TDciples cannot be demonstrated until the subject of kinetics is 
c<>nsidered. For the present it is sufficient to state, that when a 
Solid body rotates free from the influence of auy eiA.«ras!ii iot^^ 
tending to change its rotation, there is an abao\\ite\y ^"xa^ ^vc^^^il^oy^ 
^«7/?</ that of the cuds of cmgulwr momentum^ •w\i\Ci\i\iei«ut^ Ci^\?yKs». 
^"^mioDs to the successive positions of tlie body. 
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A nearly fixed direction is that of a straight line joining a pair 
of points in two bodies whose distance ivovx each other is very 
great, such as the earth and a fixed star. 

A line fixed relatively to the earth changes its absolute direction 
(unless parallel to the earth's axis) in a manner depending on the 
earth's rotation, and returns periodically to its original absolute 
direction at the end of each sidereal day of 86,164 seconds. This 
rate of change of, direction is so slow compared with that which 
takes place in almost all pieces of mechanism to which cinematical 
and kinetic principles are applied, that in almost all questions of 
applied mechanics, directions fixed relatively to the earth may be 
treated as sufficiently nearly fixed for practical purposes. 

When the motions of pieces of mechanism relatively to each 
other, or to the frame by which they are carried, are under con- 
sideration, directions fixed relatively to the f^ame, or to one of the 
pieces of the machine, may be considered provisionally as fixed for 
the purposes of the particular question. 

Postulate. — Let it be granted that a line may represent a 
motion, where the term motion is employed to represent the path 
of motion, the direction and the velocity or length of motion. 
This is a self-evidently possible problem, for a line may be drawn 
to represent any path, in any direction to represent any direction 
of motion, and of any length to represent any length of motion, or 
velocity, limited always by the space within which motions can 
take place or lines be drawn. 
61. Motion of a Pair of Points.— In ^g. 18, let A^ B^ repi-e- 

sent the relative situation 
^ of a pair of points at one 
instant, and A 2 Bo the 
relative situation of the 
same pair of points at a 
later instant. Then the 
change of the straight line 
A B between those points, 
from the length and direo- 

Fig. 19. Fig. 20, tion represented by Aj B^ 

to the length and direction 

represented by Ag Bg, constitutes the relative motion of the pair of 
points A B, during the interval between the two instants of time 
considered. 

To represent that relative motion by one line, let there be drawn, 

from one point A, fig. 19, a pair of lines, A B^, A Bg, equal and 
parallel to A^ JB,, Ag B^, of fig. 18 ; tbeio. A TftipteseTita one of the 
pair of points whose relative motion, ia xnidfit co\i«v.^^Y^\X.cj^, «ci^ 
^i^ ^2' represent the two successive poaitioiia oi \?ii^ o>i?asx ^^\\!^»^ 
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relatively to A j and the line B^ B^ represents the motion of B 
relatively to A^ which, for the purposes of the representation, is 
assumed to be fixed. 

Or otherwise, as i n fig. 20, fro m a single point B let there be 

drawn a pair of lines, B Ap B Ag, equal and parallel to Aj Bj, Ag Bg, 
of fig. 18 ; then A^ Ag, represent the two successive positions of 

A relatively to B; and the line Aj Ag, equal and parallel to Bj Bg 
of fig. 19, but pointing in the contrary direction, represents the 
motion of A relatively to B. 

62. Fixed Point and Moving Point.— In ^g, 19, A is treated 
as the fixed point, and B as the moving point ; and in fig. 20, B 
is treated as the fixed point, and A as the moving point; and these 
are simply two difierent methods of representing to the mind the 
same relation between the points A and B (see Article 53). 

63. Component and Eesnltant Motions. — Let O be a point 
assumed as fixed, and A and B two 
successive positions of a second point 
relatively to O. In order to express 
mathematically the amount and direction 

of A B, the motion of the second point 
relatively to O, that line may be com- 
pared with three aaxsy or lines in fixed 
directions, traversing the fixed point O, 
such as O X, O Y, O Z. 

Through A and B draw straight lines 
AC, B D, parallel to the plane of O Y 
and O Z, and cutting the axis O X in 

and D. Then CD is said to be the com- ^'S' ^^' 

portent of the motion of the second point relatively to 0, along, o 
in the direction of the axis O X ; and by a similar process are found 
the components of the motion A B along O Y and O Z. The entire 
motion A B is said to be the resultant of these components, and is 
evidently the diagonal of a parallelepiped of which the components 
are the sides. 

The three axis are usually taken at nght angles to each other ; 
in which case A C and B D are perpendiculars let fall from A and 
B upon X ; and if « be the angle made by the direction of the 

motion AB with O X, 

CD = AB • cos ee. 

64. The Measnrement of Time is efiected by comparing the 
events, and especially the motions, which take place isi YDA«rq^>\a» 
of time. 

J'^wa/ ^mes are tho times occupied by tTi© Bonie \>o9l'5 , ot vs^ 
^aal and aimilar bodies, under precisely siuxilaT ciTC,\3LTQS»\a.Tiae^>'^^ 
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performing equal and similar motions. The standard unit of time 
is the period of the earth's rotation, or sidereal day, which has been 
proved by Laplace, from the records of celestial phenomena, not to 
have changed by so much as one eight-millionth part of its length 
in the course of the last two thousand years. 

A subordinate unit is the second, being the time of one swing of 
a pendulum, so adjusted as to make 86,400 oscillations in 1*00273791 
of a sidereal day; so that a sidereal day is 86164-09 seconds. 

The length of a solar day is variable ; but the mean sola/r day^ 
being the exact mean of all its different lengths, is the period 
already mentioned of 1-00273791 of a sidereal day, or 86,400 
seconds. The divisions of the mean solar day into 24 hours, of 
each hour into 60 minutes, and of each minute into 60 seconds, 
are familiar to all. 

Fractions of a second are measured by the oscillations of small 
pendulums, or of springs, or by the rotations of bodies so contrived 
as to rotate through equal angles in equal times. 

65. Velocity is the ratio of the number of units of length 
described by a point in its motion relatively to another point, to 
the number of units of time in the interval occupied in describing 
the length in question; and if that ratio is the same, whether it be 
computed for a longer or a shorter, an earlier or a later, part of the 
motion, the velocity is said to be uniform. Velocity is expressed 
in units of distance per unit of time. For different purposes, there 
are employed various units of velocity, some of which, together 
with their proportions to each other, are given in the following 
table : — 

Comparison of Different Measures of Velocity. 

Miles Feet Feet Feet 

per hour. per second. per minute, per hour. 

1 = 146 =88 = 5280 

0-68l8 =1 =60 = 3600 

0-01136 =0-016 = 1 =60 

0-0001893 = 0-00027 = 0-016 = 1 
1 nautical mile ] 
per hour, or V = M507 = 1-6877 = 101-262 = 6075-74 
"knot," j 

In treating of the general principles of mechanics, the foot per 
second is the unit of velocity commonly employed in Britain. The 
units of time being the same in all civilized countries, the propor- 
tions amongst their units of velocity are the same with those 
amongst their linear measures. 
Component and resultant veiocities are \^e x^0Qi\\Afe% q?1 ^QtK^xA\^ 
and resultant motiojis, and are related to e^iOa. o^^x vTi^'^^^fis^ 
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way with those motions, which have already been treated of in 
Article 63. 

66. Uniform Motion consists in the combination of uniform 
velocity with uniform direction; that is, with motion along a 
straight line whose direction is fixed. 

Section 2. — TJniporm Motion op Several Points. 

67. Motion of Three Points. — Theorem. The relative motions 
of three points in a given interval of time 
are represented in direction and m^agni- 
tude hy the three sides of a triangle. Let 
O, A, B, denote the three points. Any 
one of them may be taken as a fixed 
point; let O be so chosen; and let O X, 
O Y, O Z, fig. 22, be axes traversing 
it in fixed directions. Let A^ and B^ 1^^722. 
be the positions of A and B relatively 
to O at the beginning of the given interval of time, and A2 and Bg 

their positions at the end of that interval. Then A^ Ag and B, Bg 
are the respective motions of A and B relatively to O. Complete 

the parallelogram Aj B^ J Ag ; then because Ag 6 is parallel and 
equal to A^ B^, h is the position which B would have at the end of 
the interval, if it had no motion relatively to A; but Bg is t he 
actual position of B at the end of the interval ; therefore, h Bg is 
the motion of B relatively to A. Then in the triangle Bj h Bg, 




Bj 6 = Aj Ag is the motion of A relatively to O, 
6 Bg is the motion of B relatively to A, 

B^ Bg is the motion of B relatively to 0; 

so that those three motions are represented by the three sides of a 
triangle. — Q. E. D. 

This Theorem might be otherwise expressed by saying, that if 
three moving points he considered in any order, the motion of the 
third relatively to the first is tJie resultant of the motion of the iMrd 
relatively to the second, and of the motion of the second relatively to 
the first; the word ^'resultant" being understood as already ex- 
plained in Article 63. 

68. Motions of a Series of Points. — Corollary. If a series of 

points be considered in any order, and the motiou of ecwihi ■pwiu^. 

determined relcUivelT/ to thai which precedes it in the sexles, ai^A %J 

^ relative Tnotion of the last point and the first -poxut "be also dfcVsr- 

mih^, (Aen will those motions be represented hy the sides of o* ^^^ 
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polygon. Let be the first point, A, B, C, &c., successive points 
following it, M tlie last point but one, and N the last point ; and, 
for brevity's sake, let the relative motion of two points, such as B 
and C, be denoted thus (B, C). Then by tl^e Theorem of Article 
67, (O, A), (A, B\ and (O, B) are the three sides of a triangle ; 
also (O, B), (B, C), and (O, C), are the three sides of a triangle ; 
therefore (O, A), (A, B), (B, C), and (O, C), are the four sides of a 
quadrilateral ; and by continuing the same process, it is shewn, 
that how great soever the number of points, (O, N), is the closing 
side of a polygon, of which (O, A), (A, B), (B, 0), (C, D), &c., 
(M, N) are the other sides. — Q. E. D. In other words, the motion 
of the last point relatively to the first is the resultant of the motions 
of each point of the series relatively to that preceding it, 

69. The Parallelopiped of Motions. — In fig. 23, let there be 

four points, O, A, B, C, of which one, 0, 
is assumed as fixed, and is traversed by 
three axes in fixed directions, O X, O Y, 
O Z. In a give n inter val of time, let A 

have the motion A^ Ag along or parallel 
to O X; let B have, in the same interval, 

the motion VS^ parallel to Y, and rela- 
tively to A; then B^ Bg, the diagonal of 
the parallelogram whose sides are Bj 6 = 
*ig. o. Ai Ag and ^Bg, is the motion of B rela- 

tively to O. Let C have, relatively to B, the motion c Cg psirallel 
to Z ; t h en C i Cg, the d iagonal of the parallelopiped whose edges 

are Ai Ag, h Bg, and c Cg, is the motion of C relatively to O, being 
the resultant of the motions represented by those three edges. 
This is a mechanical explanation of the composition of motions, 
leading to results corresponding with the geometrical explanation 
of Article 63. 

70. Comparative Motion is the relation which exists between 
the simultaneous motions of two points relatively to a third, 
which is assumed as fixed. The comparative motion of two points 
is expressed, in the most general case, by means of four quantities, 
viz. : — 

(1.) The velocity ratio* or the proportion which their velocities 
bear to each other, that is, the proportion borne to each other by 
the distances moved through by the two points in the same interval 
of time. 

(2.) (3.) (4.) The directional relation* which is the relation be- 
tween the directions in which the two point? are moving at the 
same instant, and which requires, for its com^\e\,^ ex.^ic^^'&iaxL^ three 

* These terms are adopted from Prof. M^il^^a vfoxAsL oxi.'^\^Oaam\ss£u 
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angles. Those three angles may be measured in different ways, 
and one of those ways is the following : — 

(2.) The angle made by the directions of the compared motions 
with each other. 

(3.) The angle made by a plane parallel to those two directions 
with a fixed plane. 

(4.) The angle made by the intersection of those two planes with 
a fixed direction in the fixed plane. 

Thus, the comparative motion of two points relatively to a third, 
is expressed by means of one of those groups of four elements which 
Sir William E-owan Hamilton has called " qitatemions" In most 
of the practical applications of cinematics, the motions to be com- 
pared are limited by conditions which render the comparision more 
simple than it is in the general case just described. In machines, 
for example, the motion of each point is limited to two directions, 
forward or backward in a fixed path; so that the comparative 
motion of two points is sufficiently expressed by means of the velo- 
city ratio, together with a directional relation expressed by + or - , 
according as the motions at the instant in question are similar or 
contrary. 

Section 3. — ^Varied Motion op Points. 

71. Velocity and Direction of Varied Motion. — The motion of 
one point relatively to another may be 
varied, either by change of velocity, or 
by change of direction, or by both 
combined, which last case will now be 
considered, as being the most general. 

In fig. 24, let O represent a point 
assumed as fixed, X, Y, O Z, fixed 
directions, and A B part of the path or 
orbit traced by a second point in its ^ p- 2^ 

varied motion relatively to O. At the 
instant when the second point reaches a given position, suc h as P , 

in its path, the direction of its motion is obviously that of P T, a 
tangent to the path at P. 

To find the velocity at the instant of passing P, let A t denote 
an interval of time which includes that instant, and A s the dis- 
tance traced in that interval. Then 

As 
At 

is an approximation to the velocity at the instant in question, 
which will approach continually nearer ani n^axet \a ^^ ^"&as^ 
velocity as the interval ^ t and the distance £is 3iX^ \aaAft ^Q'^^ 
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and shorter; and the limit towards which -^converges, asA« 

and A t are indefinitely diminished, and which is denoted by 

ds .- . 

^=d« (^•) 

is the exact velocity at the instant of passing P. In the language 

of the differential calculus, the space is a function of the time and 

the velocity is the differential coefficient of the space with respect 

ds 
to the time, thus « = <^ ^ and -j- = 4,'t-v. It will be seen here- 

after that, the velocity (v) itself is a function of the time (t). This 
is the process called " differentiation" 

Should the velocity at each instant of time be known, then tlie 
distance s^ - Sq, described during an interval of time t^ - tQ, is found 
by integration (see Article 29), as follows : — 



Si-Sq 



= [\dt (2.) 

J to 



72. Components of Varied Motion.— All the propositions of the 
two preceding sections, respecting the composition and resolution 
of motions, are applicable to the velocities of varied motions at a 
given instant, each such velocity being represented by a line, such 

as P T, in the direction of the tangent to the path of the point 
which moves with that velocity, at the instant in question. For 
example, if the axes O X, Y, Z, are at right angles to each 

other, and if the tangent P T makes with their directions respec- 
tively the angles «, /3, y then the three rectangular components of 
the velocity of the point parallel to those three axes are 

V cos «; V cos /3; V cos y. 

Let £P, y, z, be the co-ordinates of any point, such as P, in the path 
A P B, as referred to the three given axes. If a point p be 
assumed indefinitely near to the point P, its co-ordinates will be 
x + dx, y + dy, z + dz, and if da have the already assumed value, 
dx, dy, dz, will be its projections on the three axes ; that is, the 
lengths bounded by perpendiculars let fall from the extremities of 
ds on the three respective axes. Then it is well known that 

dx ^ dy dz 

cosa=j— ; cos^=^; cosy = -T-; 
ds da da 

and consequently the three components of the velocity ^ ( = j-:) ^r® 

dx « d-y dz ,^. 

V cos « = 7-.; "w cos ^ = -5^- vco^v^-j-^^ -v^^ 
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lOW by the Greometry of three dimensions 

cos2 a + cos^ j3 + cos2 y = 1. 
md hence these are related to their resultant by the equation 



m'*m'*m'-'^ w 



73. Uniformly-Varied Velocity. — ^Let the velocity of a point 
either increase or diminish at an uniform rate; so that if t repre- 
sents the time elapsed from a fixed instant when the velocity was 
»Q, the velocity at the end of that, time shall be 

v = VQ-\-atj (1.) 

a being a constant quantity, which is the rate of variation of the 
velocity, and is called acceleration when positive, and retardation 
when negative. Then the mean velocity during the time t is 

Vo + v_ Vo + Vo + at _ at 

~2~" ^ -^o + y W 

and the distance described is 

8==VQt + -^ (3.) 

If there be no initial velocity, that is, if the body start from a 
state of rest, then v = at and 8 = -^, and these equations are illus- 
trations of the use of the differential calculus; for first differentiate 

at^ 
8 with respect to t in the equation a = -jy, and there is obtained 

— ( = 1?) = — - — = at, which is the first equation, then differentiate 

dv 
v = aty and there is obtained ^. = (X" To find the velocity of a 

a t 

point, whose velocity is uniformly varied, at a given instant, and 

the rat€ of variation of that velocity, let the distances, A»i» As2f 

described in two equal intervals of time, each equal to A^, before 

and after the instant in question, be observed. Then the velocity 

at the instant between those intervals is 



and its rate of variation is 



Afi+M ,^. 

A»_AviA8i ,-^ 

At- (At)* "^ ^^ 
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whef e the variation of velocity = — - — ==-^, and the rate of varia- 

A ^ 
tion being either acceleration or retardation, as the velocity of the 

point is being increased or diminished, is that quantity divided 
hy At 

74. Graphical Representation of Motions. — Since in uniform 
motion the space is equal to the product of the velocity and time, 
and since in geometry a rectangular area is the product of a base 
line and perpendicular, an uniform motion may be represented hy 
a rectangular area, as in fig. 25, where A B represents a certain 

number of units of time, and A C a certain 
number of units of velocity per unit of 
time. It will be noticed that in uniform 
motion, the velocity or number of units of 
velocity at each unit of time is the same, 
as at A, B, E. Varied motion and uni- 
formly varied motion may also be graphi- 
Fig. 25. cally represented : in the first, the line 

CD will be a curve; and in the second, 
the line CD will form a constant angle with AB; hence in 
varied motion any ordinate, E F, depends upon the abscissa A E, 
and the mean velocity is the mean ordinate of a figure so formed, 

or is the quotient of the area 
(space) divided by the base (time), 
whereas in uniformly-varied mo- 
tion, the space described depends 
upon the initial and final velo- 
cities alone, and not upon the 
intermediate velocities. Fig. 26 
Fig. 26. represents varied jnotion where 

the velocity at each point is re- 
presented by the ordinate at that point, and the mean velocity is 

equal to the area of the figure divided 
by the base A B. Fig. 27 represents 
uniformly- varied motion, and it is evi- 
dent that, in order to estimate the area 
of the figure A B C D, that is, the space, 
it is only necessary to consider the 
initial and final velocities. In these 
figures, if the velocity be null at any 
point, there will be no ordinate at 
that point : if the direction of motion 
change, this will be represented by a change of sign of the ordinate 
02' velocity. 
There is another method of grapWicaXVy Te^T^^e:TAI\\i^>5kifcTs^'5>t\^^ 
of a, point: in this the abscissae represent t\ie tim^, ^\:^^ ^^ o^^kxaa^ 




A 



B 



Fig. 27. 
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it eacli point the space passed over in the corresponding number 
>f units of time^ or the distance of the point from a certain datum 
)oint. In this case the space described in any number of units of 
iime is equal to the difference of the lengths of the ordinates at 
ihe corresponding intervals, and the velocity is proportional to the 
][uotient of the d^erence of the ordinates divided by the difference 
>f the abscissse. 

75. Varied Bate of Variation of Velocity. — ^When the velocity 
^f a point is neither constant nor uniformly-varied, its rate of 
irariation may still be found by applying to the velocity the same 
operation of differertiiation, which, in Article 73, was applied to 
iihe distance described in order to find the velocity. The result of 
bhis operation is expressed by the symbols, 

, ds 
dv _ dt__d^8^ 
^'"dt~~dt d^' 

and is the limit to which the quantity obtained by means of the 
formula 5 of Article 73 continually approximates, as the interval 

, da 
ft • 

denoted by A ^ is indefinitely diminished. In the fraction d t 

"dV 

€?« is the limit of the difierence of either of the spaces As in equa- 
tion (5), Article 73, and d* d8/^A the limit of the difference of that 
difference, viz., A«2 " ^*i> ^^^* ^^^ ^ ^^ *^^^ fraction is represented 
by the minus sign ( -) in the other, and dah^ the limit of either 
of the quantities A«i, L.a^, Here in the language of the differential 
calculus, the velocity (v) is a function of the time (^), and the 
acceleration (a) is the differential coefficient of the velocity witK 

respect to the time, thus v = ^t and a = 4>'t, or = -7-. Also the 

Telocity, v, being the differential coefficient of the space with respect 
to the time, see Article 71; the acceleration a is the 2nd differ- 
ential coefficient of the space with respect to the time, or v being 

76. Combination of Uniform and Uniformly Accelerated Motion. 
— ^Assume a pair of rectangular axes of co-ordinates. Let the 
Tuiiform motion be represented by abscissse along O X, and the 
tmiformly accelerated motion by ordinates parallel to O Y; let 
OB ( = a;) = -y ^, represent the space described in tTaa "toia t '^SJQcl 
j .2 

tie velocity v, and let O G (=2^) = .__, repreaent \\i^ ^-^^jc^ ^^ 
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scribed with a uniform rate of acceleration, a, in the same time <, 

see Article 73, then x^ = v^t^ and 

square of any abscissa bears a con- 
stant ratio to the corresponding ordi- 
nate, and the path of the point is 
known by Conic Sections to be a 
Fig. 28. Parabola. The same follows for any 

axes of co-ordinates; but if the direction of the uniformly accelerated 
motion be that of the uniform motion or directly opposed to it, 
the resultant direction will be the same as that of either motion, 
or will be that of the greater component. 

77. Uniform Deviation is the change of motion of a point whicb 

moves with uniform velocity in a circular 
path. The rate at which uniform deviation 
takes place is determined in the following 
manner : — 

Let C, fig. 29, be the centre of the ci^ 
cular path described by a point A with an 

uniform velocity v, and let the radius C A be 
denoted by r. At the beginning and end of 
an interval of time A^, let A, and Ao be the 
positions of the moving point. Then 




the arc Ai A2 = vAt; 



the chord Aj Ag = vAt • • 



chord 



arc 



The velocities at Ai and Ag are represented by the equal lines 
Aj Vi = A2 ^2 = '^? touching the circle at Ai and Ag respec- 
tively. From Ag draw Ag v equal and parallel to Aj Vj, and join 
Yg V. Then the velocity Ag Vg may be considered as compounded 

of A-gV and vVg; so that v Vg is the deviation of the motion dur- 
ing the interval At; and because the isosceles triangles A^vYf, 
C Aj Ajj, are similar : — 



i;Vo = 



Ag Y2 • Ai Ag _ -y^ • A* . chord 



CA 



arc 



deduced by substituting the value of Ai A2 already found; and the 
approximate rate of that deviation being the deviation divided by 
the interval of time in which it occurs, is 



v^ choi'd 
r arc 
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but the deviation does not take place by instantaneous changes of 
velocity, but bj insensible degrees ; so that the true rate of devia- 
tion is to be found by finding the limit to which the approximate 
rate continually approaches as the interval A^ is diminished 

indefinitely. Now the factor — remains unaltered by that diminu- 
tion ; and the ratio of the chord to the arc approximates continually 
to equality; so that the limit in question, or true rate of deviation, 
is expressed by 



v2 



.(1.) 



78. Varying Deviation. — When a point moves with a varying 
velocity, or in a curve not circular, or has both these variations of 
inotion combined, the rate of deviation at a given instant is still 
represented by Equation 1 of Article 77, provided v be taken to 
denote the velocity, and r the radius of curvature of the path, of 
the point at the instant in question. 

79. The Resultant Rate of Variation of the motion of a point 
is found by considering the rate of variation of velocity and the 
ittte of deviation as represented by two lines, the former in the , 
direction of a tangent to the path of the point, and the latter in 
the direction of the radius of curvature at the instant in question, 
and taking the diagonal of the rectangle of which those two lines 
are the sides, which has the following value : — 

the first term of the quantity under the first radical is the square of 

d V v^ 

J- in Article 73, and the second the square of - , Equation (1), 

Article 77. 

80. The Rates of Variation of the Component Velocities of a 
point parallel to three rectangular axes, are represented as follows: — 

^x d^y d^z 

di^'' dt^' df^' ^ '^ 

and if a rectangular parallelepiped be constructed, of which the 
edges represent these quantities, its diagonal, whose length is 

will represent the resultant rate of variatiori, «lt^aA^ ^^xl Sxl 
another form In Equation 1 of Article 79. 

SL Tie Comparison of the Varied Motiom ot a. \)^\t ^l ^^vsv^.^ 
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relatively to a third point assumed as fixed, is made by findiDg the 
ratio of their velocities, and the directional relation of the taugents 
of their paths at the same instant, in the manner already described 
in Article 70, as applied to uniform motions. It is evident that 
the comparative motions of a pair of points may be so regulated as 
to be constant, although the motion of each point is varied, pro- 
vided the variations take place for both points at the same instant, 
and at rates proportional to their velocities. 



I 



CHAPTER n. 

MOTIONS OP EIGID BODIES. 

Section 1.— ItiaiD Bodies, and THEia Tbahslatioit. 

82. The term Rigid Body is to be understood to deoote a body, 
or an assemblage of bodies, or a sjstem of points, whose figure 
trndergoea no alteratioa during the motion which is under cou- 
aidei^tion. 

83. TranBlation or Shifting is the motion of a rigid body rela- 
tively to a fixed point, when the points of the rigid body have no 
motion relatively to each other; liat is to say, when they all move 
with the same velocity and in the same direction at the same 
instant, so that no line in the rigid body changes its direction. 

It is obvious that if three points in the rigid body, not in the 
same straight line, move in parallel directions with equal velocities 
at each instant, the body must have a motion of translation. 

The paths of the different points of the body, provided they are 
all equal and similar, and at each instant pandlel, may have any 
figure whatsoever. 

Section 3. — Simple Rotation. 

84. Botatioa or Tarning is the motion of a rigid body wten 
lines in it change their direction. Any point in or rigidly attached 
to the body may be assumed as a fixed point to which to refer the 
motions of the other points. Such a point is called a centre of 
rotation. 

85. Axis of Botation. — Theoeeh. In e^ry possible change of 
position of a. rigid body, relatively to a fixed centre, there is a liTie 
t/ravereing that centre whose direc- 
tion is not changed. In fig. 30, 
let be the centre of rotation, and 
Jet A and B denote any two other 
points in the body, whose situa- 
tions relatively to O are, before 
the turning, Ai, Bi, and a fter the 

turning, Aj, Bj. Join A, Aj, " . ,_ "^ 

B, it forming the isosceles tri- 

angl^OAjAi, OBj£^ Bisect the bases of ftiose tna.'ci^fta ""fli. ^ 
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and D respectively, and through the points of bisection draw two 
planes perpendicular to the respective bases, intersecting each 

other in the straight line O E, which must traverse O. Let E l)e 
any point in the line O E ; then E A^ Aj, and E Bi Bj, are isosceles 
triangles ; and E is at the same distance from O, A, and B, before 
and after the turning; therefore E is one and the same point in 
the body, whose place is unchanged by the turning; and this 

demonstration applies to every point in the straight line 0£; 
therefore that line is unchanged in direction. — Q. E. D. 

In fig. 31, the same construction and reasoning being applied, 

the point E being supposed vertically 
above or below the point O, it is evident 
that the planes through O D, and C 
intersect, and the axis will be represented 
by a straight line perpendicular to the 
plane of the paper through O and E. 
Corollary. It is evident that every 
Fig. 31. line in the body, parallel to the axis, has 

its direction unchanged. 

86. The Plane of Botation is any plane perpendicular to the 
axis, such as any plane parallel to the plane of the paper, in 
fig. 31. The Angle of Botation, or angular motion, is the angle 
made by the two directions, before and after the turning, of a Ime 
jKjq^CDdicular to the axis, as A^ O As, or Bj O Bg, in fig. 31. 

87. The Angular Velocity of a turning body is the ratio of the 
angle of rotation, expressed in terms of radius, to the number of 
units of time in the interval of time occupied by the angular 
motion. Speed of turning is sometimes expressed also by the 
number of turns or fractions of a turn in a given time. The rela- 
tion between these two modes of expression is the following : — 
Let a be the angular velocity, as above defined, and T the turns 
in the same unit of time ; then 

T= ^ 




( 



2^' 
a=2vT; 

2t= 6-2831852 = Y^-^.j 



88. Uniform Botation consists in uniformity of the angular 

* The value of <r may be easily remembered by taking the first three odd 

numbers twice each, and placing the six in a row, using the first three as 

the denominator, and the last three as the numerator of a fraction: we thus 

355 
obtain 113 / 355= ry^ ; this is a nearer ap\)Tax.Vma.toQ. VJas-Tk. ^*\^^^.» wid 

J lo 

is generally much more easily employed in calci\}[\a.\.VoTi. 
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velocity of the taming body, and constancy of the direction of its 
axis of rotation. 

89. Rotation common to all Parts of Body. — Since the angu- 
lar motion of rotation consists in the change of direction of a 
line in a plane of rotation, and since that change of direction is 
the same how short soever the line may be, it is evident that the 
condition of rotation, like that of tranidation, is common to every 
particle, how small soever, of the turning rigid body, and that the 
angular velocity of turning of each particle, how small soever, is 
the same with that of the entire body. This is otherwise evident 
by considering, that each part into which a rigid body can be 
divided turns completely about in the same time with every other 
part, and with the entire body. 

90. Bight and Left-Handed Rotation. — The direction of rota- 
tion round a given axis is distinguished in an arbitrary manner 
into right-handed and left-Iuinded. One end of the axis is chosen, 
as that from which an observer is supposed to look along the 
direction of the axis towards the rotating body. Then if the body 
seems to the observer to turn in the same direction in which the 
sun seems to revolve to an observer north of the tropics, or in 
that in which the hands of a watch or clock revolve, the rotation 
is said to be right-handed; if in the contrary direction, left-hcmded: 
and it is usual to consider the angular velocity of right-handed 
rotation to be positive, and that of left-handed rotation to be 
negative; but this is a matter of convenience. It is obvious that 
the same rotation which seems right-handed when looked at from 
one end of the axis, seems left-handed when looked at from the 
other end. 

91. Relative Motion of a Pair of Points in a Rotating Body. — 
Let O and A denote any two points in a rotating body; and con- 
sidering O as fixed, let it be required to determine the motion of 
A relatively to an axis of rotation drawn through O. On that 
axis let fall a perpendicular from A; let r be the length of that 
perpendicular. Then the motion of A relatively to the axis 
traversing O is one of revolution, or translation in a drctdar path 
of the radius r; the centre of that circular path being at the point 
where the perpendicular from A meets the axis. If a be the 
angular velocity of the body, that is, the velocity of a point situate 
at the distance unity from the axis of rotation, then the velocity of 
A relatively to the axis traversing O is 

v = ar; (1.) 

and the direction of that velocity is at each instant perpendicular 
to the plane drawn through A and the axis. The rate of deviation 
of A in its motion relatively to the given axis is 

^ = a?ri .^-.>. 

r 

£ 
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in which the first expression is that already found in Article 77, 
and the second is deduced from the first by the aid of Equation 1 of 
this Article. It is evident that for a given rotation the motion of 
O relatively to an axis of rotation traversing A is exactly the same 
with that of A relatively to a parallel axis traversing O ; for it 
depends solely on the angular velocity o, the perpendicular distance 
T of the moving point from the axis, and the direction of the axis; 
all which are the same in either case. 

r is called the radius-vector of the moving point. 

92. Cylindrical Snrface of Equal Velocities. — If a cylindrical 
surface of circular cross section be described about an axis of rota- 
tion, all the points in that surface have equal velocities relatively 
to the axis, and the direction of motion of each point in the cylin- 
drical surface relatively to the axis is a tangent to the surface in a 
plane perpendicular to the axis. 

93. Comparative Motions of Two Points relatively to an Axis. 
, — ^Let O, A, B, denote three points in a rotating rigid body; let 
be considered as fixed, and let an axis of rotation be drawn through 
it. Then the comparative motions of A and B relatively to that 
axis are expressed as follows: — The velocity-ratio is that of the radii- 
vectores of the points, and the directional relation consists in ih& 
a/ngle between their directions of motion being the same with that 
between their radii-vectores. Or symbolically : Let r^, r^, be the per- 
pendicular distances of A and B from the axis traversing O, and 
Vi and Vg their velocities; then 



Vn r 



A A 



- = — ; and Vj v^ = rj ro. 



Vi ?-i 




94. Components of Velocity of a Point in a Rotating Body.— 
The component parallel to an axis of rotation, of the velocity of a 

point in a rotating body relatively to that 
axis, is null. That velocity may be re- 
solved into components in the plane of 
rotation. Thus let O, in fig. 32, represent 
an axis of rotation of a body whose plane 
of rotation is that of the figure ; and let 
A be any point in the body whose radius- 
vector is O A = r. The velocity of that 
point being v = ar {a representing the 
Fig- 32. velocity of a point situated at the distance 

unity from the axis of rotation), let that velocity be represented by 
the line A V perpendicular to O A. Let B A be any direction in 
iihe plane of rotation, along which it is desired to find the com- 
ponent of the velocity of A', andlet L^ ^^ = ^^'i "Oo.^ W« I 
made by that line with A Y. ^From ^ \et i^WN T5 ^^^^^\i^^^^^ 



HELICAL MOTION. 51 

to B A; then A U represents the component in question; and de- 
noting it by u, 

u = v 'COS O^ar 'costf (1.) ' 

From O let fall O B perpendicular to B A. Then Z A O B = 
Z V A TJ = tf j and the right-angled triangles O B A and A U V 
are similar; so that 

AV : ATU : : OaT: OB'=r cos 6 (2.) 

Now the entire velocity of B relatively to the axis O is 

ar cose = M, (3.) 

so that the component^ along a given straight line in the plane oj 
rotation, of the velocity of any point in that line, is equal to tJie velo- 
city of the point where a perpendictdarfrom the axis meets that line. 

Section 3. — Combined Rotations and Translations. 

95. Property of all Motions of Rigid Bodies. — ^The foregoing 
proposition may be regarded as a particular case of the following, 
which is true of all motions of a rigid body. 

The components, along a given straight line in a rigid body, of the 
velocities of the points in that line relatively to any point, whetJier in 
or attached to the body or otherwise, are all equal to each other; for 
otherwise, the distances between points in the given straight line 
must alter, which is inconsistent with the idea of rigidity. 

96. Helical Motion. — Rotation is the only movement which a 
rigid body as a whole can have relatively to a point belonging to 
it or attached to it. But if the motion of the body be determined 
relatively to a point not attached to it, a translation may be com- 
bined with the rotation. When that translation takes place in 
the direction of the axis of rotation, the motion of the rigid body 
is said to be helical, or screw-like, because each point in the rigid 
body describes a helix or screw, or a part of a helix or screw. 

Let Vi denote the velocity of translation, parallel to the axis of 
rotation, which is common to all points of the body; this is called 
the velocity of advance. The advance during one complete turn of 
the rotating body is the pitch of each of the helical or screw-like 
paths described by its particles; that is, the distance, in a direc- 
tion parallel to the axis, between one turn of each such helix and 

the next; and a being the angular velocity, so that — is the time 

of one turn (2 «■ being the space traversed in one turn by a point 
at the distance unity from the axis), the value of the ^Itck (ort \X>kfe 
space passed over, which is equal to the prodv\e\. oi >i\i^ n^^^^^Xtj 
and time) is 
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P= -~-^; whence Vi= ^ x (^•) 

Let r, as before, be the radius-vector of any point in the body, and 
let 

V2 = ar (2.) 

denote its velocity of revolvZwriy or velocity relatively to the axis, 
due to the rotation alone. Then the resultant velocity of that 
point is 

v= V^Tl|"=a-.y^ {^» + '"'} (^-^ 

The indincUion of the helix described by that point to the jilane oj 
rotation is given by the equation 

i = arc' tan*— = arc*tan* ^p-^; (4.) 

v^ z V r 

that is, an angle whose tangent is equal to v^ divided by Va, or to 
p divided by 2 » r, the tangent of that angle beicg the ratio of the 
pitch to the circumference of the circle described by the point rela- 
tively to the axis of rotation. 
97. Fboblem. — To find the Motion of a Rigid Body from the 

Motions of Three of its Points.— 
^■S' ^^ Let A, B, C, fig. 33, be three 

points in a rigid body, and at a 
"^^ -R. ^ — <^ given instant let them have mo- 

tions relatively to a point indepen- 
dent of the body, which motions 
are represented in velocity_and 

o ^ J p direction by the three lines A V^, 

B Vj, C Vfl. It is required to find 

the motion of the entire rigid 

body relatively to the same fixed 

yo point. 

t^-^i^v- Through any point o, ^g. 34, 

-,. ^^ ^ di-aw three lines oa, ob, oc, equal 

^ ' and parallel to the three lines 

„ A Va, B Vj, C Ve- Through o, h, and c, draw a 

^^^^^-<?^ plane ab c, on which let fall a perpendicular o n 

^^^^^y^^\ from 0. Then o n represents a component, which 

V^^I^^--^^ is common to the velocities of all the three points 

« A, B, C, and must therefore be common to all the 

^ig- 34. points in the body ; that is, it is a velocity of 

translation. 

I'rom the points V„ V„ Y„ draw \me^ N^TT,, YTQ^, VTU^ 
^^uaJ and parallel to a n, but opposite in ditecWow \.o \\»*, ^\A\wft. 
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A Ua, B Uj, C (Jc, which will all be parallel to the same plane; 
that is, to the plane ab c. The last three lines will represent the 
component velocities which, along with the common velocity of 
translation parallel to o w, make up the resultant velocities of the 
three points. Through the point A draw a plane perpendicular to 
the component of its motion, which is parallel to ah c; that is, to 

A Ua, and through B draw a plane perpendicular to B Uj. These 
two planes will intersect each other in a line ODE, which will 
be parallel to o n. The perpendicular distances of that line from 
the points A B being unchanged by the motion, it represents one 
and the same line in or attached to the rigid body, and it is there- 
fore the axis of rotation. A plane drawn through the third point, 

C, perpendicular to C U,., will cut the other two planes in the same 
axis : the three revolving component velocities 

Au:, Bu;, cr; 

will be respectively proportional to the perpendicular distances, or 
radii-vectores, A D, B E, C F, 

of the three points from that axis; and the angular velocity will be 
equal to eacb of the three quotients made by dividing the revolving 
component velocities of the points by their respective radii- vectores. 
This rotation, combined with a translation parallel to the axis, 
with a velocity represented by o n, constitutes a helical or screw-like 
motion, being the required motion of the rigid body. — Q. E. I. 

98. Specisd Gases of the preceding problem occur, in which 
either a more simple method of solution is sufficient, or the general 
method fails, and a special method has to be employed. 

I. When the motions of the points of 
the body are known to be all parallel to 
on£ plane, it is sufficient to know the 
motions of two points, such as A, B, fig. 
35; Let A O, BO, be two planes tra- 
versing A and B, and perpendicular to 
the respective directions of the simul- 
taneous velocities of those points ; if those 
planes cut each other, the entire motion ^ 

is a rotation ; the line of intersection of p^^ 35 

the planes O, being the axis of rotation, 
and the angular velocity, are found as in the last Article. If tho 
two planes are parallel, the motion is a translation. 

IL If three points in the same plane have pa/raUel motions oblique 
to the plane, the motion is a translation. 

III. If three points in the sa/rm plane move perpenridlculcwrl'vj io \}c\a 
pUme, aa A B C, £g, 35 a, then if their velocities «ixe eQ^^> *^^ 
motion is a translation; and if their velocitVea ac^ \jsl^q^,'^^ 
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motion is a rotation about the axis which is the intersection of the 
plane of the three points with the plane drawn through the eztre- 

Y6 





Fig. 35 c. 



Fig. 35 a. *^^ 

mities of the three lines which represent their velocities viz., 
through the points, V^, Vj, Vci t^e angular velocity being found 
as in Article 97. 

If the plane of rotation is known, then the simultaneous veloci- 
ties of two points, as A and B in figs. 35 h and 35 c, are sufficient to 
determine the axis O. 
99. Rotation Combined with Translation in the Same Plane.— 

Let a body rotate about an axis C (fig. 36), fixed 
relatively to the body, with an angular velocity 
a, and at the same time let that axis have a 
motion of translation in a straight path perpen- 
dicular to the direction of the axis, with the 
velocity w, represented by the line C XJ. It is 
required to find the velocity and direction of 
Fig. 36. motion of any point in the body. From the 

moving axis draw a straight line CT perpendi- 
cular to that axis and to C U, and in that direction into which the 
rotation (as represented by the feathered arrow) tends to turn C U, 

and make u 

CT = - (1.) 




a 



Then the point T has, in virtue of translation along with the axis 
C, a forward motion with the velocity %; and in virtue of rotation 
about that axis, it has a backward motion with the velocity 

aCf=w, 

equal and opposite to the former; and its resultant velocity is 0. 
Hence every point in the body, which comes in succession into the 

position T, situated at the distance - from the axis C in the direc- 

a 

tion above described, is at rest at t?ie instaut o/ Its aTTxmin^g at ihai 

position ; that is, it has just ceased to TDLO\e m ovi^ ^x^^\Ks>rsi^«»Ssw 

IS about to move in another directvou', aiid W\\5i \^ \.x\\fc c?L ^-^^c^ 
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point which arrives at a line traversing T paraUd to 0. Conse- 
qaently the resultant motion of the body, at any given iostanty is 
the same as if it were rotating about the line which at the instant 
in question occupies the position T, parallel to 0, at the distance 

- : and that line is called the instantaneous axis. To find the 
o 

motion of any point A in the body at a given instant^ let fall the 
perpendicular A T from that point on the instantaneous axis; then 
the motion of A is in the direction AY perpendicular to the plane 
of the instantaneous axis and of the instantaneous radiits-vector 
A T, and the velocity of that motion is 

v = a'AT (2.) 

100. Boiling Cylinder ; Trochoid. — Every straight line parallel 

to the moving axis C, in a cylindrical suifaoe described about C 

u 
with the radius -, becomes in turn the instantaneous axis. Hence 

a 

the motion of the body is the same with that produced by the roll- 
ing of such a cylindrical surface on a plane FTP parallel to C and 



u 



to C U, at the distance -. 

a 

The path described by any point in the body, such as A, which 
is not in the moving axis C, is a curve well known by the name of 
trochoid. The particular form of trochoid called the cycloid^ is 
described by each of the points in the rolling cylindrical surfiEtce; 
being such a curve as is described by a nail in the tyre of a revolv- 
ing wheeL 

101. Plane Boiling on Cylinder; Spiral Path8.^Another mode 
of representing the combination of rotation with translation in the 
same plane as follows : — Let O, fig. 37, be an axis assumed as fixed, 
about which let the plane O C (containing the axis O) rotate (right- 
handedly, in the figure), with the angular 
'velocity a. Let a rigid body have, rda- 
tively to the rotating plane, and in a direc- 
tion perpendicular to it, a translation 
with the velocity u. In the plane O C, 
and at right angles to the axis O, take 

u ^ 

T = -, in such a direction that the 
a 

velocity 

w = aOT, 

which the point T in the rotating plane 

hu at a given instant, shall be in the 
eontraiy direction to the equal velocity *-&•-•• 

ftmnalatioB u, which the rigid body has relaiWdy tc> ^<& t«A<^^»^ 
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plane. Then each point in the rigid body which arrives at the 
position T, or at any position in a line traversing T parallel to the 
fixed axis O, is at rest at the instant of its occupying that position; 
therefore the line traversing T parallel to the fixed axis O is the 
inatantaneous axis; the motion at a given instant of any point in 
the rigid body, such as A, is at right angles to the radius- vector 
A T drawn perpendicular to the instantaneous axis; and the 
velocity of that motion is given by the equation 



v = aAT. 

All the lines in the rigid body which successively occupy the 
position of instantaneous axis are situated in a plane of that bodj, 
P T P, perpendicular to O C; and all the positions of the instan- 
taneous axis are situated in a cylinder described about O with the 

radius O T; so that the motion of the rigid body is such as is pro- 
duced by the rolling of the plane W on the cylinder whose radios is 

O T = -. Each point in the rigid body, such as A, describes a 

plane spiral about the fixed axis O. For each point in the rolling 
plane, P P, that spiral is the involute of the circle whose radius is 

O T. The simplest method of understanding the nature of this 
curve, is to wrap a cord round the perimeter of a cylinder, placed 
on a sheet of paper, to attach -a tracing point to any point in the 
cord in juxtaposition with the cylinder, and then to unwrap the 
cord from the cylinder, keeping the cord always in the same plane 
parallel to the plane of the paper ; the tracing point will trace the 
involute of a circle on the sheet of paper. For each point whose 
path of motion traverses the fixed axis O; that is, for each point 
in a plane of the rigid body traversing O. parallel to P P, the spiral 
is Archimedean, having a radius-vector increasing by the length 
u for each angle a through which it rotates ; this spiral is traced 
by a point moving uniformly from the centre along the radius, 
while the radius itself revolves. 

102. Combined Parallel Eotations.— In figs. 38, 39, and 40, let 
O be an axis assumed as fixed, and O C a plane traversing that 
axis, and rotating about it with the angular velocity a. Let C be 
an axis in that plane, parallel to the fixed axis O; and about the 
moving axis C let a rigid body rotate with the angular velocity b 
relatively to the plane O C ; and let the directions of the rotations 
a and b be distinguished by positive and negative signs. The body 
is said to have the rotations about the parallel axes O and C com- 
hined or compounded, and it is required to find the result of that 
combination of parallel rotations. 

Fig. 38 respresents the case in which a and b are similar in 
direction; £g. 39, that in which a and b ate m o^^"^^^ directions. 
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md h is the greater; and fig. 40, that in which a and b are in 
opposite directions, and a is the greater. 






Fig. 39. 



Fig. 40. 



liCt a common perpendicular O to the fixed and moving axes 
be intersected in T by a straight line parallel to both those axes, in 
such a manner that the distances of T from the fixed and moving 
axes respectively shall be inversely proportional to the angular 
velocities of the component rotations about them, as is expressed 
by the following proportion : — 



a:h: :CT:OT (1.) 

When a and b are similar in direction, let T fall between O and C, 
as in fig. 38 ; when they are contrary, beyond, as in figs. 39 and 

40. Then the velocity of the line T of the plane O C is a • O T ; 
and the velocity of the line T of the rigid body, relatively to the 
plane O C, is 6 • C T, equal in amount and contrary in direction to 
the former; therefore each line of the rigid body which arrives at 
the position T is at rest at the instant of its occupying that position, 
and is then the instantaneous axis. The resultant angular velocity 
is given by the equation 

c = a + b; (2.) 

T^rd being had to the directions or signs of a and b ; that is to 
say, if we now take a and b to represent a/riihmetical magnitudes, 
and aj£x explicit signs to denote their directions, the direction of 
cwill be the same with that of the greater; the case of fig. 38 
will be represented by Equation 2, already given ; and those of 
figs. 39 and 40 respectively by 

c^b-a^ c = a — b (2 A.) 

The relative proportions of a, b, and c, and of the distances 
between the fixed, moving, and instantaneous axes, are given by 
the equation 

a:b:c: :CT:OT\OQi .^>i 

The motion of any point, such as A, in ttie x\^4.\>o9L^,\a^^ ^a^ ^ 
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instant at right angles to the radius-vector A T drawn from the 
point perpendicular to the instantaneous axis; and the velocity of 
that motion is 

v = c'AT (4.) 

103. Cylinder Rolling on Cylinder; Epitrochoids.— All the lines 
in the rigid body which successively occupy the position of instan- 
taneous axis are s itua ted in a cylindrical surface described about 
with the radius CT; and all the positions of the instantaneous 
axis are contained in a cylindrical surface described about with 
the radius O T ; therefore the resultant motion of the rigid body is 
that which is produced by rolling the former cylinder, attached to 
the body, on the latter cylinder, considered as fixed. 

In fig. 38, a convex cylinder rolls on a convex cylinder; in fig. 
39, a smaller convex cylinder rolls in a larger concave cylinder; in 
^g. 40, a larger concave cylinder rolls on a smaller convex cylinder. 

Each point in the rolling rigid body traces, relatively to the 
fixed axis, a curve of the kind called epitrochoids. The epitrochoid 
traced by a point in the siu*face of the rolling cylinder is an 
epicycloid. 

In certain cases, the epitrochoids become curves of a more 
simple class. For example, each point in the moving axis C traces 
a circle. 

When a cylinder, as in Gg. 39, rolls within a concave cylinder 
of double its radius, each point in the surface of the rolling cylinder 
moves backwards and forwards in a straight line, being a diameter 
of the fixed cylinder; each point in the axis of the rolling cylinder 
traces a circle of the same radius with that cylinder, and each other 
point in or attached to the rolling cylinder traces an ellipse of 
greater or less eccentricity, having its centre in the fixed axis 0. 

In the examples shewn in figs. 41, 42, and 43 the ratio of the 

rolling-circle to the base-circle* is 7., so that the epitrochoids are 

three-lobed. Each figure shews an external and an internal epitro- 
choid, traced by rolliug the rolling-circle outside and inside the 
base-circle respectively. The centres of the base-circles are marked 
A; those of the external rolling-circles, B; those of the internal 
rolling-circles, 6; and the tracing points of the external and in- 
ternal roUing-circles are marked C and c respectively. 

In £g, 41 the tracing-points are in the circumferences of the 

rolling-circles; and the curves traced are epicycloids, distinguished 

by having cusps at the points where the tracing-point coincides 

with the base-circle. In fig. 42 the tracing points are inside the 

roIJi'ng'Circles ; and the curves traced are 'prolate epitrochoids, dis- 

tingukbed by their wave-like form. Ixi ^^. ^^ ^^ \»\^^\si%^^^^ 

• The fixed circle is called a \>».'a^c^^^^. 
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Fig, 41, 




Fig, 42, 
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are outside the rolling-circles; and the curves traced are cartxi^ 
epitrochoidSy distinguished by their looped form. 
An important property of curves traced by rolling is that at 




Fig. 43. 



every instant the straight line joining the tracing-point and the 
pitch-point, or point of contact of the rolling-curve and base-curve, 
is normal to the traced curve at the tracing point. 

The distance B C or he may in each case be called the tracing- 
arm. 

In mechanism for the tracing of epitrochoids (used chiefly in 
ornamental turning), the rolling and base-circles are the jntch- 
circles of a pair of spur-wheels, made with great accuracy. 

Elliptic paths traced by rolling form a particular case of internal 
epitrochoids. In fig. 44 is represented a rolling-circle, which rolls 
inside a base-circle of exactly twice its radius. Then (considering 
a quarter of a revolution at a time), while the centre of the rolling- 
circle traces a quadrant, B 6, of an equal circle about A, a point 
D m the circumference of the rolling-circle traces a straight line 
traversing A, and a point C, inside Wie To\\Mi^-^\xOL<ek, \xaw»^ 
quadrant, C c, of an ellipse whose semiaxe^ ^xe KCi = k.^V^^> 
md A. c=CT> = A B- B C ; also a ipom>i C.' o\x\a\^^ ^^ -c^\\i.^ 
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, bat rigidlj attached to it, traces a quadrant, C c*, of an 
e whose Bemiazea are A C = B C + A E, and A c* = C D = 
- A B. The former may be called an interned, and the latter 
temal, ellipse. The jii-oportionB of the axes of either of them 




Pig. 44. 

indefinitely varied by adjuating the position of the tracing- 

but in every internal ellipse the sum, and in every external 

he difference, of the semiaxea is equal to the diameter of 

ing-circle; that is, to the radius of the base-circle. 

is the principle of the mechanism commonly used for 

ellipses. 

ivident that hy having a number of ttacing-'^ovnte c&TCveA. 

oHing-circle, eevenl ellipses differently pio\>ott\OTieSL Mii 

<tpositioD3 may be traced at the same time. 
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104. Eqnal and Opposite Parallel Rotations CombinecL— Lets 
plane O C rotate with an angular velocity a about an axis con- 
tained in the plane, and let a rigid body rotate about the axis C 
in that plane parallel to O, with an angular velocity — a, equal and 
opposite to that of the plane. Then the angular velocity of the 
rigid body is nothing; that is, its motion is one of translation only, 
all its point s mo ving in equal circles of the radius OC, with the 

velocity a • O C. This case is not capable of being represented by 
a rolling action. 

105. Rotations abont Intersecting Axes Combined. — In %. 45, 
let O A be an axis assumed as 
fixed ; and about it let the plane 
A O C rotate with the angular 

• velocity a. Let O C be an axis 
in the rotating plane; and about 
that axis let a rigid body rotate 
with the angular velocity b re- 
latively to the rotating plane. j^g, 45, 

Because the point O in the 
rigid body is fixed, the instantaneous axis must traverse that point 
The direction of that axis is determined, as before, by considering 
that each point which arrives at that line must have, in virtue of 
the rotation about O C, a velocity relatively to the rotating plane, 
equal and directly opposed to that which the coincident point of 
the rotating plane has. Hence it follows, that the ratio of the 
perpendicular distances of each point in the instantaneous axis 
from the fixed and moving axes respectively — ^that is, the ratio of 
the sines of the angles which the instantaneous axis makes with 
the fixed and moving axes — must be the reciprocal of the ratio of 
the component angular velocities about those axes; or symbolically, 
if O T be the instantaneous axis, 

sin A O T ;sin C O T : :b : a (1.) 

This determines the direction of the instantaneous axis, which may 
also be found by graphic construction as follows : — On O A take 
O a proportional to a ; and on O C take O b proportional to b. Let 
those lines be taken in such directions, that to an observer looking 
from their extremities towards O, the component rotations seem 
both right-handed. Complete the parallelogram O 6 ca; the dia- 
gonal O c will represent the direction of the instantaneous axis. 

The resultant angular velocity about this instantaneous axis is 

found by considering, that if C be any point in the moving axis, 

tie linear velocity of that point must be the same, whether com- 

pu ted from the angular velocity aoi tV^ ico\.^\Aii%^«»feiJc^T3Athe i 

^'js:ed axis O A, or from the resultaxit aii^\\\a?c >t^c>^\\?3 <i^l^^T>^^ 
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body about the instantaneous axis. That is so say, let CD, C E, 
be perpendiculars fix)m C upon O A, O T, respectively; then 

aC^ = cCE; 

but CD :UE : : sinZ A O C : sinZC O T; and therefore 

sinZCOT:sinZAOC: :a:c; 

and, combining this proportion with that given in Equation 1, we 
obtain the following proportional equation: — 



sinZCOT 
a 



Oa 



sinZAOT 
06 



sinZAOC 

_c_ } (2.) 

Oc 



that is to say, the angular velocities of the component and resvltant 
rotations a/re each proportional to the sine of the amgle hetwe&n the 
axes of the other two; and the diagonal of the parallelogram O b c a 
represents both the direction of the insta/ntaneous axis and the a/ngu- 
lar velocity about that axis. 

106. Boiling Cones. — ^All the lines which successively come into 
the position of instamtaneous axis are situated in the surface of a 
cone described by the revolution of O T about O C ; and all the 
positions of the instantaneous axis lie in the surface of a cone 
described by the revolution of O T about O A. Therefore the 
motion of the rigid body is such as would be produced by the 
rolling of the former of those cones upon the latter. 

It is to be understood, that either of the cones may become a 
flat disc, or may be hollow, and touched internally by the other. 
For example, should Z A O T become a right angle, the fixed cone 
would become a flat disc ; and should Z A O T become obtuse, 
that cone would be hollow, and would be touched internally by tho 
rolling cone ; and similar changes may be made in the rolling cone. 

The path described by a point in or attached to the rolling cone 
is a spherical epitrochoid; but for the purposes of the present trea- 
tise, lA is unnecessary to enter into details respecting the properties 
of that class of curves. 

107. Comparative Motions in Compound Rotations. — The velo- 
city ratio of two points in a rotating rigid body at any instant, is 
that of their perpendicular distances from its instantaneous axis ; 
and the angle between the directions of motion of the two points 
is equal to that between the two planes which traverse the points 
and the instantaneous axis. 

Section 4. — Varied Eotation. 

108. Variation of Angular Velocity is measwYe^ \ika ^%x\^^ss^ 
>y linear velocity, hy comparing the change w\i\c\i ^iaka^ ^^^^ '"^s^ 
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the angular velocity of a rotating body, A a, during a given 
interval of time, with the length of that interval, A ^ and the 
rcUe of variation is the value towards which the ratio of tiie change 

of angular velocity to the interval of time, -r-j, converges, as the 

length of the interval is indefinitely diminished; being represented 

by -Z-, and found by the ojieration of differentiation. 

109. Components of Varied Rotation. — ^The most convenient 
way, in most cases, of expressing the mode of variation of a rotatoiy 
motion, is to resolve the angulajr velocity at each instant into three 
component angular velocities about three rectangular axes fixed in 
direction. The values of these components, at any instant shew 
at once the resultant angular velocity and the direction of the 
instantaneous axis. For example, let a^ a^ a^ be the rectangnlar 
components of the angular velocity of a rigid body at a given 
instant, — 

rotation about x from y towards z, 

about f/ from z towards x, 

and about z from x towards ^, 

being considered as positive; then 

a= J{a,^ + a; + a,^) (1.) 

is the resultant angular velocity, and 

ax a ay az ,«. 

co8a = — ; cos/8 = — ^; cosy = — ; (2.) 

a a a 

are the cosines of the angles which the instantaneous axis makes 
with the axis of x, y, and z resi)ectively. 



G5 



CHAPTER III. 
MOTIONS OF PLIABLE BODIES, AND OF FLUIDS. 

110. Division of the Subject. — The subject of the present 
chapter will be considered under the following branches : — 

I. The Motions of Flexible Cords. 
II. The Motions of Fluids not altering in Volume. 

111. The Motions of Fluids altering in Yolume. 

Section 1. — Motions of Flexible Cords. 

111. General Principles. — As those relative motions of the 
points of a cord which may arise from its extensibility, belong to 
the subject of resistance to tension, which is a branch of that of 
strength and stiffness, the present section is confined to those 
motions of which a flexible cord is capable when the length, not 
merely of the whole cord, but of each part lying between two 
points fixed in the cord, is invariable, or sensibly invariable. 

In order that the figure and motions of a flexible cord may be 
determined from cinematical considerations alone, independently of 
the magnitude and distribution of forces acting on the cord, its 
weight must be insensible compared with the tension on it, and it 
must everywhere be tight; and when that is the case, each part of 
the cord which is not straight is maintained in a curved figure by 
passing over a convex surface. The line in which a tight cord lies 
on a convex surface is the sJwrtest line which it is possible to draw 
on that surface between each pair of points in the course of the 
cord. (It is a well-known principle of the geometry of curved 
surfaces, that the osculating plane or tangential plane at each point 
of such a line is perpendicular to the curved surface.) 

Hence it appears, that the motions of a tight flexible cord of 
invariable length and insensible weight are regulated by the follow- 
ing principles : — 

I. The length between each pair of points in the cord is constant. 

II. That length is the shortest line which can be drawn between its 
extremities over the surfaces by which the cord is guided, 

112. Motions Classed. — The motions of a cord are of t^^o 
kinds — 

J. Travelling of a cord along a track o£ invaxYaWL^ ioitxsx-, \sv 
vliwh case the velocitiea of all points of tlie cor^i ax^ ec\v\aX. 

F 
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II. Alteration of the figure of the track by the motion of the 
guiding surfaces. 

Those two kinds of motion may be combined. 

The most usual problems in practice respecting the motions of 
cords are those in which cords are the means of transmittins 
motion between two pieces ill a train of mechanism. Such pro- 
blems will be considered in Part 11. of this treatise. 

Next in point of frequency in practice are the problems to be 
considered in the ensuing Article. * 

113. Cord Guided by Surfaces of Revolation.-— Let a cord in 
some portions of its course be straight, and in others guided by the 
surfaces of circular drums or pulleys, over each of which its track 
is a circular arc in a plane perpendicular to the axis of the guiding 
surface. Let r be the radius of any one of the guiding surfaces, 
i the angle of inclination which the two straight portions of the 
cord contiguous to that surface make with each other, expressed in 
length of arc to radius unity. Then the length of the portion of 
the cord which lies on that surface is r ^; and if a be the length of 
any straight portion of the cord, the total length between two given 
points fixed in the cord may be expressed thus : — 

L = 2 -5 + 2 -ri (1.) 

Let c be the distance between the centres of a given adjacent pair 
of guiding surfaces, 8 the length of the straight portion of cord 
which lies between them, and r, r\ their respective radii; then 
evidently 

«= J c^-(r±r'f-"- (2.) 

the -j j-/r f» r ^^ *^® vdi.6ii being employed, according as the cord 

{J . > the line of centres c. 

does not cross J 

The case most common in practice is that in which the plies, or 

straight parts of the cord, are all parallel to each other; so that 

i = 180° in each case, while a certain number, n, of the guiding 

bodies or pulleys all move simultaneously in a direction parallel to 

the plies of the cord with the same velocity, u ; where u represents 

the velocity of translation of the guiding surfaces, and v the 

longitudinal velocity of any point in the cord 

v = 2nw (3.) 

Section 2. — Motions of Fluids of Constant Density. 

114. Velocity and Flow. — The density of a moving fluid mass 
jnaj- be either exactly invariable, from the coTi^tancy or the adjust- • 

ment of its temperature and pressure, or aexisiNA^ YKM^T«!5^<fe,i^<3k\ssL 
^Iie smallness of the alterations of volume "v?\iv^^^ ^\.\s5sV ^\fcx^ 
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tions of pressure and temperature are capable of producing. The 
latter is the case in most problems of practical mechanics affecting 
liquids. 

Conceive an ideal surface of any figure, and of the area A, to be 
situated within a fluid mass, the parts of which have motion rela- 
tively to that surface; and let lo denote, as the case may be, the 
uniform velocity, or the mecm value of the varying velocity, 
resolved in a direction perpendicular to A, with which the particles 
of the fluid pass A. Then 

Q-^uA {1.) 

is the volume of fluid which passes from one side to the other of 
the surface A in an unit of time, and is called the Jlow, or rate of 
JloWf through A. 

When the particles of fluid move obliquely to A, let 6 denote 
the angle which the direction of motion of any particle passing A 
makes with a normal to A, and v the velocity of that particle; 
then 

u = v -cos $ (2.) 

115. Principle of Continuity. — Axiom. When iJie motion of a 
fluid of constant density is considered relatively to an enclosed space 
o/ invariable volume which is always filled with the fluid, the flow 
into the space a/nd the flow out of it, in any one given interval of time, 
must he equal — a principle expressed symbolically by 

2-Q = (3.) 

The preceding self-evident principle regulates all the motions of 
fluids of constant density, when considered in a purely cinematical 
manner. The ensuing articles of this section contain its most usual 
applications. 

116. Plow in a Stream. — A stream is a moving fluid mass, 
indefinitely extended in length, and limited transversely, and 
having a continuous longitudinal motion. At any given instant, 
let A, A', be the areas of any two of its transverse sections, con- 
sidered as fixed; u, u', the mean normal velocities through them; 
Q, Q', the rates of flow through them ; then in order that the 
principle of continuity may be fulfilled, those rates of flow must be 
equal; that is, 

w A = w' A' = Q = Q' = constant for all cross 

sections of the channel at the given instant; (1.) 

consequently, 

!i' = A. m 



or, ^ Twrmcd velocities at a giver^ inafant at t^uo jlxed cto%^ %e.(^\cy)[v% 
are inverselt/ C6S the ff/rms of these sections. 

JIT. Pipes, CtuifinelSj Currents, and 3ete.— ■^\iet3L ^ ^\x^^ ^^ 
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fluid completely fills a pipe or ttibe, the area of each cross section 
is given by the figure and dimensions of the pipe, and for similar 
forms of > section varies as the square of the diameter. Hence the 
mean normal velocities of a stream flowing in a full pipe, at 
different cross sections of the pipe, are inversely as the squares of 
the diameters of those sections. 

A channel partially encloses the stream flowing in it, leaving the 
upper surface free; and this description applies not only to channels 
commonly so called, but to pipes partially filled. In this case the 
area of a cross section of the stream depends not only on the figure 
and dimensions of the channel, but on the figure and elevation of 
the free upper surface of the stream. 

A current is a stream bounded by other portions of fluid whose 
motions are different. 

A jet is a stream whose surface is either free all round, or is 
touched by a solid body in a small portion of its extent only. 

118. Steady Motion of a fluid relatively to a given simce con- 
sidered as fixed is that in which the velocity and direction of the 
motion of the fluid at each Jlxed point is uniform at every instant 
of the time under consideration ; so that although the velocity and 
direction of the motion of a given particle of the fluid may vary 
while it is transfen*ed from one point to another, that particle 
assumes, at each fixed point at which it arrives, a certain definite 
\elocity and direction depending on the position of that point 
alone; which velocity and direction are successively assumed by 
each particle which successively arrives at the same fixed point. 

The steady motion of a stream is expressed by the two conditions, 
that the ai*ea of each fixed cross section is constant, and that the 
flow through each cross section is constant; that is to say, 

dt ' dt ^ ^^•-' 

If u represents the normal velocity of a fluid moving steadily, 
at a given fixed point, then the differential coefficient of a constant 
being equal to (see Article 26, page 11), 

'^-O' W 

expresses the condition of steady motion. 

119. Motion of Bistons.— -Let a mass of fluid of invariable 

volume be enclosed in a vessel, two portions of the boundary of 

which (called pistons) are movable inwards and outwards, the rest 

of the boundary being fixed. Then, if motion be transmitted 

beeween the pistons by moving one \nwa\!da and the other out- 

rvurds, it follows, from the invaxiabiWty oi ^i\i^ xcJixjcoi^ ^1 \XiA 

enclosed Quid, that the velocities of t\ie two y^\.oxl^ ^\. ^sw5tL\Q&\axi\» 
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will be to each other in the inverse ratio of the areas of the respec- 
tive projections of the pistons on planes normal to their directions 
of motion. This is the principle of the transmission of motion in 
the hydraulic press and hydraulic crane. 

The flow produced by a piston whose velocity is zz, and the area 
of whose projection on a plane perpendicular to the direction of its 
motion is A, is given, as in other cases, by the equation 

Q = wA (1.) 

Section 3. — Motions of Fluids op Varying Density. 

120. Flow of Volume and Flow of Mass. — In the case of a fluid 
of varying density, the volume, which in an unit of time flows 
through a given area A, with a normal velocity u, is still repre- 
sented, as for a fluid of constscnt density, by 

Q = Aw; (1.) 

but the absoltUe quantity, or mass of fluid which so flows, bears no 
longer a constant . proportion to that volume, but is proportional 
to the volume multiplied by the density. The density may be 
expressed, either in units of weight per unit of volume, or in 
arbitrary units suited to the particular case. Let ^ be the density; 
then iheflov} of mass may be thus expressed: — 

^Q = eAw (2.) 

121. The Principle of Continuity, as applied to fluids of varying 
density, takes the following form : — tlie flow into or out of any 
fixed space of constant volume is that du>e to the variation of density 
alone. 

To express this symbolically, let there be a fixed space of the 

constant volume V, and in a given interval of time let the density 

of the fluid in it, which in the first place may be supposed uniform 

at each instant, change from ei to ea- Then the mass of fluid which 

at the beginning of the interval occupied the volume V, occupies 

Vf, 
at the end of the interval the volume =- : and the difference of 

ea 

those volumes is the volume which flows through the surface 

bounding the space, outuxird if ^ g is l^ss than d, inward if ^2 is 

greater than fi. Let ^2 - ^ be the length of the interval of time ; 

then the rate of flow of volume is expressed as follows :— 

Q=, ^' K .^>. 
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PART 11. 

THEOKY OF MECHANISM. 



CHAPTER I. 

DEFINITIONS AND GENERAL PRINCIPLES. 

122. Theory of Fare Mechanism Defined.— J/acAtne^ are bodies, 
or assemblages of bodies, which transmit and modify motion and 
force. The word " machine," in its widest sense, may be appHed 
to every material substance and system, and to the material mii- 
verse itself; but it is usually restricted to works of human art, and 
in that restricted sense it is employed in this treatise. A machine 
transmits and modifies motion when it is the means of making one 
motion cause another ; as when the mechanism' of a clock is the 
means of making the descent of the weight cause the rotation of 
the hands. A machine transmits and modifies force when it is the 
means of making a given kind of physical energy perform a given 
kind of work; as when the furnace, boiler, water, and mechanism 
of a marine steam engine are the means of making the energy of 
the chemical combination of fuel with oxygen perform the work of 
overcoming the resistance of water to the motion of a ship. The 
acts of transmitting and modifying motion, and of transmitting and 
modifying force, take place together, and are connected by a cer- 
tain law ; and until lately, they were always considered together 
in treatises on mechanics ; but recently great advantage in point 
of clearness has been gained by first considering separately the act 
of transmitting and modifying motion. The principles which re- 
gulate this function of machines constitute a branch of Cinematics, 
called the theory of pire mechanism. The principles of the theory 
of pure mechanism having been first established and understood, 
those of the theory of the work of mxichines, which will form the 
subject of Part YI. of this work, which regulate the act of trans- 
mittiDg and modifying force, are much more readily demonstrated 
and apprehended than when the two depa.xV,m«Yi\."a» oi Xk^ tbaory 
of machines are mingled. The estabViakm^xA. cil ^iJaa ^^^Qr5 ^1 
^ pure mechanism as an independent sw\)iect \i^B \>^«^ Taacsx^-^ %r.- 
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complished by the labours of Professor Willis, whose nomenclature 
and methods are, to a great extent, followed in this treatise. 

123. The General Problem of the theory of pure mechanism 
may be stated as follows : — Given the mode of connection of two 
or more movable points or bodies with each other, amd urith certain 
fixed bodies; required the compctrative motions of the movable 
points or bodies : and conversely, when the comparative motions of 
two or Tnore movable points are given, to find their proper m^ode of 
connection. 

The term "comparative motion" is to be understood as in 
Articles 70, 81, 93, and 107. In those Articles, the comparative 
motions of points belonging to one body have already been consid- 
ered. In order to constitute mechanism, two or more bodies must 
be so connected that their motions depend on each other through 
cinematical principles alone. 

124. Frame; Moving Pieces; Connectors; Bearings. — The frame 
of a machine is a structure which supports the moving pieces, and 
regulates the path or kind of motion of most of them directly. In 

. consideriDg the movements of machines mathematically, the frame 
is considered as fixed, and the motions of the moving pieces are 
referred to it. The frame itself may have (as in the case of a ship 
or of a locomotive engine) a motion relatively to the earth, and in 
that case the motions of the moving pieces relatively to the earth 
are the resultants of their motions relatively to the frame, and of 
the motion of the frame relatively to the earth ; but in all problems 
of pure mechanism, and in many problems of the work of machines, 
the motion of the frame relatively to the earth does not require to 
be considered. 

The moving pieces maybe distinguished into primary and second- 
a/ry; the former being those which are directly carried by the 
frame, and the latter those which are carried by other moving 
pieces. The motion of a secondary moving piece relatively to the 
frame is the resultant of its motion relatively to the primary piece 
which carries it, and of the motion of that primary piece relatively 
to the frame. 

Connectors are those secondary moving pieces, such as links, 
belts, cords, and chains, which transmit motion from one moving 
piece to another, when that transmission is not effected by imme- 
diate contact. 

Bearings are the surfaces of contact of primary moving pieces 
with the frame, and of secondary moving pieces with the pieces 
which carry them. Bearings guide the motions of the pieces 
which they support, and their figures depend on the nature of those 
motions. The bearings of a piece which has a. laotioxi Q>i \jcajci5^- 
tioD In a straight line, must have plane or c^\m^T\ca\. ^xa^l^^^^-* 

euactl^/ serai(//a in the direction of motion.. TVie \iVi^^:Y£io% <i1 t^\^<- 
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ing pieces must have surfaces accurately turned U> figures ofreooh- 
tion, such as cylinders, spheres, conoids, and flat discs. The bearinj; 
of a piece whose motion is helical, must be an exctct screw, oi a 
pitch equal to that of the helical motion (Article 96). Those 
parts of moving pieces which touch the bearings, should- have 
surfaces accurately fitting those of the bearings. They may be 
distinguished into slides, for pieces which move in straight line9» 
gudgeons, journals, huslies, and pivots, for those which rotate, and 
screws for those which move helically. 

125. The Motions of Primary Moving Pieces are limited by the 
fact, that in order that different portions of a pair of bearing sur- 
faces may accurately fit each other during their relative motion, 
those surfaces must be either straight, circular, or helical ; from 
which it follows, that the motions in question can be of three 
kinds only, viz. : — 

I. Straight trarislation, or shifting, which is necessanly of limited 
extent, and which, if the motion of the machine is of indefinite 
duration, must be reciprocating ; that is to say, must take place 
alternately in opposite directions. (See Part I., Chapter II., 
Section 1.) 

II. Simple rotation, or turning about a fixed axis, which motion 
may be either continuous or reciprocating, being called in the 
latter case oscillation, (See Part I., Chapter II., Section 2.) 

ITT. Helical or screw-like motion, to which the same remarks 
apply as to straight translation. (See Part I., Chapter II., Section 
3, Article 96.) 

126. The Motions of Secondary Moving Pieces relatively to the 
pieces which carry them, are limited by the same principles which 
apply to the motions of primary pieces relatively to the fiame. But 
the motions of secondary moving pieces relatively to the frame may 
be any motions which can be compounded of straight translations 
and simple rotations according to the principles already explained 
in Part I., Chapter TI., Section 3. 

127. An Elementary Combination in mechanism consists of a 
pair of primary moving pieces, so connected that one tmnsmits 
motion to the other. 

The piece whose motion is the cause is called the driver; that 
whose motion is the effect, ihe/oUoiver, The connection between 
the driver and the follower mav be — 

I. By rolling contact of their surfaces, as in tootJdess wheds. 

II. By sliding contact of their surfaces, as in toothed wlieels, 
screws, wedges, cams, and escapements, 

III. By bands or torapping connectors, such as belts, cords, and 
gearing-chains, 

IV, By link-toorlcy such as connecting rode, un\\;cTsal jo\Tf\is^^\jkd 
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"V. By redujMccUion of cords, as in the case of ropes and pulleys. 

VI. By an intervening fluid, transmitting motion between two 
pistons. 

The yarions cases of the transmission of motion from a driver to 
a follower are farther classified, according as the relation between 
their directions of motion is constant or changeable, and according 
as the ratio of their velocities is constant or variable. This latter 
principle of classification was employed by Professor Willis, in the 
first edition of his Principles of Mechanism, as the foundation of a 
primary division of the subject of elementary combinations in 
mechanism into classes, which are subdivided according to the 
mode of connection of the pieces. In the present treatise, elemen- 
tary combinations will be classed primarily according to the mode 
of connection; which is the classification employed by Professor 
Willis in the Edition of 1870. 

128. Line of Connection. — In every class of elementary combina- 
tions, except those in which the connection is made by reduplica- 
tion of cords, or by an intervening fluid, there is at each instant a 
certain straight line, called the line of connection, or line of mutital 
action of the driver and follower. In the case of rolling contact, 
this is any straight line whatsoever travei'sing the point of contact 
of the surfaces of the pieces ; in the case of ^ding contact, it is a 
line perpendicular to those surfaces at their point of contact ; in 
the case of wrapping connectors, it is the centre line of that part 
of the connector by whose tension the motion is transmitted ; in 
the case of link-work, it is the straight line passing through the 
points of attachment of the link to the driver and follower. 

129. Principle of Connection. — The line of connection of the 
driver and follower at any instant being known, their comparative 
velocities are determined by the following principle : — The respec- 
tive linear vdocities of a point in the driver , and a point in thefol- 
lotoer, each situated anywhere in the line of connection, are to each 
other inversely as the cosines of the respective angles made by the palks 
ofihepoints with the lineqf connection. This principle might be other- 
wise stated as follows : — The components, along tJie line of connec- 
tion, of the velocities of any two points situated in that line, are equal. 

130. Acynstments of Speed. — The velocity-ratio of a driver and 
its follower is sometimes made capable of being changed at will, by 
means of apparatus for varying the position of their line of con- 
nection, as when a pair of rotating cones are embraced by a belt 
which can be shifted so as to connect portions of their surfaces of 
different diameters. 

131. A Train of Mechanism consists of a series of moving pieces, 
each of which is follower to that which drives it, au^ ^xvh^x \.q ^^^ 
which foUoTT^ it 

132. Agregate Combimtions in mechamsm ace ^\iO^^\>^ V^^s5Q^ 
rowponnd motions are given to secondary pieces. 
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CHAPTER 11. 

ON ELEMENTARY COMBINATIONS AND TRAINS OP 

MECHANISM. 

Section 1. — Rolling Contact. 

133. Fitch Snrfieices are those surfaces of a pair of moving pieces, 
which touch each other when motion is communicated by roUing 
contact. The line of contact is that line which at each inistant 
traverses all the pairs of points of the pair of pitch sur£EU)e8 which 
are in contact. 

134. Smooth Wheels, Rollers, Smooth Racks.— Of a pair of pri- 
mary moving pieces in rolling contact, both may rotate, or one may 
rotate and the other have a motion of sliding, or straight transla- 
tion. A rotating piece, in rolling contact, is called a smooth wheel, 
and sometimes a roller; a sliding piece may be called a smooih 
rack. 

135. General Conditions of Rolling Contact. — The whole of the 
principles which regulate the motions of a pair of pieces in rolling 
contact follow from the single principle, that each pair of points in 
tJie pitch surfaces, which are in contact at a given instant, must ai 
tliat instant he moving in the same direction with the same velocity; 
that this must be the case is evident from the rigidity of the bodies, 
for did the pair of points vary in velocity, it would follow that 
there was motion among the particles, or in a particle at least, of 
the body, which is contrary to the hypothesis of rigidity. 

The direction of motion of a point in a rotating body being per- 
pendicular to a plane passing through its axis, the condition, that 
each pair of points in contact with each other must move in the 
same direction leads to the following consequences: — 

I. That when both pieces rotate, their axes, and all their points 
of contact, lie in the same plane. 

II. That when one piece rotates and the other slides, the axis of 
the rotating piece, and all the points of contact, lie in a plane per- 
pendicular to the direction of motion of the sliding piece. 

The condition, that the velocities of each pair of points of con- 
tact must be equal, leads to the following consequences : — 

III. That the angular velocities of a pair of wheels, in rolling 
contact, must be inversely as the perpendicular distances of any 

/f^j'r of points of contact from the Tespec\.Yve ajxa^ 
IV, That the Jinear velocity of a amoo^i\i Ta.^\^iT0J^\s3L'|^^\Js».^ 
wjtii a wheel, is equal to the product ot \Xi^ aiVi^xiXaxN^Q^^'^ ^1*^^ 
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wheel by the perpendicular distance from its axis to a pair of points 
of contact. 

Respecting the line of contact, the above principles III. and lY. 
lead to the following conclusions : — 

Y. That for a pair of wheels with parallel axes, and for a wheel 
and rack, the line of contact is straight, and parallel to the axes or 
axis; and hence that the pitch surfaces are either plane or cylin- 
drical (the term " cylindrical" including all surfaces generated by 
the motion of a straight line parallel to itself). 

"VI. That for a pair of wheels, with intersecting axes, the line of 
contact is also straight, and traverses the point of intersection of 
the axes; and hence that the rolling surfaces are conical, with a 
common apex (the term " conical" including all surfaces generated 
by the motion of a straight line which traverses a fixed point). 

136. Circular Cylindrical Wheels are employed when an uniform 
velocity-ratio is to be communicated between parallel axes. Figs. 
38, 39, and 40, of Article 102, may be taken to represent pairs 
of such wheels ; C and O, in each figure, being the parallel axes of 
the wheels, and T a point in their line of contact. In fig, 38, 
both pitch surfaces are convex, the wheels are said to be in outside 
gearing, and their directions of rotation are contrary. In figs. 39 
and. 40, the pitch surface of the larger wheel is concave, and that 
of the smaller convex ; they are said to be in inside gearing, and 
their directions of rotation are the same. 

To represent the comparative motions of such pairs of wheels 
symbolically, let 

OT: = ri, CT = r2. 



be their radii : let O C = c be the line of centres, or perpendicular 
distance between the axes, so that for 



outside ) . . /I \ 

inside jg^^^^g' c = r,±u .(1.) 



Let «!, a^ be the angular velocities of the wheels, and v the common 
linear velocity of their pitch surfaces; then 



^ = ^n = «2^2; ) ....(2.) 



.r . . 1 • i f outside ) 

the sign ± applymg to | .^^.^^ | gearing. 

137. A Straight Rack and Circular Wheel, which are used when 
an uniform velocity-ratio is to be communicated bet^^et^ ^^\^^^ 
piece and a turning piece, may be represented \)y ^^. ^^ oi kx'CY^'i 
PP, C being the axis of the wheel, P T P tbe i^laiie ^vxx^a.^^ o^ "Oi^^ 
mclr, and T a point in their line of contact, luet t \i^ ^iX^^ T^^va.^ 
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of the wheel, a its angular velocity, and v tlie linear velocity of the 
rack; then 

138. Bevel Wheels, whose pitch surfaces are frustra of regular 
cones are used to transmit an uniform angular velocity-ratio 
between a pair of axes which intersect each other. Fig. 45 of 
Article 105 will serve to illustrate this case; O A and O C being 
the pair of axes, intersecting each other in O, O T the line of con- 
tact, and the cones described by the revolution of O T about A 
and O C respectively being the pitch surfaces, of which narrow 
zones or frustra are used in practice. 

Let Oi, a^i be the angular velocities about the two axes respec- 
tively; and let ti = ZAOT, t2 = ZC0T, be the angles made 
by those axes respectively with the line of contact; then from 
the principle III. of Article 135 it follows, that the angular velocity- 
ratio is 

«! sin ?V" 

Which equation serves to find the angular velocity-ratio when the 
axes and the line of contact are given. 

Conversely, let the angle between the axes, 

ZA0C = «i + t2=J, 

be given, and also the ratio — ; then the position of the line of 

contact is given by either of the two following equations : — 

. . €u sin 7 ^ 

sin t = * I 

. . ajsinj i 

sin ij = ^ ^ .1 



1 



^(oj +a| + 2 Oi Og cos^} ^ J 

which are formed from equation (1) by substituting for i^ its value 
= (i " ^)> *^^ ^^^ *2 i^s value = {j - i^. 

As this is the first instance of the use of Trigonometrical 
analysis, the method of formation of these equations will be ex- 
plained : — 

From Equation (1) it follows that — 

sin t'l • Oi = sin ?i • a^ 

= sin {J 'h)'(h 

= sin J • cos i^'ga-cos/ • sin ii • Oj 

= sin^ • ^(1 - sin^ i^'o^- cos^ • sin i^ 'Oj. 
(See trigonometrical Bvlea, Sectioiia \^ Mid 2l.\ 

Squaring both sides, and transposing 
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Bin^j ' sin^ ^l • aj + (sin *i • Oj + cos^* • sin ^^ • (^Y = siu^ J • al 
sin^ ii " a| - cos^j • sin^ ij • a| + sin^ ii ' a? + cos* j • sin* i^ • a| 

+ 2 sin ^ • Oi • cos J • a^ = sin* J • af 
sin* *i • Oa + sin* i'l • of + 2 sin ij • Oi • cosj • a* *= sin*^' • aj 



sin* 1*1= -2 



sin*^' ' a| 



.'. sm ii = 



of + fl^ + 2 Oi • ag* cosj 

CTa * sin J 
J{c^+al + 2 Oi • Oa • cosj)' 



Graphically, the same problem is solved as follows : — On the two 
ixes respectively, take lengths to represent the angular velocities 
>f their respective wheels. Complete the parallelogram of which 
i^hose lengths are the sides, and its diagonal will be 
bhe line of contact. As in the case of the rolling 
cones of Article 106, one of a pair of bevel wheels 
may be a flat disc, or a concave cone. 

139. Non-Girciilar Wheels are used to transmit 
a variable velocity-ratio between a pair of parallel 
axes. In ^g, 46, let Cj, C2, represent the axes of 
such a pair of wheels ; Tj, Tg, a pair of points which 
at a given instant touch each other in the line of 
contact (which line is parallel to the axes and in 
the same plane with them) ; and TJi, XJ2, another 
pair of points, which touch each other at another 
instant of the motion ; and let the four points, Tj, 
T2, Ui, XJj, be in one plane perpendicular to the two axes, and to 
the line of contact. Then for every such set of four points, the 
two following equations must be fulfilled : — 




Fig. 46. 



CiUi + C2U2 = CiTi + C2T2 = CiC2 

arc Ti Uj = arc T2 Uj . 

and those equations shew the geometrical relations which must 
exist between a pair of rotating surfaces in order that they may 
move in rolling contact round fixed axes. 

Section 2. — Sliding Contact. 
140. Skew-Bevel Wheels are employed to transmit an uniform 




^g. 47. 




Eig, 4S. 



-^ 
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velocity-ratio between two axes which are neither parallel nor 

intersectiDg. The pitch surface of a 

skew-bevel wheel is a frustrum or 

zone of a hyperholoid of revoltUim. 

In ^g, 47, a pair of large portions of 

such hyperboloids are shewn, rotat- 

'/ ing about axes A B, C t). In fig. 48 

-5 are shewn a pair of narrow zones of 

the same figures, such as are employed 

in practice. 

Fig. 49. A hyperholoid of revolution is a 

surface resembling a sheaf or a dice 
box, generated by the rotation of a straight line round an axis from 
which it is at a constant distance, and to which it is indined at a 
constant angle. If two such hyperboloids, equal or unequal, be 
placed in the closest possible contact, as in ^g. 49, they will touch 
each other along one of the generating straight lines of each, whi9h 
will form their line of contact, and will be inclined to the axes 
A B, C D, in opposite directions. The axes will neither be parallel, 
nor 'will they intersect each other. 

The motion of two such hyperboloids, rotating in contact with 
each other, has sometimes been classed amongst cases of rolling 
contact; but that classification is not strictly correct; for although 
the component velocities of a pair of points of contact in a direction 
at right angles to the line of contact are equal, still, as the axes are 
neither parallel to each other nor to the line of contact, the velo- 
cities of a pair of points of contact have components along the line 
of contact, which are unequal, and their difference constitutes a 
lateral sliding. 

The directions and positions of the axes being given, and the 

required angular velocity-ratio, — , it is required to find the oblir 

quities of the generating line to the two axes, and its radii vectoreSy 
or least perpendicular distances from these axes. 

In fig. 49, let A B, C D, be the two axes, and G K their common 
perpendicular. 

On any plane normal to the common perpendicular G K A, draw 
« 6 II A B, c c? II C D, in which take lengths in the following pro- 
portions : — 

«! : ^2 : :hp ihq; 

complete the parallelogram hp e q, and draw its diagonal e h/; the 
line of contact E H F will be parallel to that diagonal. 
jFrom jt? let fall p m perpendicular to h c. Then divide, the 
common perpendiculsir G K in tYie ratio ^^ei^Xs^ >iXv^ ^xo^-^vs^*! 
equation 
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he:em:mh::GK:QIL:KlI; 

then the two segments thus found will be the least distances of 
the line of contact from the axes. 

ThB first pitch surface is generated by the rotation of the line 
E H F about the axis A B with the radius vector GH = rj ; the 
second, by the ro tation of the same line about the axis C D with 
the radius vector H K = rg. 

To draw the hyperbola* which is the longitudinal section of a 
skew-bevel wheel whose generating line has a given radius vector 
and obliquity, let A G B, &g. 50, re- 
present the axis, G H ± A G B, the 
radius vector of the generating line, 
and let the straight line E G F make 
with the axis an angle equal to the 
obliquity of the generating line. H 
will be the vertex, and E G F one of 
the asymptote8,t of the required hyper- Yis. 50. 

bola. To find any number of points 
in that hyperbola, proceed as follows : — Draw X W Y parallel to 

G H, cutting G E in W, and make XY"= ^(GH2'+ XTW). 
Then will Y be a point in the hyperbola. 

141. Principle of Sliding Contact. — The line of action, or of con- 
nection, in the case of sliding contact of two moving pieces, is the 
common perpendicular to their surfaces at the point where they 
touch; and the principle of their comparative motion is, that the 
components, along that perpendicular, of tite velocities of any two 
points traversed by it, are equal. 

Case 1. Two shifting pieces, in sliding contact, have linear velo- 
cities proportional to the secants of the angles which their directions 
of motion make with their line of action. 

Case 2. Two rotating pieces, in sliding contact, have angular 
velocities inversely proportional to the perpendicular distances 
from their axes of rotation to their line of action, each multiplied 
by the sine of the angle which the line of action makes with the 
particular axis on which the perpendicular is let fall. 

In ^g, 51, let Ci, C2, represent the axes of rotation of the two 
pieces; Ai, A^, two portions of their respective surfaces; and Ti, 
Tj, a pair of points in those surfaces, which, at the instant under 
consideration, are in contact with each other. Let Pj Pa be the 
common perpendicular of the surfaces at the pair of points Ti, T2; 

* The Hyperbola is the curve traced out by a point which moves in wick 
a SEumner that its distance from a given fixed point (T^, coTiX.m\x^^\i^^x^*^^ 
umB laUo ffreaUr than unity to it^ distance from, a giveii ^iL%A.\vaRv V^^- 

fAn Asymptote is a straight line whose distance irom a cviicm^ ^YoiM^^^'e 
1 the carve extends away from the orioin. 
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that IS, the line of action; and let Ci P^, C, Pj, be the common per- 
pendiculars of the line of action and of the two axes respectively. 

Then at the given instant, the components 
along the line P^ P, of the velocities of the 
points Pi, P^ are equal Let «i, t,, be the 
angles which that line makes with the direc- 
tions of the axes respectively. Let Oi, a^, be 
the respective angular velocities of the moving 
pieces; then 




«i 'CiPi •sinix = aa • Cj P2-smtaj 



consequently. 



a«_CiPijin_^ 
Oi C, Pa sm 12 

which is the principle stated above. 

"When the line of action is perpendicular in direction to both 
axes, then sin ii = sin t'a = 1 ; and Equation 1 becomes 






0^1 

C2P2 



(lA.) 



When the axes are parallel, ii = ij. Let I be the point where 
the line of action cuts the plane of the two axes; then the triangles 
Pi Ci I, Pa Ca I, are similar; so that Equation 1 A is equivalent to 



the following : — 



a 



Oi I Ca 



2 _ 



,(1B.) 



Case 3. A rotating piece and a shifting piece, in sliding contact, 
have their comparative motion regulated by the following prin- 
ciple : — Let C P denote the perpendicular distance from the axis of 
the rotating piece to the line of action; i the angle which the direc- 
tion of the line of action makes with that axis ; a the angular 
velocity of the rotating piece; v the linear velocity of the sliding 
piece; j the angle which its direction of motion makes with the 
line of action ; then 

C P • sin i • sec y 



v = a 



(2.) 

"When the line of action is perpendicular in direction to the axis 
of the rotating piece, sin t = 1 ; and 

v = a'C P-sec ^* = a -1 C; (2a.) 

where I C denotes the distance from, the axis of the rotating piece 
to the point wJiere the line of action. c\i\» a ^^^^«\i^\c,\3\.^^ ^xjot^^^JmA 
axis on the direction of motlou oi t\ie a\v\i^m^ ^v^^^. 
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142. Teeth of Wheels. — The most usual method of commuDi- 
eating motion between a pair of wheels, or a wheel and a rack, 
and the only method which, by preventing the possibility of the 
rotation of one wheel unless accompanied by the other, insures the 
preservation of a given velocity-ratio exactly, is by means of the 
projections called teeth. 

The pitch surface of a wheel is an ideal smooth surface, inter- 
mediate between the crests of the teeth and the bottoms of the 
spaces between them, which, by rolling contact with the pitch sur- 
face of another wheel, would communicate the same velocity-ratio 
that the teeth communicate by their sliding contact. In designing 
wheels, the forms of the ideal pitch surfaces are first determined, 
and from them are deduced the forms of the teeth. 

Wheels with cylindrical pitch surfaces are called spur wheels; 
those with conical pitch surfaces, hevd wheels; and those with 
hyperboloidal pitch surfaces, skew-bevel wJieds, 

The pitch line of a wheel, or, in circular wheels, the pitch circle, 
is a transverse section of the pitch surface made by a surface per- 
pendicular to it and to the axisj that is, in spur wheels, by a plane 
perpendicular to the axis; in bevel wheels, by a sphere described 
about the apex of the conical pitch surface; and in skew-bevel 
wheels, by any oblate spheroid generated by the rotation of an 
ellipse whose foci are the same with those of the hyperbola that 
generates the pitch surface. 

The pitch point of a pair of wheels is the point of contact of their 
pitch lines; that is, the transverse section of the line of contact of 
the pitch surfaces. 

Similar terms are applied to racks. 

That part of the acting surface of a tooth which projects beyond 
the pitch surface is called the /ace; that which lies within the pitch 
sur&ce, ihejlcmk. 

The radius of the pitch circle of a circular wheel is called the 
geometrical radius; that of a circle touching the crests of the teeth 
is called the real radius; and the difference between those radii, 
the addendvm, 

143. Pitch and Number of Teeth.— The distance, measured 
along the pitch line, from the face of one tooth to the face of the 
next, is called the pitch. 

The pitch, and the number of teeth in circular wheels, are regu- 
lated by the following principles : — 

I. In wheels which rotate continuously for one revolution or 
more, it is obviously necessary iJuxt the pitch shotdd be an aliquot 
part of the drctmference. 

In wheels which reciprocate without performm^ «i. ^cyca^<fc\«k 
revolatioD, this condition is not necessary. Svich. w\ift^^ ^x^ <5aJ\^^ 
^eefars, 

G 
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II. In order that a pair of wheels, or a wheel and a rack, may 
work correctly together, it is in all cases essential that tlie pUck 
should be the same in each, 

III. Hence, in any pair of circular wheels which work together, 
Uie numbers of teeth in a complete circumference are directly as 
the radii, and inversely as the angular velocities. 

IV. Hence also, in any pair of circular wheels which rotate 
continuously for one revolution or more, the ratio of the numbers 
of teeth, and its reciprocal, the angular velocity -ratio, must be 
expressible in whole numbers. 

V. Let w, N, be the respective numbers of teeth in a pair of 
wheels, jNT being the greater. Let t, T, be a pair of teeth in the 
smaller and larger wheel respectively, which at a particular instant 
work together. It is required to find, first, how many pairs of 
teeth must pass the line of contact of the pitch surfaces before < and 
T work together again (let this number be called a); secondly, 
with how many different teeth of the larger wheel the tooth t will 
work at different times (let this number be called b) ; and thirdly, 
with how many different teeth of the smaller wheel the tooth T 
will work at different times (let this be called c). 

Case 1. If w is a divisor of N, 

a = N; b = -; c = l (1.) 

Case 2. If the greatest common divisor of N and nhed a number 
less than n, so that n = md, N = M c^, then 

a = wi N = M7i = Mmc?; 6 = M; c = m (2.) 

Case 3. If N and n be prime to each other, 

a = 'Nn; b-'N; c — n (3.) 

It is considered desirable by millwrights, with a view to the 
preservation of the uniformity of shape of the teeth of a pair of 
wheels, that each given tooth in one wheel should work with as 
many different teeth in the other wheel as possible. They, there- 
fore, study to make the numbers of teeth in each pair of wheels 
which work together such as to be either prime to each other, or to 
have their greatest common divisor as small as is possible con- 
sistently with the purposes of the machine. 

VI. The smallest number of teeth which it is practicable to give 
to a pinion (that is, a small wheel), is regulated by the principle, 
that in order that the communication of motion from one wheel to 
another may be continuous, at least one pair of teeth should always 
be in action ; and that in order to provide for the contingency of a 

tooth breaking, a second pair, at least, &\io\3ld be in action also. 

^or reasons which will appear wlieii t\\e io\i\icvs» oS. X^^^^Oa. ^xfe ^\vr 

Bidered, this principle gives the M\o^\u^ ^^ \Xia\^^^\»Tv>QS^'B«.^^ 
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teeth which can be usually employed in pinions having teeth of the 
three classes of figures named below, whose properties will be 
explained in the sequel : — 

I. Involute teeth, 25. 

II. Epicycloidal teeth, 12. 

III. Cylindrical teeth, or staves, 6. 

144. Hunting Cog. — "When the ratio of the angular velocties of 
two wheels, being reduced to its least terms, is expressed by small 
numbers, less than those wLich can be given to wheels in practice, 
and it becomes necessary to employ multiples of those numbers by 
a common multiplier, which becomes a common divisor of the 
numbers of teeth in the wheels, millwrights and engine-makers 
avoid the evil of frequent contact between the same pairs of teeth, 
by giving one additional tooth, called a hunting cog, to the larger 
of lie two wheels. This expedient causes the velocity-ratio to be 
not exactly but only approximately equal to that which was at 
first contemplated; and therefore it cannot be used where the 
exactness of certain velocity-ratios amongst the wheels is of impor- 
tance as in clockwork. 

145. A Train of Wheelwork consists of a series of axes, each 
having upon it two wheels, one of which is driven by a wheel on 
the preceding axis, while the other drives a wheel on the following 
axis. If the wheels are all in outside gearing, the direction of 
rotation of each axis is contrary to that of the adjoining axes. In 
some cases, a single wheel upon one axis answers the purpose both 
of receiving motion from a wheel on the preceding axis and giving 
motion to a wheel on the following axis. Such a wheel is called 
an idle wlieel: it affects the direction of rotation only, and not the 
velocity-ratio. 

Let the series of axes be distinguished by numbers 1, 2, 3, 
&C. . . . . m; let the numbers of teeth in the driving wlieels be 
denoted by N's, each with the number of its axis affixed; thus, 

Nif'N^f&c N,„_ij and let the numbers of teeth in the c?nw7i 

ov following wheels be denoted by w's, each with the number of its 

axis affixed; thus, Wj, Ws, &c n^. Then the ratio of the 

angular velocity a^ of the m^ axis to the angular velocity a^ of the 
first axis is the product of the m-\ velocity-ratios of the succes- 
sive elementary combinations, viz. : — 

a^_ ^^'^i'&Q ^m-i , n\ 

Oj Wa-Tig'&c n^ ' ^ '' 

that is to say, the velocity-ratio of the last and first axes is the 
latio of the product of the numbers of teeth in the drivers to th& 
product of the nnmhera of teeth in the followers v «LW^\\»Sa» Ow^wns* 
that BO long as the same drivers and followexa con^WUxX.^ >^^ \»\«is^> 
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the order in -which they succeed each other does not affect the 
resultant velocitv-ratio. 

Supposing all the wheels to be in outside gearing, then as each 
elementary combination reverses the direction of rotation, and as 
the number of elementary combinations, m - 1, is one less than the 
number of axes, m, it is evident that if m is odd, the direction of 
rotation is preserved, and if even, reversed. 

It is often a question of importance to determine the numbers of 
teeth in a train of wheels best suited for giving a determinate 
velocity-ratio to two axes. It was shewn by Young, that to do 
this with the least total numher of teelh, the velocity-ratio of each 
elementary combination should approximate as nearly as possible 
3 '59. This would in many cases give too many axes; and as a 
useful practical rule it may be laid down, that from 3 to 6 ought 
to be the limit of the velocity-ratio of an elementary combination 
in wheelwork. 

Let ^ be the velocity-ratio required, reduced to its least terms, 

and let B be greater than C. 

If T^f is not greater than 6, and C lies between the prescribed 

minimum number of teeth (which may be called t), and its double 
2 tj then one pair of wheels will answer the purpose, and B and C 
will themselves be the numbers required. Should B and C be 
inconveniently large, they are if possible to be resolved into factors, 
and those factors, or if they are too small multiples of them, used 
for the numbers of teeth. Should B or C, or both, be at once 
inconveniently large, and prime,. then inst«gid of the exact ratio 

77, some ratio approximating to that ratio, and capable of resolu- 
\j 

tion into convenient factoi-s, is to be found by the method of 

continued fractions. See Mathematical Introduction, page 2, 

Article 4. 

Should p be greater than 6, the best number of elementary 

combinations is found by dividing by 6 again and again till a 
quotient is obtained less than unity, when the number of divisions 
will be the required number of combinations, m — 1. 

Then, if possible, B and C themselves are to be resolved each 
into m-\ factors, which factors, or multiples of them, shall be not 
less than ty nor greater than 6^; or if B and C contain incon- 
veniently large prime factors, an approximate velocity-ratio, found 

B 

bjr the method of continued fractions, is to \i^ svj^i^tvWted for j:^, as 

before. When the prime factors o£ ei\\i^T: "S ox C» ^^ i^-^^xv^ 
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number than m- 1, the reqiih*ed number of factors is to be made 
up by inserting 1 as often as may be necessary. In multiplying 
factors that are too small to serve for numbers of teeth, prime 
numbers differing from those already amongst the factoi'S are to be 
preferred as multipliers; and in general, where two or more factors 
require to be multiplied, different prime numbers should be used 
for the different factors. 

So figir as the resultant velocity-ratio is concerned, the order of 
the drivers N, and of the followers n, is immatenal ; but to secure 
equable wear of the teeth, as explained in Article 143, Principle V., 
the wheels ought to be so arranged that for each elementary com- 
bination the greatest common divisor of K and n shall be either 
1 , or as small as possible ; and if the preceding rules have been 
observed in the choice of multipliers, this will be insured by so 
placing each driving wheel that it shall work with a following 
wheel whose number of teeth does not contain any of the same 
multipliers; for the original numbers £ and C contain no common 
factor except 1. 

The following is an example of a case requiring the use of 
additional multipliers : — Let the required velocity-ratio, in its least 
terms, be 

B_360 

C" 7 ' 

To get a quotient less than 1, this ratio must be divided by 6 
three times, therefore m - 1 = 3. The prime factors of 360 are 
2*2*2'3'3*5; these may be combined so as to make three 
&ctors in various different ways; and the preference is to be given 
to that which makes these factors least unequal, viz., 5*8*9. 
Hence, resolving numerator and denominator into three factors 
each, we have 

B_5'8'9 

C""l*l-7' 

It is next necessary to multiply the factors of the numerator and 
denominator by a set of three multipliers. Suppose that the wheels 
to be used are of such a class that the smallest pinion has 12 teeth, 
then those multipliers must be such that none of their products by 
the existing factors shall be less than 12; and for reasons already 
given, it is advisable that they should be different prime numbers. 
Take the prime numbers, 2, 13, 17 (2 being taken to multiply 7); 
then the numbers of teeth in the followers will be 

13x1 = 13; 17x1 = 17; 2x7 = 14. 

In distributi/?^ the multipliers amongst t\\e ia(i\;ciT^ dl 'Ow^ \c^\sir 
emtor, let the -sinaiiest multiplier be combmed V\^:Jti \Jcife\^\^'^^ 
ikctor, and bo on; then we have 
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17x5 = 85j 13x8 = 104j 2x9 = 18. 

Finally, in combining the drivers with the followers, those 
numbers are to be combined which have no common factor; the 
result being the following train of wheels : — 

85^18 104 360 
14*13* 17 ~ 7 • 

146. Teeth of Spnr-Wheels and Racks. General Principle.— The 

figures of the teeth of wheels are regulated by the principle, tlmt 
the teeth of a pair of wheels shall give the same velocity-ratio by their 
sliding conta^, which the ideal smooth pitch surfaces wovM give by 
their rolling contact Let B^, Bg, in fig. 51, be parts of the pitch 
lines (that is, of cross sections of the pitch surfaces) of a pair of 
wheels with parallel axes, and I the pitch point (that is, a section 
of the line of contact). Then the angular velocities which would 
be given to the wheels by the rolling contact of those pitch lines 
are inversely as the segments I Cj, I Cg, of the line of centres; and 
this also is the proportion of the angular velocities given by a pair 
of surfaces in sliding contact whose line of action traverses the point 
I (Article 141, Case 2, Equation 1 b). Hence the condition of 
correct working for the teeth of wheels with parallel axes is, tM 
the line of action of the teeth shall at every instant traverse the Um 
of contact of the pitch surf aces ; and the same condition obviously 
applies to a rack sliding in a direction perpendicular to that of the 
axis of the wheel with which it works. 

147. Teeth Described by Rolling Curves. — From the principle of 
the preceding Article it follows, that at every instant, the position 
of the point of contact Tj in the cross section of the acting surface 
of a tooth (such as the line Aj Tj in fig. 51), and the corresponding 
position of the pitch point I in the pitch line I Bi of the wheel to 
which that tooth belongs, are so related, that the line I Tj which 
joins them is normal to the outline of the tooth Ai Ti at the point 
Tj. Now, this is the relation which exists between the tracing- 
point Tj, and the inslantaneovs axis or line of contact I, in a rolling 
curve of such a figure, that being rolled upon the pitch surface B,, 
its tracing-point Ti traces the outline of the tooth. (As to rolling 
curves, see Articles 100, 101, 103, and 106). 

In order that a pair of teeth may work correctly together, it is 
necessary and sufficient that the instantaneous radii vectoree from 
the pitch point to the points of contact of the two teeth should 
coincide at each instant, as expressed by the equation 

rTx = rT,; (1.) 

and this condition is fulfilled if the outlines of the two teetlh he traced 

fy/ ^^ Tnotion of the same trocing-pomt, iu roUlYig xksA ^oitM. toUxw/^ 

^^^^^ ou the same side of the 'pitch sur/oces of tUe Tespefttivoft •v»\>A«bi. 
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Thejlank of a tooth is traced while the rolling curve rolls inside 
of the pitch line ; the face, while it rolls outside. Hence it is 
evident that the Jlanks of the teeth of the driving wheel drive the 
faces of the teeth of the driven wheel; and that the faces of the 
teeth of the driving wheel drive the flanks of the teeth of the 
driven wheel. The former takes place while the point of contact 
of the teeth is approaching the pitch point, as in fig. 51, supposing 
the motion to be from Pj towards P2 ; the latter, after the point of 
contact has passed, and while it is receding frmn, the pitch point. 
The pitch point divides the path of the point of contact of the teeth 
into two parts, called the path of approach and the path of recess; 
and the lengths of those paths must be so adjusted, that two pairs 
of teeth at least shall be in action at each instant. 

It is evidently necessary that the surfaces of contact of a pair 
of teeth should either be both convex, or that if one is convex 
and the other concave, the concave surface should have the flatter 
curvature. 

148. The Sliding of a Pair of Teeth on each Other, that is, their 
relative motion in a direction perpendicular to their line of action, 
is found by supposing one of the wheels, such as 1, to be fixed, the 
line of centres Cj C2 to rotate backwards round Cj with the angular 
velocity Oj, and the wheel 2 to rotate round C2 as before with the 
angular velocity a^ relatively to the line of centres Gj Cj, so as to 
have the same motion as if its pitch surface roUed on the pitch 
surface of the first wheel. Thus the relative motion of the wheels 
is unchanged; but 1 is considered as fixed, and 2 has the resultant 
motion given by the principles of Article 102; that is, a rotation 
about the instantaneous axis I with the angular velocity a^ + a^. 
Hence the velocity of sliding is that due to this rotation about I, 

with the radius I T = r; that is to say, its value is 

r(ai + a,); (1.) 

so that it is greater, the farther the point of contact is from the 
line of centres; and at the instant when that point, passing the 
line of centres, coincides with the pitch point, the velocity of sliding 
is null, and the action of the teeth is, for the instant, that of roll- 
ing contact. 

The roots of the teeth slide towards each other during the ap- 
proach, and from each other during the recess. To find the amount 
or totaZ distance through which the sliding takes place, let ^1 be the 
time occupied by the approach, and t^ that occupied by the recess; 
then the distance of sliding is 

a= / ^r{aiJc a^ dt + I V(ai + Oa) c? ^; (2.) 

or ID another form, ifdi denote an e\emei\t o? \5cl^ Ockssa^gb ^1 «Ci^g? 
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lar position of one wheel relatively to the other, tj the amonnt of 
that change during the approach, and t, during the recess, then 

(oi + Oi) dt = di; and 

«= r'rdi+ f\di (3.) 

149. The Arc of Contact on the Pitch Lines is the length of that 
portion of the pitch lines which passes the pitch point during the 
action of one pair of teeth; and in order that two pairs of teeth at 
least may he in action at each instant, its length should be at least 
double of the pitch. It is divided into two parts, the arc of ap- 
proach and the arc of recess. In order that the teeth may be of 
length sufficient to give the required duration of contact, the dis- 
tance moved over by the point I upon the pitch line during the 
rolling of a rolling curve to describe the face and flank of a tooth, 
must be in all equal to the length of the required arc of contact 
It is usual to make the arcs of approach and recess equal. 

150. The Length of a Tooth may be divided into two parts, 
that of the face and that of the flank. For teeth in the driving 
wheel, the length of the flank depends on the arc of approach,— 
that of the face, on the arc of recess; for those in the following 
wheel, the length of the flank depends on the arc of recess, — that 
of the face, on the arc of approach. 

151. Involute Teeth for Circular Wheels.— In fig. 52, let Cj, Cs, 
be the centres of two circular wheels, whose pitch circles are B^, B^. 
Through the pitch point I draw the intended line of action Pj, P» 
making the angle C I P = ^ with the line of centres. From Cj, Cj, draw 

C7Fi = rc;-sin<?,| 

CTPj = IC; • sin tf, j 

perpendicular to Pj Po, with which two perpendiculars as radii, 

describe circles (called base circles) Dj, Dj. 

Suppose the base circles to be a pair of 
circular pulleys, connected by means of a 
cord whose course from pulley to pulley is 
Pj I Pj. As the line of connection of those 
pulleys is the same with that of the proposed 
teeth, they will rotate with the required 
velocity-ratio. Now suppose a tracing-point 
T be fixed to the cord, so as to be carried 
along the path of contact Pj I Pj. That 
point will trace, on a plane rotating along 
with the wheel 1, part of the involute of 
the base circle Dj, and on a plane rotating 
along with. t\\e'w\ve^'i,\vax\. cii\3afc\x\.^olute 
Fig. 5Z of the base cixcVe; "D^, s^m^ ^^ V«^ <i>xrq^^ 
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traced will always touch each other in the required point of contact 
T, and will therefore fulfil the condition required by Article 14G. 

All involute teeth of the same pitch work smoothly together. 

To find the length of the path of contact on either side of the 
pitch point I, it is to be observed that the distance between the 
fronts of two jsuccessive teeth, as measured along Pj I Pj, is less 
than the pitch in the ratio sin : 1, for the former is proportional 
to r • sin B, and the latter to r ' 0, and consequently that if dis- 
tances not less than the pitch x sin ^ be marked off either way from 
I towards Pi and Pj respectively, as the extremities of the path of 
contact, and if the addendum circles be described through the 
points so found, there will always be at least two pairs of teeth in 
action at once. In practice, it is usual to make the path of contact 
somewhat longer, viz., about 2 J times the pitch ; and with this 
length of path and the value of 6 which is usual in practice, viz., 
75 J®, the addendum is about ^ of the pitch. 

The teeth of a rack, to work correctly with wheels having invo- 
lute teeth, should have plane surfaces, perpendicular to the line of 
connection, and consequently making, with the direction of motion 
of the rack, angles equal to the before-mentioned angle 0. 

152. The Sm£jlest Pinion with Involute Teeth of a given pitch 
Py has its size fixed by the consideration that the path of contact 
of the flanks of the teeth, which must not be less than p • sin 6, 
cannot be greater than the distance along the line of action from 

I p 

the pitch point to the base circle, I P = r • cos B, Then r = 

'^ '^ cos 6* 

and substituting for I P its least possible value p - sin $, hence the 

least radius is 

r=p tan 6; (1.) 

which, for ^ = 75 J°, gives for the radius r = 3*867 jp, and for the 
cu'cumference of the pitch circle, p x 3*867 x 2 «■ ^ 24*3 p; to 
which the next greater integer multiple of p is 25 p; and therefore 
tvoerUy-fivey as formerly stated, in Article 143, is the least number 
of inmhUe teeth to be employed in a pinion. 

153. Epicycloidal Teeth. — For tracing the figures of teeth, the 
most convenient rolling curve is the circle. The path of contact 
which a point in its cu'cumference traces is identical with the circle 
itself; the flanks of the teeth are internal, and their faces external 
epicycloids, for wheels; and both flanks and faces are cycloids for 
a rack. 

Wheels of the same pitch, with epicycloidal teeth traced by the 
same rolling circle, all work correctly with each other, whatsoever 
may be the numbers of their teeth ; and they axe sai-i \,q\>^^\^%\k» 
the same set 

For a pitch circle of twice the radius o£ l\ie xoWVa^ o\ desQ.T\Xy^^'3 
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circle (as it is called), the internal epicycloid is a sti-aight line, 
being in fact a diameter of the pitch circle ; so that the flanks of 
the teeth for such a pitch circle are planes radiating from the axis. 
For a smaller pitch circle, the flanks would be convex, and in- 
curved or under-cut, which would be inconvenient ; therefore the 
smallest wheel of a set should have its pitch circle of twice the 
radius of the describing circle, so that the flanks may be either 
straight or concave. 

In fig. 63, let B be part of the pitch circle of a wheel, C C the 

line of centres, I the pitch-point, 
R the internal, and R' the equal 
external describing circles, so placed 
as to touch the pitch circle and each 
other at I j let D I D' be the path 
of contact, consisting of the path of 
n approach D I, and the path of re- 
cess I D'. In order that there may 
always be at least two pairs of teeth 
in action, each of those arcs should 
be equal to the pitch. 

The angle ^, on passing the line 
of centres, is 90°; the least value 
of that angle is ^ = ZCID=/ 
CID'. 

It appears from experience that 
the least value of should be about 60°; therefore the arcs DI = 
I D' should each be one-sixth of a circumference ; therefore the 
circumference of the describing circle should be six tiraes the piid^- 
It follows that the smallest pinion of a set, in which pinion the 
Hanks are straight, should ha/ve twelve teeth, as has been already 
stated in Article 143. 

154. Teeth of Wheel and Trundle.— A trundle, as in ^g. 54, 
has cylindrical pins called staves for teeth. The face of the teeth 




Fiff. 53. 




Fig. 54. 




Fig. 65. 



of a wheel suitable for driving it, m outside gearing, are described 
hy£r8t tracing external epicycl6ida\)y xo\\m^^iNi%^\\/53xi^\t^^ 
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in die on the pitch circle B^ of the driving wheel, witli the 
of a stave for a tracing point, as shewn by the dotted lines, 
ten drawing curves parallel to and within the epicycloids, at 
ince from them equal to the radius of a stave. Trundles 
r only six staves will work with large wheels, 
irive a trundle in inside gecmng, the outlines of the teeth of 
heel should be curves parallel to internal epicycloids. A 
ir case of this is represented in fig. 55, where the radius of 
tch circle of the trundle is exactly one-half of that of the 
3ircle of the wheel ; the trundle has three equi-distant staves ; 
le internal epicycloids described by their centres while the 
circle of the trundle is rolling within that of the wheel, are 
straight lines, diameters of the wheel, making angles of 60° 
3ach other. Hence the surfaces of the teeth of the wheel 
hree straight grooves intersecting each other at the centre, 
)eing of a breadth equal to the diameter of a stave of the 

. Dimensions of Teeth. — ^Toothed wheels being in general 
ed to rotate either way, the backs of the teeth are made 
.' to the fronts. The space between two teeth, measured on 
:ch circle, is made about one-fifth part wider than the thick- 
f the tooth on the pitch circle : that is to say, 

5 

thickness of tooth = ^r pitch, 

/» 
width of space = r-r- pitch. 

iference of ---^ of the pitch is called the hach-laah, 

clearance allowed between the points of teeth and the bot- 
>f the spaces between the teeth of the other wheel, is about 
nth of the pitch. 

thickness of a tooth is fixed according to the principles of 
bh ; and the breadth is so adjusted, that when multiplied by 
the product shall contain one square inch for each 160 lbs. of 
ransmitted by the teeth. 

The Teeth of a Bevel-Wheel have acting surfaces of the 
L kind, generated by the motion of a line traversing the apex 
conical pitch surface, while a point in it is carried round the 
3S of the cross section of the teeth made by a sphere described 
that apex. 

operations of describing the exact figures of the teeth of 
i^heels, whether by involutes or by rolling curves, are in every 
b analogous to those for describing the ftgowa oi >^^ \ftfcK5Q. 
T'wheels, except that in the case oi Yyev^Sl-^Vw^ «S^ ^oaa 
ona are to he performed on the 8\ir£ace oi a S'^^t^ ^^srx^q^^ 
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about the apex, instead of on a plane, substituting poles for centres, 
and ffrecU circles for straight lines. 

In consideration of the practical difficulty, especially in the case 
of large T^heels, of obtaining an accurate spherical sur&ce, and of 
drawing upon it when obtained, the following approximate method, 
proposed originally by Tredgold, is generally used: — Let O, Gg, 56, 

be the apex, and O C the axis of the pitch 
cone of a bevel- wheel; and let the largest 

pitch circle be that whose radius is C £. 
Perpendicular to O B draw B A cutting 
the axis produced in A, let the outer rim 
of the pattern and of the wheel be made 
a portion of the surface of the cone whose 
apex is A and side A B. The narrow zone 
of that cone thus employed will approach 
^^' ^' sufficiently near to a zone of the sphere 

described about O with the radius O B, to be used in its stead. On 
a plane surface, with the radius A B, draw a circular arc B I> ; a 
sector of that circle will represent a poi-tion of the surface of the 
cone ABC developed, or spread oiU flat. Describe the figures of 
teeth of the required pitch, suited to the pitch circle B D, as if it 
were that of a spur-wheel of the radius A B; those figures will be 
the required cross sections of the teeth of the bevel-wheel, made by 
the conical zone whose apex is A. 

157. The Teeth of Non-Circular Wheels are described by rolling 
circles or other curves on the pitch surfaces, like the teeth of cir- 
cular wheels; and when they are small compared with the wheels 
to which they belong, each tooth is nearly similar to the tooth of a 
circular wheel, having the same radius of curvature with the pitch 
surface of the actual wheel at the point where the tooth is situated. 
158.. A Cam or Wiper is a single tooth, either rotating continu- 
ously or oscillating, and driving a sliding or turning-piece, either 
constantly or at intervals. All the principles which have been 
stated in Article 141, as being applicable to sliding contact, are 
applicable to cams; but in designing cams, it is not usual to deter- 
mine or take into consideration the form of the ideal pitch surface 
which would give the same comparative motion by rolling contact 
that the cam gives by sliding contact. 

159. Screws. Pitch. — The figure of a screw is that of a convex 
or concave cylinder with one or more helical projections called 
threads winding round it. Convex and concave screws are dis- 
tinguished technically by the respective names of male and female, 
or external and internal; a short internal screw is called a niU ; 
and when a, screw is not otherwise speci^ed, extenwxt is understood. 
27ie relation between the advance axvd tW rotoAiwya, ^>kvOcl ^:»\si:- 
le tJje motion of a screw working in contaie^ V\\\i ^ %x.^^ xixs^. <3^ 
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helical guide, has already been demonstrated in Article 96, Equa- 
tion 1 ; and the same relation exists between the rotation of a 
screw about an axis fixed lougitudinally relatively to the frame- 
work, and the advance of a nut in which that screw rotates, the 
nut being free to shift longitudinally, but not to turn. The advance 
of the nut in the latter case is in the direction opposite to that of 
the advance of the screw in the former case. 

A screw is called right-handed or left-handed, according as its 
advance in a fixed nut is accompanied 
by right-handed or left-handed rotation, 
when viewed by an observer/rom whom ..^.. 
the advance takes place. Fig. 57 re- * 
presents a right-handed screw, and fig. p! 
58 a left-handed screw. ! 

The pitch of a screw of one thread, -^- 
and the total pitch of a screw of any 
number of threads, is the pitch of the 
helical motion of that screw, as ex- 
plained in Article 96, and is the dis- ^^S- 57. Fig 68. 
tance (marked p in figs. 57 and 58) measured parallel to the axis 
of the screw, between the corresponding points in two consecutive 
turns of the same thread. 

In a screw of two or more threads, the distance measured parallel 
to the axis, between the corresponding points in two adjacent 
threads, may be called the divided pitch, 

160. Normal and Circular PitcL^When the pitch of a screw is 
not otherwise specified, it is always understood to be measured 
parallel to the axis. But it is sometimes convenient for particular 
purposes to measure it in other directions; and for that purpose a 
cylindrical pitch sv/rfa^ is to be conceived as described about the 
axis of the screw, intermediate between the crests of the threads 
and the bottoms of the grooves between them. 

If a helix be now described upon the pitch cylinder, so as to 
cross each turn of each thread at right angles, the distance between 
two corresponding points on two successive turns of the same 
thread, measured along this normal helix, may be called the normal 
pitch; and when the screw has more than one thread, the normal 
pitch from thread to thread may be called the normal divided pitch. 

The distance from thread to thread measured on a circle described 
on the pitch cylinder, and called the pitch circle, may be called the 
ctrcvlar pitch ; for a screw of one thread it is one circumference; 
for a screw of n threads 

one circumference 
n 

The following set offormulse shew the relationa amon^^^ ^^<et- 



94 THEORY OF MECHANISM. 

ent modes of measuring the pitch of a screw, The pUch, properly 
speaking, as originally defined, is distinguished as the axial pM^ 
and is the same for all parts of the same screw : the normal and 
circular pitch depend on the radius of the pitch cylinder. 

Let r denote the radius of the pitch cylinder; 

n, the number of threads ; ' 

i, the obliquity of the threads to the j)itch circles, and of the 
normal helix to the axis; 

axial /Pi*^c^^ 

^^^ I divided pitch; p- 




^=Pn\^^^ °^™^^ {dSd pitch; 




Pc the circular pitch ; 
Then 



Q 



Pc =pa ' cotan i=Pn' cosec ^ = ; 

. 2a-r*tani 
Pa=Pn'SQot=p,'t&Jii = ; 

2 «■ r • sin i 



Pn = i'c * sm t = p« • cos t 



n 



Fig. 59 will make these formulae clear, in which the several 
lines are lettered to represent the pitches : the hypotenuse 
of the larger triangle is the linear development on the plane 
of the paper of one coil of the screw which, it will be remarked, 

= sJijPa -^P^)) Pn til® normal pitch is normal to this: it is also 
evident from the figure that with a constant axial pitch, the normal 
and radial or circumferential pitch, as well as the angle of obliquity 
of the threads to the pitch cylinders, vary with the radii of those 
cylinders. 

161. Screw Gearing. — ^A pair of convex screws, each rotating 
about its axis, are used as an elementaiy combination, to transmit 
motion l3y the sliding contact of their threads. Such screws are 
commonly called endless screws. At the point of contact of the 
screws, their threads must be parallel; and their line of connection 
is the common perpendicular to the acting surfaces of the threads 
at their point of contact. Hence the following principles : — 

I. If the screws are both right-handed or both left-handed, the 
an^le between the directions of their axes is the sum of their obli- 
quities: — if one is right-handed and tld^ otber left-handed, that 
sn^Ie js the difference of their o\)\ic\ui\ivea. 
II> The normal pitch, for a screw oi oiift \.\iTe^^,^w^\>aft Ti^x:\fi.^ 
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divided pitch, for a screw of more than one thready must be the 
same in each screw. 

III. The angular velocities of the screws are inversely as their 
number of threads. 

162. The Wheel and Screw is an elementary combination of 
bwo screws, whose axes are at right angles to each other, both 
being right-handed or both left-handed. As the usual object of 
this combination is to produce a change of angular velocity in a 
ratio greater than can be obtained by any single pair of ordinary 
wheels, one of the screws is commonly wheel-like, being of large 
diameter and many-threaded, while the other is short and of few- 
threads; and the angular velocities are inversely as the number 
of threads. 





Fig. 60. 



Fig. 61. 



Fig. 60, represents a side view of this combination, and ^g. 61 
a cross section at right angles to the axis of the smaller screw. It 
has been shewn by Prof. Willis, that if each section of both screws 
be made by a plane perpendicular to the axis of the large screw or 
wheel, the outlines of the threads of the larger and smaller screw 
should be those of the teeth of a wheel and rack respectively : Bj B^, 
in fig. 60 for example, being the pitch circle of the wheel, and 
Ba Bg the pitch line of the rack. 

The periphery and teeth of the wheel are usually hollowed to 
fit the screw, as shewn at T, fig. 61. 

To make the teeth or threads of a pair of screws fit correctly and 
work smoothly, a hardened steel screw is made of the figure of the 
smaller screw, with its thread or threads notched so as to form a 
cutting tool ; the larger screw, or wheel, is cast approximately of 
the required figure ; the larger screw and the steel screw are fitted 
up in their proper relative position, atid made to rotate in contact 
with each other by turning the steel screw, which cuts the threads 
of the larger screw to their true figure. 

163. The Relative Sliding of a Pair of Screws at their point of 
contact is found thus : — Let rj, rg, be the radii of their pitch cylin- 
ders, and ii, i^, the obliquities of their threads to their ^itCila. ^Yt^^"s», 
one of which is to he considered as negative M t\ve acterw^ ^x^ ^^^- 
tnry-banded. Let u he the common componeiit oi ^:^i^ n^ocvHa^'s* 
^f a pair of points of contact along a line toiichitv^ \\vei ^\\.c\:^ «^'^- 
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faces and perpendicnlar to tlie threads at the pitch poiat, and v 
the velocity of sliding of the threads over each other, where v msj 
be considered to be made np of the algebrAical sam of two qnautjtics, 
V] and C}, which act perpendicularly to u, and whose values are 
Vi = O] r, cos i\, and Vi = O: r, cos t, the sum or difference being tatcen 
as tbe screws are similar or contvary-handed. Then 

w = a, ri ■ sin ii = Oj r, ■ sin tj;"| 

...(I.) 



» = o, ri • cos ii + Oj r, ■ cos *! =' w (cotan j, + cotan i,) (2.) 

When the screws are contrary-handed, the difierence instead rf the 
sum of the terma in Equation 2 is to be taken. 

164. Oldham's Conplisg. — A coupling is a mode of connectjng b 
„. Q, „. pair of shafts BO that they shall rotate is 

the same direction, with the same meui 
angular velocity. If the axes of the shoAs 
are in the same straight line, the conpling 
consists in bo connecting their contiguous 
cuds that they shall rotate as one piece; 
but if the axes are not in the same strugbt 
line, cornbinations of mechanism are re- 
quired. A coupling for parallel shafte 
which acta by sliding coriiael was invented 
by Oldham, and ia represented in fig. 63. 
3 of the two parallel shafts; D„ D„ two cross- 
heads, facing each other, fixed on the ends of tbe two shalte 
respectively; Ej, £„ a bar, sliding in a diametraJ gi-oove in the 
face of Dij E« E,, a bar, sliding in a diametral groove in the 
face of Dj; those bars are fixed together at A, so as to form > 
rigid cross. Tbe angular velocities of the two shafts and of the 
cross are all equal at every instant. The middle point of the 
cross, at A, revolves in the dotted circle described upon the line 
of centres C,, Cj, as a diameter, twice for each turn of the shafts 
and cross; tbe instantaneous axis of rotation of the cross, at anf 
instant, is at I, the point in the circle Ci Cj, diametrically oppo- 
site to A. 

Oldham's coupling may he used with advantage where the axes 
of the shafts are intended to be aa nearly iti the eame straight line 
^s IS possible, but where there is some doiibtaaWtiift'e'casJwsfiiSii.-^ 
or permnuency of their exact contmmtj. 
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Section 3. — CoNNEcftiON by Bands. 

165. Bands Claaeed. — Bands, or wrappiog connectora, for com- 
municating motion between pulleys or druma rotating about fixed 
axes, or between rotating pulleys and druma and shifting pieces, 
may be thus classed : — 

I, Bells, ■wbich are made of leather or of gutta pereha, are flat 
and thin, and require nearly cylindrical pulleys. A belt tends to 
move towards that part of a piiUey whose radius is greatest; 
pulleys for belts therefore, are dightly sweUed in the middle, in 
order that the belt may remain on the pulley unless forcibly 
shifted, A belt when in motion is shifted off a pniley, or from one 
pulley on to another of equal size alongside of il^ by pressing 
against that part of the belt which is moving fowardsthe pulley. 

n. Corda, made of catgut, hempen or other fibres, or wire, are 
nearly cylindrical in section, and require either drums with ledges, 
or grooved pulleys. 

III. CAaing, which are composed of links or bars jointed together, 
reqaire pulleys or drums, grooved, notched, and toothed, so as to 
St the links of the chains. 

Bands for communicating continuous motion are endless. 

Sands for communicating reciprocating motion have usually their 
etidfl made fast to the pulleys or drums which they connect, and 
which in this case may be sectors. 

166. Frinciple of Connection by Bands, — The line of connection 
of a pair of pulleys or drums connected by means of a baud, ia the 
central line or axis of that part of the band whose tension transmits 
the motion. The principle of Article 129 being applied to this case, 
leads to the following consequences: — 
, I- For a pair of rotating pieces, let r„ r„ be the perpendioulars 
let fall from their axes on the centre line of the band, a,, a,, their 
angular velocities, and I'l, i^ the angles which the centre line of the 
band makes with the two axes respectively. Then the longitudinal 
velocity of the band, that ia, its component velocity in the direction 
of it8 own centre line, is 



whence the angular velocity-ratio is 



•eparatkl (which is i 



-(!■) 



->?'^J 
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The same equation holds when both axes^ -whether parallel or not, 
are perpendicular in direction to that part of the band which 
transmits the motion ; for then sin ii =■ sin {2 = !, 

II. For a rotating piece cmd a sliding piece, let r be the perpen- 
cular from the axis of the rotating piece on the centre line of the 
band, a the angular velocity, i the angle between the directions of 
the band and axis, u the longitudinal velocity of the band, j the 
angle between the direction of the centre line of the band and that 
of the motion of the sliding piece, and v the velocity of the sliding 
piece; then 

u = ra sin i = v cos J; (4) 

for r sin ^ is the projection on the plane of motion of r, and u the 
longitudinal velocity of the band must necessarily be equal to 
V coajy the longitudinal velocity of the sliding piece owing to the 
rigidity of the band; and 



v = 



rasim 

COBJ 



.(5.) 



When the centre line of the band is parallel to the direction of 
motion of the sliding piece, and perpendicular to the direction of 
the axis of the rotating piece, sin i (90°) = cos J (0°) = 1, and 

v = u = ra (6.) 

167. The Fitch Surface of a Pulley or Drum is a sur&ce to 
which the line of connection is always a tangent; that is to say, it 
is a surface parallel to the acting surface of the pulley or drum, and 
distant from it by half the thickness of the band. 

168. Circular Folleys and Drums are used to commuicate & 





Fig. 64. 

constant velocity-ratio. In each of them, the length denoted by r 
in the equations of Article 166 is constant, and is called the ^ec- 
twe radius, being equal to the real radius of the pulley or chain 
added to hialf the thickness of the band. 
A crossed belt connecting a pair of circular pulleys, as in fig. 63, 
iBnenea the direction of rotation , wo. ope?abell, ^ xa. fii^, 64, pr«- 
d^rectioiL 



THE LENGTH OF AK ENDLESS BELT. 



99 



169. The length of an Endles s Bel t, con necting a pair of pulleys 

whose effective radii are CiTi = ri, C2T2=r2, with parallel axes 

whose distance apart is Ci Cj = c, is given by formulae founded on 
Equation 1 of Article 113, viz., L = 2*«+2'ri. Each of the two 
equal straight parts of the belt is evidently of the length 



(1.) 



« = Ti Ta = Jc^ — (t-j + r^^ for a crossed belt ; 
fi = Tj Tg = J<^ - (r^ - rj)^ for an open belt , 

ri being the greater radius, and r^ the leas. Let ^l be the arc to 
radius unity of the greater pulley, and % that of the less pulley, 
with which the belt is in contact; then for a crossed belt 



<i = **2=( 



«• + 2 arc • sin 



. n + 'T^ 



(2.) 



for the angle Yj Cj Wj at the centre is double of the angle at 
the circumference Cj Tj Wi, and this is equal to the angle 
Si Ca Ci as they both differ from a right angle by the same 
angle Tj O^Yi] and for an open belt, 

ij = I ?r + 2 arc • sin — — -\ ; ig = I '^ - 2 arc • sm - — -\ ; 

and the introduction of those values into Equation 1 of Article 113 
gives the following results : — 
For a crossed belt 



(9* -t- f* \ 
«■ + 2 arc • sin • J- — ? J ; 

and if similar reasoning be applied^ it may be shewn that 
for an open belt, 



L = 2Vc2-(ri-ra)2+»(ri + ra) + 2(ri-r2)-arc'sin-5_!^. 



(3.) 



Ab the last of these equations would be troublesome to employ in 
a pxactical application to be mentioned in the next Article, an 
approximation to it, sufficiently close for practical purposes, is 
obtained by considering, that if r^ - ra is small compared with c, 

^?r(irr^ = c-^i^^ nearly, and arc • sin • ^^^^^' = ^^^^' 
neady; whence^ for an open belt^ 

L nearly =:2(?+»(ri + ra)+^^^^^^ •^*->i 
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170. Speed-Cones (figs. 65, 66, 67, 68) are a contrivance for 






Fig.- 65. 



Fig. 66. 



Fig. 67. 



Kg. 68. 



varying and adjusting the velocity-ratio communicated between a 
pair of parallel shafts by means of a belt, and may be either conti- 
nuous cones or conoids, as in figs. 65, 66, whose velocity-ratio can 
be varied gradually while they are in motion by shifting the belt; 
or sets of pulleys whose radii vary by steps, as in figs. 67, 68, in 
which case the velocity-ratio can be changed by shifting the belt 
from one pair of pulleys to another. 

In order that the belt may be equally tight in every possible 
position on a pair of speed-cones, the quantity L in the equations 
of Article 169 must be constant. 

For a crossed belt, as in figs. 65 and 66, L depends solely on 
c and on ri + rj. Now c is constant, because the axes are parallel, 
therefore the sum of the radii of the pitch circles connected in every 
position of the belt is to be constant. That condition is fulfilled 
by a pair of continuous cones generated by the revolution of two 
straight lines inclined opposite ways to their respective axes at 
equal angles, and by a set of pairs of pulleys in which the sum of 
the radii is the same for each pair. 

For an open belt, the following practical rule is deduced from the 
approximate Equation 3a of Article 169: — 

Let the speed-cones be equal and similar conoids, as in fig. 66, 
but with their large and small ends turned opposite ways. Let fi 
be the radius of the large end of each, r2 that of the small end, u 
that of the middle; and let y be the sagitta, measured perpendi- 
cular to the axis, of the arc by whoso revolution each of the conoids 
is generated, or, in other words, the bulging of the conoids in the 
middle of their length ; then 

r, + fa (r, - r^Y n \ 



2«-c 



where the second value is obtained from the first by considering 
thatia Eqaation 3a, 2 x ro = « (r^+ r^) 4- ^^J~^; 2 » - 6-2832; but 
^ Oflad in moot praoticol caaea m^oxiXi ^\i«^^ ^ix^'c* 
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The radii at the middle and ends being thus determined, make 
the generating curve an arc either of a circle or of a parabola. 

For a pair of stepped cones, aa in fig. 68, let a aeriea of difer- 
encet of the radii, or values of fi—r^, be assumed; then for each 
puir of pulleys, the sum of the radii ia to be computed fi'om the 
difference by the formula 

..„,.2..-fii^': (2.) 

2 Va being that aum when the radii are equal. 

Section 4. — Linewobk. 

171. Definitions. — The pieces which are connected by linkwork, 
if they rotate or oscillate, ate usually called cranfai, beams, and 
Jeverg. The link by which they are connected is a rigid bar, which 
may be atraight or of any other figure; the straight figure being 
the most favourable to strength, is used when there is no special 
i^asoa to the contrary. The link is known by various names under 
various circumstances, such as coupling rod, emmecting rod, crank 
rod, eecenlric rod, &c. It is attached to the pieces which it con- 
nects by two pina, about which it is free to turn. The effect of the 
link is to maintain the distance between the centres of those pins 
invariable; hence the liue joining the centres of the pins is the Una 
qf conTtection; and those centres may be called ihe, connecCed points. 
la ft turning piece, the perpendicniar let &11 from its connected 
pcnnt upon its axis of rotation ia the arm or crank arm. 

172. Principles of Connectioii. — The whole of the equations 
already given in Article 166 for bands, are applicable to linkwork. 
The axes of rotation of a pair of turning pieces connected by a link 
are almost always parallel, and perpendicular to the line of connec- 
tion; in which case the angular velocity-ratio at any instant ia the 
reciprocal of the ratio of the common perpendiculars let fall from 
the line of connection upon the respective axes of rotation (Article 
I6G, Equation 3). 

173. Dead Points. — If at any instant the direction of one of the 
onnk arms coincides with the line of connection, the common 
perpendicular of the line of connection and the axis of that crank 
ana vanishes, and the directional relation of the motions becomes 
indeterminate. The position of the connected point of the crank 
arm in question at such an instant is called a dead point. The 
velodty of the other connected point at such an instant is null, 
nxleiB it also reaches a dead point at the same instant, so that the 
line of connection is in the plane of the two axea ot T(iWwi"Q,Sn. 
*Iiiob case tho velocity-ratio is indeterminate. 

—grf. Coapllag Of Parallel Aze&.— The only oaae iu 'M^onV exi-''^'^- 
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form angular velocity-ratio (being that of equality) is communicated 
by linkwork, is that in which two or moro parallel shaf)» (such as 
those of the driving wheels of a locomotive engine) are mad6 to 
rotate with constantly equal angular velocities, by having eqnal 
cranks^ which are maintained parallel by a coupling rod of such a 
length that the line of connection is equal to the distance between 
the axes. The cranks pass their dead points simultaneously. To 
obviate the unsteadiness of motion which this tends to cause^ the 
shafts are provided with a second set of cranks at right angles to 
the first, connected by means of a similar coupling rod, so that one 
set of cranks pass their dead points at the instant when the other 
set are farthest from theirs. 

175. The Comparative Motion of the Connected Points in a piece 
of linkwork at a given instant is capable of determination by the 
method explained in Article 98 ; that is, by finding the instantan- 
eous axis of the link ; for the two connected points move in the 
same manner with two points in the link, considered as a rigid 

If a connected point belongs to a turning piece, the direction of 
its motion at a given instant is perpendicular to the plane contain- 
ing the axis and crank arm of the piece. If a connected point 
belongs to a shifting piece, the direction of its motion at any 
instant is given, and a plane can be drawn perpendicular to that 
direction. 

The line of intersection of the planes perpendicular to the paths 
* of the two connected points at a given instant, is the instcmtcme&us 
axis of the link at that instant j and the velocities of ike cannecUd 
points a/re directly a^ their distcmceafrom that aasis*, 

In drawing on a plane surface, the two planes perpendicular to 
the paths of the connected points are represented by two lines 
(being their sections by a plane normal to them), and the instanta- 
neous axis by a point; and should the length of the two lines 
render it impracticable to produce them until they actually inter- 
sect, the velocity-ratio of the connected points may be found by 
the principle, that it is equal to the ratio of the segments which a 
line parallel to the line of connection cuts off from any two lines 
drawn from a given point, perpendicular respectively to the paths 
of the connected points. 

Eoxm/pU I. Two Rotating Pieces with Parallel Axes (^g, 69)^ 
Let Cx, Ca, be the parallel axes of the pieces; Tj, T,, their con- 
nected points; Ci Ti, Ca Tj, their crank arms ; T, T,, the link. At 
a given instant, let Vi be the velocity of Ti; v^ that of Tj. 

To find' the ratio of those velocities, produce Ci Ti, Cj T^ till 
tAejr intersect in K; K is the inatautaneoxja scxSs ot t\ve linlr or 
coDnectiog rod, and the velocity ratio \s 

niv ::KTi;^^^ «^^ 
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Should K be inconveniently far off, draw any triangle with its 
sides respectiyely parallel to Ci T^, Ca T,, and Ti Ts; the ratio of 
the two sides first mentioned will be the velocitj-ratio required. 
For example, draw C, A parallel to Ci T^ catting Ti T, in A, then 



»i : tTj : : Cj A : Ca Ta. 



.(2.) 





^- 



Fig. 70. 



Fig. 69. 



Exomiple II. EoUUmg piece and sliding piece (fig. 70). — Let 
Ca be the axis of a rotating piece, and Ti H the straight line along 
which a sliding piece moves. Let Ti, T,, be the connected points, 

Ca Ta the crank arm of the rotating piece, and Tj Ta the link or 
connecting rod. The point Tj, Ta, and the line Ti R, are supposed 
to be in one plane, perpendicular to the axis C. Draw Tj K per- 
pendicular to Tx B, intersecting Ca Ta in K j K is the instantaneous 

axis of the link; and 

J- 

Vj:t;a::KTi:KT, 

Or otherwise draw from a point Ca, Ca A perpendicular to Tj R the 
direction of motion of the sliding piece, Ca Ta perpendicular to the 
direction of motion of the rotating piece, then the line Ti Ta, or a 
line parallel thereto cuts oS the segments Ca A, Cg T,, or segments 
proportional thereto, and the velocity-ratio of the rotating piece 
to the sliding piece is as Ca T, to Ca A. 

176. An Eccentric (fig. 71) being a circular disc keyed on a 
shaft, with whose axis its centre does not coin- 
cide, and used to give a reciprocating motion to 
a rod, is equivalent to a crank whose con- 
nected point is T, the centre of the eccentric v\ ^^ y/ — :::za, 
disc, and whose crank arm is C T, the distance 
of that point from the axis of the shaft^ called 
the eccentricity. 




Fig. 71- 
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177. The Lei^th of Stroke of a point in a reciprocating piece vs 
the distance between the two ends of the path in which t£at point 
moves. When it is connected by a link with 
B a point in a continaoualy rotating piece, tb« 
ends of the stroke of the reciprocating point 
correspond with the dead point* of the coaHa\i.- 
oualy revolving piece (Article 173). 
\^ Let S= B be the length of stroke of 

\ the reciprocating piece, L = E C = D B the 
■ length of the line of connection, and R = A E = 
I AD the crank arm of the continnonslj turning 
/ piece. Then if the two ends of the stroke be 
-'' in one atmigbt line with the axis of Ibe 

S = 2Ej (1.) 

B and if their ends be not in one straight line 
with that axis, then S, L — R, and L + B, sn 
the three sides of a triangle, having the angle 
opposite S at that axis; so that if f be tiie 
supplement of the arc between the dead points, 
DandE, 
S« = (L-R)8 + <L + R)»-2(L-E) 
° {L + R)obs*j \ 

S? = 2(I;* + Bn-2(La-R»)cose;( ,„, 
^ , 2L«-i.2E« 8« /--W 

cos * = 




Fig. 72. 



V 



2(L«-R*) 
Ui^versal Joint (fig. 73) is a contrivance for 



178. Hooke'B 

coujding shafts whose axes intei'sect each other in a point. 

Let be the point of intersection of the axes C„ O C,, and t 

(._ their angle of inclination to each 

other. The pair of shafts C„ Cb 

terminate in a pair of forks, F„ Fi, 

in bearings at the extremities of 

which turn the gudgeons at tlie 

ends of the arms of a rectangular 

jcroaa, having its centre at O. This 

cross is the link; the connected 

points are the centres of the bear- 

Ya. 73. ' '"8^ ^'' ^i; -^t ^'"^li instant each 

of those points moves at tight angles 

to the central plane of its shaft and fork, therefore the line of 

intersection of the central planea of the two forks, at any instant, 

18 the iastantaneovLB axis of the crosa, ani ftva •oelocJt'a-Taivi tit the 




DEFINITIONS. 105 



points Fj, F, (which, as the forks are equal, is also the angula/r 
velocity-raHo of the shafts)j| is equal to the ratio of the distances of 
those points fix)m that instantaneous axis. The mean value of that 
velocity-ratio is that of equality; for each successive qiuirter turn 
is made by both shafts in the same time; but its actual value 
fluctuates between the limits, 



■(!•) 



— = : — 7t\M — ^ = ' when Fj is in the plane 

Oj r • sm (90 - 1) cos i ^ 

of the axis; 
~ = cos 1 when F, is in that plane. 

179. The Donble Hooke's Joint (flg. 74) is used to obviate the 
vibratory and unsteady motion caused by the fluctuation of the 
velocity-ratio indicated in the equa- 
tion of Article 178. Between the 
two shafts to be connected, C^, C^, 
there is introduced a short interme- 
diate shaft Ca, making equal angles 
with Ci and C,, connected with each 
of them by a Hooke's joint, and -^^fr 74. 

Laving both its own forks in the same plane. 

By this arrangement the angular velocities of the first and third 
shafts are equal to each other at every instant. 

180. A CUck, being a reciprocating bar, acting upon a rachet 
•wheel or rack, which it pushes or puUs through a certain arc at 
each forward stroke, and leaves at rest at each backward stroke, is 
an example of intermittent linkwork. During the forward stroke, 
the action of the click is governed by the principles of linkwork ; 
during the backward stroke, that action ceases. A caich or poll, 
taming on a flxed axis, prevents the ratchet wheel or rack from 
reversing its motion. 




Section 5. — Reduplication op Cords. 



181. Defimtions — The combination of pieces connected by the 
several plies of a cord or rope consists of a pair of cases or frames 
called UockSy each containing one or more pulleys caW&d. tfifca-oe*. 
One of the blocks called the /aU-block, Bi, is ^ed', >^<ei oVJast^ox 
fmmnff'&loc^, Bs, h movable to or from the faW-AAodK:, Vv^iXi^'V^^ 




MBCH&NIBH. 

of whict one end la attached 
dther to the fall-block or to 
tbe ranmn^UcK^ vhile Qie 
other end, T„ called the/oi^ 
or taekh^ail, ia iree ; vhile 
the intermediate portion ol 
the rope paseot altematelj 
round the puUeys in the &11' 
block and running-block. The 
whole combination is called a 
tacHe (ti pwrehaae. 

182. TheVelod^-Rfttio chief- 
ly considered in a tackle is that 
between the velocitiea of the 
nmning-block, u, and of the 
tackle-fall, v. That ratio ia 
given by Equation 3 of Aitide 
113 (which see), viz.:— 



nu;... 



..(1.) 



where n ia the nv,7nb»r of plies of rope by which the running-block 
ia connected with the fiilJ-blook. Thus, in fig, 75 n = 7; and ia 
fig. 75a n = 6. 

182a. TheVelocityof any Fly of the rope ia found in tihe follow- 
ing manner : — 

I. For a ply on the Bide of the fttll-block next the tackle-fall, 
snch as 2, 4, 6, fig. 75, and 3, 5, fig. 7Sa, it is to be couBideieil 
what would be the velocity of that ply if it were itself the tackle- 
fall. Let that Telocity be denoted by v, and let n' be the number 
of plies between the ply in question and the point of attachment by 
whicli the first ply (marked 1 in the figures) is fixed to one or 
other block. Then 



..(1.) 



TL For a ply on the side of the fiill-block furthest from the 
taoklfr-fall, the velocity is eqaal and contrary to that of the next 
Buooeeding ply, with which it is directly connected over one of the 
aheaves of the fall-block, 

■ ni. If the first ply, as in fig. 75a, is attached to the fall-block, 
tti velocity is nothing; if to the running-block, its velocity is equal 
-ilwt of t}>e block. 

L WUWb Ttud^ — ^Tbe sheaves in a block are nsoally made 

•"w ditmeter, and turn on a fixed pin; and they have, 

Knat angnlar velodtieB. Bat by making the 

■«f pn^OTtutiul to Vbe -^e^waX.^, relgfuialy to ihe 



he 

,Le J 
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hhck, of the ply of rope which it is to cairy, the angalar velocities 
of the eheavea in one block may be rendered equal, eo that the 
sheaves may be made all in one piece, and may have journals 
taming in fixed bearings. This is called White's Tackle, from the 
inventor, and is represented in figs. 76 and 75a. 

Section 6. — CobpajijItite Motion ib the "Mechanical 

POWEBS." 

184. ClaBsifioation of the Mechanical Powers.^" Mechanical 
Powers" ia a name given to certain simple or elementary machines, I 
all of which, with the single exception of the pulley, ai* more | 
simple than even an elementary combination of a driver and fol- 
lower; for, with that exception, a mechanical power consists j 
esaentjally of only one primary moving piece ; and the comparative j 
motion taken into consideration ia simpiy the velocity-ratio either ] 
of a pair of points in that piece, or of two components of the . 
velocity of one point. There are two established classificatiooa of ' 
the mechanical powers; an older classification, which enumerates 
six; and a newer clasafication, which ranges the six mechanical ■ 
powers of the older system under three heads. The following table \ 
shews both these claaaificatiouB ; — i 

^^Kc T l^<^.^ / '^^^ l.ev6r, • ^^H 

^^HEi^TER, ) The Wheel and Axle. ^^M 

^^H' ( The Inclined Plane. ^^H 

^^^Hee Inclined Flake, -{ The Wedge. ^^^^| 

^^r ( The Screw. ^^H 

^^■bxPDiLET, The Pulley. ^^^1 

TESe present section the comparative motions in the mechanicf^^^^^ 
powers are considered alone. The relations amongst the forces 
which act in those maoliinea will bo treated of in the kinetic 
divisioii of this Treatise. 

In Uie lever and the wheel and axle of the older classification, 
which are both comprehended under the lever of the newer classi- 
fication, the primary moving piece turns about a fixed axiaj and 
th« oompaiutive motion taken into consideration is the velocity- 
ratio of two points in that piece, which may be called respectively 
the driving point and the foUowing poijiL The principle upon 
vbieh that velocity-ratio dejtends has already been stated in Article 
ftS, pHge 50 — viz., that the velocity of each point is proportional 1 

to the radiiM of the circular path which it deam^ -, ^a.\. Ss., \b '"^*1 I 

£dienJar disUm(>6 irom the axia of motion. [ I 

distinatioa ietweea the lever and tke -w^eA Kiwi. a^4^J 
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this: that in the lever, the driving point, D, and the following 

point, F, are a pair of determinate 
points in the moving piece, as in 
figs. 76a to 76d; whereas in the 
wheel and ctxle they may be any 
pair of points which are situated 
respectively in a pair of cylindrical 
pitch-snr&ces, D and F, described 
about the axis A, fig. 76. 

In each of these figures the plane 
of projection is normal to the axis, 
and A is the trace of the axis. In 
fig. 76, D and F are the traces of 
two cylindrical pitch-surfaces. In 
figs. 76a to 76d, D and F are the 
Fig. 76. projections of the driving and 

following points respectively. 

The axis of a lever is often called the fulcrum. 

A lever is said to be straight, when the driving point, D, and 

following point, F, are in one plane traversing the axis A, as in 

figs. 76a, 76b, and 76c. In other cases the lever is said to be hevU, 

as in fig. 76d. 




D 



Fig. 76a, 



Fig 76b. 



D 



X 




Fig. 76c. 

The straight lever is said to be of one or other of three kinds, 

according to the following classification : — 
In a lever of the first kind, fig. 76a, the 
driving and following points are at opposite 
sides of the fulcrum A. 

In a lever of the second hind, ^g. 76b, the 

diiving and following points are at the same 

side of the fulcrum, and the driving point is 

the further from the fulcrum. 

In a lever cfthe iMrd hind, fig. 76c, the driving and following 

points are at the same side of the fulcrum, and the following point 

is the further from the fulcrum. 

In the inclined plane, and in the wedge, the comparative motion 
considered is the velocity-ratio of the entire motion of a straight- 
sJiding primary piece and one of the comi^o\i«ii\a o^ that motion; 
tbe principles of which velocity-ratio Yva^^e \>^^ii ^\a.\,^W[i kxMv^^ 
^0, pages 38, 39. 



Fig. 76d. 
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In the inclined plane, ^g, 76b^ A A is the trace of a fixed plane; 
B, a block sliding on that 
plane in the direction BC; 
the plane of projection being 
perpendicular to the plane 
A A, and parallel to the 
direction of motion of B. 
B D is some direction oblique 
to B 0. From any convenient 
point, C, in B C, let faU C D 
perpendicular to B D; then 
B D ^ B C is the ratio of ^^g- 76b. 

the component velocity in the direction B D to the entire velocity 
ofB. 

In ^g. 76p, a a is the trace of a fixed plane; BCD, the trace 
of a wedge which slides on that plane. While the wedge advances 
through the distance C c, its oblique fiice advances from the posi- 
tion C D to the position c d ; and if C e be drawn normal to the 
plane C D,- the ratio borne by the component velocity of the wedge 





/"~* 



•--^ 



Pig, 76f. 

in a direction normal to its oblique fece to its entire velocity will 
be expressed by C e : C c. 

In the screw the comparative motion considered is the ratio 
borne by the entire velocity of some point in, or rigidly connected 
with, the screw, to the velocity of advance of the screw. 

The helical path of motion of a point in, or rigidly attached to, 
a screw may be developed (as has been already explained in Article 
160, page 94) into a straight line : being the hypotenuse of a 
right angled triangle whose height is equal to the pitch of the 
screw, and its base to the circumference of a circle whose radius 
is the distance of the given point from the axis of the screw. Then 
if B D in fig. 76e be taken to represent the pitch of the screw, and 
D C, perpendicular to B D, the circumference of the circle described 
by the point in question about the axis, B C will be the develop- 
ment of one turn of the screw-line described by that point as it 
revolves and advances along with the screw ; and B C -r- B D will 
be the ratio of its entire velocity to tti© Ne\ocv\.^ oi ^^«»RRi% *"^^ 
as ID the case of a, body sliding on an incVmed. ^\a.\i^, K K^^'kc^'^ 
oBC. thk shews why the screw is com^xfe\i'e\A'&^ xssA^^ "^^ 
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general head of the inclined plane, in the newer dassification of 
the mechanical powers. 

The term pvUeyy in treating of the meohanical powers, means 
any purchase or tackle of the class already described in Section 
5 of this Chapter, pages 105 to 107. 

I 
i 

Section 7. — Hydraulic Connection. 

185. The General Principle of the communication of motion 
between two pistons by means of an intervening fluid of constant 
density has already been stated in Article 119, viz., that the velo- 
cities of the pistons are inversely as their areas, measured on planes 
normal to their directions of motion. 

Should the density of the fluid vary, the problem is no longer 
one of pure mechanism; because in that case, besides the commnDi- 
cation of motion from one piston to the other, there is an additional 
motion of one or other, or both pistons, due to the change of volume 
of the fluid. 

186. Valves are used to regulate the communication of motion 
through a fluid, by opening and shutting passages through wMch 
the fluid flows; for example, a cylinder may be provided with 
valves which shall cause the fluid to flow in through one passage, 
and out through another. Of this use of valves, two cases may be 
distinguished. 

I. When the piston moves the fluidy the valves may be what is 
called self-acting; that is, moved by the fluid. If there be two 
passages into the cylinder, one provided with a valve opening 
inwards, and the other with a valve opening outwards; then 
during the outward stroke of the piston the former valve is opened 
and the latter shut by the inward pressure of the fluid, which 
flows in through the former passage; and during the inward stroke 
of the piston, the former valve is shut and the latter opened by the 
outward pressure of the fluid, which flows out through the latter 
passage. This combination of cylinder, piston, and valves, consti- 
tutes a pump. 

II. When the fluid moves the piston, the valves must be opened 
and shut by mechanism, or by hand. In this case the cylinder is 
a working cylinder, 

187. ia, tiie Hydraulic Press, the rapid motion of a small piston 
in a pump causes the slow motion of a large piston in a working 
cylinder. The pump draws water from a reservoir, and forces it 
into the working cylinder : during the outward stroke of the pump 
piston, the piston of the working cylinder stands still; during the 
inward stroke of the pump piston, the piston of the working 

cylinder moves outward with a velocity aa \QMks3Q.\«^ ^JCkaai.VW^ o^ 
the pump piston as its area is greater. ^\iesiVJcLa^^a\fi\i ^1 Kk^^ 
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workiDg cylinder has finished its outward stroke, which may be of 
any length, it is permitted to be moved inwards again by opening 
a valve by hand and allowing the water to escape. 

188. In the Hydranlic Hoist, the slow inward motion of a large 
piston drives water from a large cylinder into a smaller cylinder, 
and canses a more rapid outward motion of the piston of the 
smaller cylinder. When the latter piston is to be moved inward, 
a valve between the two cylinders is closed, and the valve of an 
outlet from the smaller cylinder opened, by hand, so as to allow 
the water to escape from the smaller cylinder. The larger cylinder 
is filled and its piston moved outward, when required, by means of 
a pump, in a manner resembling the action of a hydraulic press. 

Section 8. — ^Trains op Mechanism. 

189. Trains of Elementary Combinations have been defined in 
Article 131, and illustrated in the case of wJieelwork, in Article 14^, 
and in the case of a double Hooke's joint, in Article 179. The 
general principle of their action is that the comparative motion of 
the first driver and last foUower is expressed by a ratio, which is 
found by multiplying together the several velocity-ratios of tho 
series of elementary combinations of which the train consists, each 
with the sign denoting the directional relation. 

Two or more trains of mechanism may converge into one; as 
when the two pistons of a pair of steam engines, each through its 
own connecting rod, act upon one crank shaft. One train of 
mechanism may diverge into two or more; as when a single shaft, 
driven by a prime mover, carries several pulleys, each of which 
drives a different machine. The principles of comparative motion 
in such converging and diverging trains are the same as in simple 
trains. 
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CHAPTEE III. 

ON AGGREGATE COMBINATIONS. 

190. The General Principles of aggregate combinations have 
already been given in Part I., Chapter II., Section 3. The pro- 
blems to which those principles are to be applied may be divided 
into two classes. 

I. Where a secondary moving piece is connected at three, or at 
two points, as the case may be, with three or with two other pieces 
.whose motions are given; so that the problem \a,from the motions 
of three or of two points in the seconda/n/ piece, to find its motion as 
a whole, and the motion of way point in it. The solution of this 
problem is given in Articles 97 and 98. 

II. Where a secondary piece, C, is carried by another piece, B; 
and denoting the frame of the machine by A, there are given two 
out of the three motions of A, B, and C, relatively to each other, 
and the third is required. The motion of C relatively to A is the 
resultant of the motion of C relatively to B, and of B relatively to 
A ; and the problem is solved by the methods already explained iu 
Articles 99 to 107, inclusive. 

Professor Willis distinguishes the effects of aggregate combina- 
tions into aggregate velocities, whether linear or angular, produced 
in secondary pieces by the combined action of different drivers, and 

aggregate paths, being the curves, such 
as cycloids and trochoids, epicycloids and 
epitrochoids, described by given points in 
such secondary pieces. 

The following Articles give examples 
of two simple aggregate combinations. 

191. Differential Windlass.— In fig. 77, 
the axis Ai carries two barrels of different 
radii, ^i being the gi-eater, and r^ the less. 
A running block containing a single 
pulley is hung by a rope which passes 
below the pulley, and has one end wound 
round the larger barrel, and the other 
wound the contrary way round the 
smaller \)arrd. "W^ietL l\i<ft two barrels 
rotate together with the common ang,\Aa.T n^XocnX.^ a, \J[i& ^v^S.ix'sstv. 
of the rope which hangs from the lav^ex WttcOl xtio^^^ ^SJOti \>aa 
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velocity a rj, and the division which hangs from the smaller barrel 
moves in the contrary direction with the velocity —ar^ (whose 
direction is denoted by the negative sign). These are also the 
velocities of the two points at opposite extremities of a diameter of 
the pulley, where it is touched by the two vertical divisions of the 
rope. The velocity of the centre of the pulley is a mean between 
those two velocities; that is, their half-difTerence, because their 
signs are opposite; or denoting it by v, 



2 



.(1.) 



The instmUaneous aocis of the pulley may be found by the method 
of Article 98, as follows: — In fig. 35c, let A and'B be the two 

ends of the horizontal diameter of the pulley, and let A V^ = a rj, 

and B Vj = ara represent their velocities; join V^Vj cutting AB 
in O ; this is the instantaneous axis. Now 

A0-0B = AC + C0-0B = BC + C0-0B = 2 0C, 
AO + OB : AO-OB::AV. + BVj:AV«-BV„ 
AB: 20C:: a{rj^ + r^: ^(n-ra); 

and l^ence the distance of the instantaneous axis from the centre 
or moving axis of the pulley is obviously 



AB 



r.-r, 



2 



.(2.) 



2(n + ^2) 

The motion of the centre of the pulley is the same with that of a 

point in a rope wound on a barrel of the radius g. , The use of 

the contrivance is to obtain a slow motion of the pulley without 
using a small, and therefore a weak, barrel. 

192. Compound Screws.— (Fig. 78). On the same axis let 
there be two screws SiSj, and SjSjj, of the respective pitches 

re- 




Fig. 78. 




Fig-tt 



Pi and P2, Pi being the gi'eater, and let the screws in the first 
instance be both right-handed or both lefb-handed. L^t "K^^^'^^'j. 
be two nutSy fitted on the two screws respectvvAy. "^VetL^Ookft ^wsv.- 
ponnd screw rotates with the angular velocity a, t\v^ tlmX.^ ^^ x^^Oa. 
awards or recede from each other witli the reVaXVv^ N^oci\\rj 
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being that due to a screw whose pitch is the difference of the two 
pitches of the compound screw. (See Article 96, Equation 1.) 
The object of this contrivance is to obtain the slow advance due to 
a fine pitch, together with the strength of large threads. 

Fig. 79 represents a compound screw in which the two screws 
are contrary-handed, and the relative velocity of the nuts Nj N, is 
that due to the swra of the two pitches ; or as they are usually 
equal, to double the pitch of each screw. This combination is 
used in coupling railway-carriages. 
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PAET III. 

PHINCIPLES OF STATICS. 



CHAPTER I. 

SUMMARY OF GENEBAL PBINCIPLES. 

Nature a|jd Division of the Subject, 

The present Chapter contains a summaiy of the Principles (^ 
Statics. 

193. Forces — Action and Re-actioiL — Every force is an action 
exerted between a pair of bodies, tending to alter their condition 
as to relative rest and motion; it is exerted equally, and in con- 
trary directions, upon each body of the pair. That is to say, if A 
and £ be a pair of bodies acting mechanically on each other, the 
force exerted by A upon B is equal in magnitude and contrary in 
direction to the force exerted by B upon A; This principle is 
sometimes called the equaiity of action cmd re-^iction. It is ana- 
logous to that of relative motion, explained in Article 61, page 34. 

194. Forces, how Determined and Expressed. — A force, as 
respects one of the two bodies between which it acts, is deter- 
mined, or made known, when the following three things are 
known respecting it i—^first, the plaoSj or part of the body to which 
it is applied; secondly, the direction of its action; tidrdly, its 
magmiude. 

The Place of the application of a force to a body may be the 
whole of its volume, as in the case of gravity; or the surface at 
which two bodies toudi each other, or the bounding surface 
between two parts of the same body^ as in the case of pressure, 
tension, shearing stress, and friction. 

Thus every force has its action distributed over a certain space, 
either a volume or a surface; and a force concentrated at a single 
point has no real existence. Nevertheless, in investigations respect- 
ing the action of a distributed force upon the position and move- 
ments, as a whole, of a rigid body, or of a body which without 
error may be treated as rigid, like the solid pdx^ oi «^ xoaj^cccc^^^ 
&xed or moving, that force may be treated as li VX* "vet^ corasfeTi- 
"rated At a point or points, determined by axiitaXAe -gtoce^aee^S «^^ 
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such is the use of those numerous propositions in statics which 
relate to forces concentrated at points; or single forces, as they 
are called. 

The Direction of a force is that of the motion which it tends 
to produce. A straight line drawn through the points of appHca- 
tion of a single force, and along its direction, is the line of action 
of that force. 

The Magnitudes of two forces are equal when, being applied to 
the same body in opposite directions along the same line of action, 
they balance each other. 

The magnitude of a force is expressed arithmetically by stating 
in numbers its ratio to a certain unit or standa/rd of force, whicb, 
for practical purposes, is usually the weight (or attraction towards 
the earth), at a certain latitude, and at a certain level, of a known 
mass of a certain material. Thus the British unit of force is the 
standard pound a/voirdupois ; which is the weight, in the latitude 
of London, of a certain piece of platinum kept in a public office. 

For the sake of convenience, or of compliance with custom, other 
units of weight are occasionally employed in Britain, bearing certain 
ratios to the standard pound ; such as — 

• The grain = -tt^tq- of a pound avoirdupois. 
The troy pound = 5,760 grains = 0*82285714 pound avoirdupois. 
The hundredweight = 112 pounds avoirdupois. 
The ton = 2^240 pounds avoirdupois. 

The French standard of weight is the hUogra/mme, which is the 
weight, in the latitude of Paris, of a certain piece of platinum kept 
in a public office. It was originally intended to be the weight of 
a cubic decimetre of pure water, measured at the temperature at 
which the density of water is greatest — viz., 4°*1 Cent., or ZT'i 
Fahr., and under the pressure which supports a barometric column 
of 760 millimetres of mercury j but it is in reality a little heavier. 
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A kilogramme is 2*20462125 lbs. avoirdupois. 
A pound avoirdupois is 0*4535926525 of a kilogramme. 

For scientific purposes, forces are sometimes expressed in 
Absolute Units, The "Absolute Unit of Force" is a term used to 
denote the force which, acting on an unit of mass for an unit of 
time, produces an unit of velocity. 

The unit of time employed is always a second. 
The unity of velocity is in Britain one foot per second ; in 
France one m^tre per second. 
The unit of mass is the mass oi so m\x<^ m^\X«c ^^e^.^ <s\^^ 
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unit of weight near the level of tlie sea, and in some 
definite latitude. 

In Britain the latitude chosen is that of London ; in France^ 
that of Fans. 

In Britain the unit of weight chosen is sometimes a grain, 
sometimes a pound avoirdupois ; and it is equal to 32*187 
of the corresponding absolute units of force. In France the 
unit of weight chosen is either a gramme or a kilogramme, 
and it is equal to 9*8087 of the corresponding absolute 
units of force. Each of those coefficients is denoted hy the 
letter g. 

195. Measures of Force and Mass. — If bj the unit of force 
understood the weight of a certain standard, such as the 

iroirdupois pound, then the mass of that standard is 1 -r-^; and 
18 unit of mass is g times the mass of the standard; and this 

the most convenient system for calculations connected with 
lechanical engineering, and is therefore followed in the present 
ork. 

But if we take for the unit of mass, the mass of the standard 
self, then the unit of force is the absolute unit; and the weight of 
le standard in such units is expressed by g', fovg is the velocity 
bich a body's own weight, acting unbalanced, impresses on it 
1 a second. This will be specially treated of in Part V. This is 
be system employed in many scientific writings, and in particular, 
1 Thomson and Tait*s NaJt/wroU Philosophy, It has great advan- 
iges in a scientific point of view; but its use in calculations for 
ractical purposes would be inconvenient, because of the prevailing 
nstom of expressing forces in terms of the standard of weight. 

196. Representation of Forces by Lines. — ^A single force may be 
3presented in a drawing by a straight line; an extremity of the 
ne indicating the point of 
pplication of the force, — ^the 
irection of the line, the direc- 
Lon of the force, — and the length 
f the line, the magnitude of the 
)rce, according to an arbitrary ^""5 "lev" "-5. 

3ale. Fig. 80. 

For example, in fig. 80, the 
Mjt that the body B B B B is acted upon at the point Oi by a 
iven force, may be expressed by drawing from Oi a straight line 
\ Fj in the direction of the force, and of a length representing the 
lagnitude of the force. 

If the force represented by OiFj is balanced \i^ «u iot^ife «i^'^J^'^^ 
ither at the same point, or at another point. O^ (^^\i\Ocl xcw&\»\i^ ^sv 
he line of action LL of the force to be baVanced?), ^i\i^Ti >i)ckft ^^^Q>^^ 
'ce will be represented hy a straight liueTV^^ o^\io^V^^ '"^^ ^^^"^^ 
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tion, and equal in length to OiF^ and lying in the same line of 
action L L. 

If the body B B B B (fig. 81), be balanced by several forces actmg 
in the same straigh t lin e LL, applied at points Oj Oj, &c., and 
zepresented by lines Oi J^'i, OaFj, &c. ; then either diiectioii in the 

line L L (sach as the direc- 
tion towards + L) is to be 
^t-^" considered as positive, and 
the opposite direction (such 
as the direction towards 
- L) as negative ; and if the 

-t* — -^^ "'^ ' <B sum of all the lines repre- 

_ senting forces which point 

fjg Ql^ positively be equal to the 

sum of all those which point 
negatively, the algebraical sum of all the forces is nothing, and the 
body is balanced. 

197. Besultant and Component Forces— Their Magnitude^ 
The Resultant of any combination of forces applied to one body 
is a single force capable of balancing that single force which 
balances the combined forces; that is to say, the resultant of the 
combined forces is equal and directly opposed to the force which 
balances the combined forces, and is equivalent to the combined 
forces so far as the balance of the body is concerned. The com- 
bined forces are called components of their resultant. 

The resultant of a set of mutually balanced forces is nothing. 

The magnitudes and directions of a resultant force and of its 
components are related to each other exactly in the same manner 
with the velocities and directions of resultant and component 
motions. 

As to the position of the resultant, if the components act through 
one point, the resultant acts through that point also; but if the 
components do not act through one point, the position of the re- 
sultant is to be found by methods which will be stated further on. 

198. Equilibrium or Balance is the condition of two or more 
forces which are so opposed that their combined action on a body 
produces no change in its rest or motion, and that each force 
merely tends to cause such change, without actually causing it. 

In treatises on statics, the word pressure is often used to denote 
any balanced force; although in the popular sense that word is 
used to denote a force, of the nature of a thrust or push^ distributed 
over a surface. 

199. Parallel Forces are forces whose directions of motion are 
parallel, excepting couples and directly opposed forces. 

200. Couples. — Two forces of equal magnitude applied to the 
same body in parallel and opposite d\\:eG^\!aiiB.,W\. xiat in. the same 
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line of action (such as F, P, in fig. 82), constitute what is called a 

The arm or leverage of a couple (L, ^g, 82) is the perpendicular 
distance between the lines of action of the two equal forces. 

The tendency of a couple is to turn the body to which it is 
applied in the plane of the couple — that is, the plane which con- 
tains the lines of action of the two 
forces. (The plane in which a body 
turns is any plane parallel to those 
planes in the body whose position is not ^ 
altered by the turning). The turning 
of a body is said to be right-hcmded 
when it appears to a spectator to take 
place in the same direction with that of ^^' 

the hands of a watch, and left-handed when in the opposite direc- 
tion; and couples are designated as right-handed or lefb-handed 
according to the direction of the turning which they tend to pro- 
duce The couple represented in fig. 82 appears right-handed to 
the reader. 

The Moment of a couple means the product of the magnitude of 
its force by the. length of its arm (P L); and may be represented 
by the area of a rectangle whose sides are F and L. If the force 
be a certain number of pounds, and the arm a certain number of 
feet, the product of those two numbers is called the moment in 
foot-pounds, and similarly for other measures. The moment of a 
couple may also be represented by a single line on paper, by setting 
off upon its axis (that is, upon any line perpendicular to the plane 
of the couple) a length proportional to that moment (O M, ^g, 82) 
in such a direction, that to an observer looking from O towards M 
the couple shall seem right-handed. 

201. The Centre of Parallel Forces is the single point 
referred to in the following principle. The forces to which that 
principle is applied are in general either weights or pressures; 
and the point in question is then called the Centre of Gravity/ or 
the Centre of Pressure, as the case may be. 

If there he given a system of points, amd the mutual ratios of a 
system of pa/rallel forces applied to those points, which forces have a 
single resultanJt, then there is one point, amd one only, which is tra- 
versed hy the line of action of the resultant of every system of parallel 
forces hming the given mutual ratios and applied to the given system 
of poinJts, whatsoever may he the absolute magnitudes of those forces 
and the a/ngula/r position of their lines of auction, 

202. Distributed Forces in General. — In Article 194, page 115, 
it has already been explained, that the action of every rieal force is 
distributed throughout some volume, ot over some sax:^^^* \\i*\^ 
always possible, however, to find either a siugle Te«ultaal> w: ^ 
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resvltant couple, or a combination of a single force with a couple, to 
which a given distributed force is equivalent, so £sir as it affects 
the equilibrium of the bodj, or part of a body, to which it is 
applied. 

In the application of Mechanics to Structures, the only force dis- 
tributed throughout the volume of a body which it is necessary to 
consider, is its weight, or attraction towards the earth; and the 
bodies considered are in every instance so small as compared with 
the earth, that this attraction may, without appreciable error, be 
held to act in parallel directions at each point in each body. More- 
over, the forces distributed over surfaces are either parallel at each 
point of their surfaces of application, or capable of being resolved 
into sets of parallel forces ; hence, parallel distributed forces have 
alone to be considered; and every such force is statically equivalent 
either to a single resultant, or to a resultant couple. 

The intensity of a distrihuted force is the ratio which the magni- 
tude of that force, expressed in units of weight, bears to the space 
over which it is distributed, expressed in units of volume, or in 
units of surface, as the case may be. An unit of intensity is an 
unit of force distributed over an unit of volume or of surface, as 
the case may be ; so that there are two kinds of units of intensity. 
For example, one pound per cubic foot is an imit of intensity for a 
force distributed throughout a volume, such as weight; and one 
pound per squa/re foot is an unit of intensity for a force distributed 
over a surface, such as pressure or friction. 

203. Specific Gravity — Heaviness — Density — Bulkiness.— I. 
Specijic Gravity is the ratio of the weight of a given bulk of a 
given substance to the weight of the same bulk of pure water at 
a standard temperature. In Britain the standard temperature 
is 62° Fahr. = 16° -67 Cent. In France it is the temperature of 
the maximum density of water = 3°*94 Cent. = 39°-l Fahr. 

In rising from 39°* 1 Fahr. to 62° Fahr., pure water expands in 
the ratio of 1*001118 to 1 ; but that difference is of no consequence 
in calculations of specific gravity for engineering purposes. 

II. The heaviness of any substance is the weight of an unit of 
volume of it in units of weight. In British measures heaviness is 
most conveniently expressed in lbs, avoirdupois to the cubic foot ; 
in French measures, in kilogrammes to the cubic decirnetre (or to 
the litre). The values of the heaviness of water at 39°- 1 Fahr., 
and at 62° Fahr., are respectively 62425 and 62355 lbs. to the 
cubic foot. 

II I . i he density of a substance is either the number of units of 
Tna^s in an unit of volume, in which case it is equal to the heavi- 
nes.% — or the ra.tio of the mass of a given volume of the substance 

to the mass of an equal volume o£ water, m'^\i\Oft.c»sfe\\»\^^«^^ 
to the 8peci£c gravity. lu its app^eatVow \;0 gases, XX^^ Xaxxx^ 
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** Density" is often used to denote the ratio of the heaviness of a 
given gas to that of air, at the same temperature and pressure. 

lY. The huUdneaa of a substance is the number of units of 
volume which an unit of weight fills; and is the reciprocal of the 
heamness. In British measures bulkiness is most conveniently- 
expressed in ciibic/eet to the lb, avoirdupois; in French measures, 
in cnMe decimetres (or in litres) to the kUogramme, Bise of temper- 
ature produces (with certain exceptions) increase of bulkiness. 
The linear expansion of a solid body is one-third of its expansion 
in bulk. 

204. The Centre of Gravity of a body or of a system of bodies, 
is the point always traversed by the resultant of the weight of the 
body or system of bodies, — in other words, the centre of parallel 
forces for the weight of the body or system of bodies. 

To support a body, that is, to balance its weight, the resultant of 
the supporting force must act through the centre of gravity. 

When the centre of gravity of a geometrical figure is spoken of, 
it is to be understood to mean the point where the centre of 
gravity would be, if the figure were formed of a substance of 
uniform heaviness. 

205. The Centre of Pressure in a plane surface is the point 
traversed by the resultant of a pressure that is exerted at that 
sur&ce. When the intensity is uniform, the centre of pressure is 
at the eemJt/re of m^nitude of the pressed surface. 

206. The Centre of Buoyancy of a solid wholly or partly im- 
mersed in a liquid is the centre of gravity of the mass of liquid 
displaced. The resultant pressure of the liquid on the solid is 
equal to the weight of liquid displaced, and is exerted vertically 
upwards through the centre of buoyancy. 

207. The Intensity of Pressure is expressed in units of weight 
on the unit of area; as pounds on the square inch, or kilogrammes 
on the square m^tre ; or by the height of a column of some fluid ; 
or in atmospheres, the unit in this case being the average pressure^ 
of the atmosphere at the level of the sea. 



122 



CHAPTER IL 

COMPOSITION, RESOLUTION, AND BALANCE OP FORCES. 

Section 1. — ^Forces AcriNa Through One Point. 

208. Besnltant of Forces Acting in One Straight Line.— The 
resultant of any number of forces acting on one body in the same 
straight line of action, acts along that line, and is equal in magni- 
tude to the sum of the component forces; it being understood, that 
when some of the component forces are opposed to the others, the 
word '^«i&m" is to be taken in the algebraical sense; that is to say, 
that forces acting in the. same direction are to be added to, and 
forces acting in opposite directions subtracted from each other. 

When a system of forces acting along one straight line are 
balanced, the sum of the forces acting in one direction is equal to 
the sum of the forces acting in the opposite direction. 

209. Resultant and Balance of Inclined Forces — ^ParallelograDi 
of Forces. — The smallest number of inclined ft)rcea which can 
balance each other is three. Those three forces must act through 
one point, and in one plane. Their relation to each other depends 
on the following theorem, called the " Parallelogram op Forces," 
from which the whole science of statics may be deduced. 

If two forces whose lines of action traverse one point be repre- 
sented in direction and magnitude hy the sides of a pcvraXLdogram^ 
their resultant is represented by the diagonal, 

For example, through the point O (fig. 83) let two forces act, 

represented in direction and magnitude by O A and O B. The re- 

^ sultant or equivalent single force of 

those two forces is represented in 
direction and magnitude by the 
diagonal O C of the parallelogram 
O A C B. Its magnitude is given 
algebraically by the equation. 

+ 20A-OBcosAOB 





^10. Triangle of Forces.— To \)8L\a\i(i^ ^\i^ fo^Gea O A and O B, 
a Ibrce is required equal and dixecWy o^^o^^^ \^ >i>c^^Yt x^%xii»5«i5i^ 
O C. This may be expressed by aaym^, ^;3tl^^ \f the d\Tw.i\QnrtA a-u-d 
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Fig. 84. 



mngnitvdea of ^ee forces he represented hy the thfree aides of a 
triangle, taken in the same order (such as OA, AC, Cl)), then those 
three forces, ading through one point, hcUcmce each other, or in other 
words, that three forces in the same plane balance each other at 
one point, when each is proportional to the sine of the angle 
between the other two. 

211. Polygon of Forces. — If a numher of forces acting through 
the same point be represented hy lines 
equal amd pa/raUel to the sides of a 
closed polygon, taken in tlie same order, 
those forces balance each other. To fix 
the ideas, let there be five forces 
acting through the point (fig. 84), 
and represented in direction and 
magnitude by the lines F^, Fg, Fg, 
F^ Pg, which are equal and parallel to the sides of the closed poly- 
gon O A B C D O; viz. :— 

Fi = and ii O A; F2 = and ii AB; F8 = and II BC; 
F4 = and ii CD; F5 = and ii D O. 
Then, by the principle of the parallelogram of forces, the resultant 
of Fi and F- is O B; the resultant of F^, Fg, and F3 is C ; the 
resultant of F^* ^2> ^8» *^^ ^4 ^ ^ ^> ^^^ ^^^ opposite to Fg, 
so that the final resultant is nothing. 

The closed polygon may be either plane or " gauche" — that is, 
not in one plane. 

212. Principles of the Parallelopiped of Forces.— The simplest 
gauche polygon is one of four sides. Let AOBCEFGH (fig. 
85), be a parallelopiped whose diagonal is O H. 
Then any three- successive edges so placed as 
to begin at O and end at H, form, together 
with the diagonal H O, a closed quadrilateral; 
consequently, if three forces F^, Fg, F3, acting 
through O, be represented by the three edges 

AO, O B, O C, of a parallelopiped, the dia- 
gonal O H represents their resultant, and a 
fourth force F^ equal and opposite to 
O H. balances them. 



Fig. 85. 




z 




213. Besolution of a Force into two 
Components. — In order that a given 
single force may be resolvable into two 
components acting in given lines in- 
clined to each other, it is necessary, firsts \kssAt ^OcA^sxi.^^ ^ %s^!^ss^ 
of those components should intersect t\ie Yoift oi ^^\Ka\i ci\ *^'^ 
riven force in one point; and secondli/, t\ia\. ^c>^^ \}dx^^ 'to^^'^ '^ 
ction should he in one j^lane. 
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Returning then to fig. 83, let OC represent the given force, 
"which it is required to resolve into two component forces, acting in 
the lines O X, O Y, which lie in one plane with C, and intersect 
it in one point 0. 

Though C draw C A ii O Y, cutting O X in A, and C B ii O X, 
cutting O Y in B. Then will O A and B represent the com- 
ponent forces required. 

Two forces respectively equal to and directly opposed to O A 
and O B will balance O C. 

The magnitudes of the forces are in the following proportions: — 

OC:OA:OB 

::sinAOB:sinBOC:sinAOC (1.) 

214. Resolution of a Force into three Components. — ^In order 
that a given single force may be resolvable into three components 
acting in given lines inclined to each other, it is necessary that the 
lines of action of the components should intersect the line of action 
of the given force in one point. 

Returning to fig. 85, let O H represent the given force which 
it is required to resolve into three component forces, acting in the 
lines O X, O Y, O Z, which intersect O H in one point O. 

Through H draw three planes parallel respectively to the planes 
Y O Z, Z Y, X O Y, and cutting respectively O X in A, O Y in 
B, O Z in C. Then will O A, O B, O C, represent the component 
forces required. 

Three forces respectively equal to, and directly opposed to O A, 



O B, and O C, will balance O H. 
215. Besolution of a Force. Rectangular Components.— The 

rectangular components of a force are those into which it is resolved 
when the directions of their lines of action are at right angles to 
each other. 

For example, in fig. 85, suppose O X, O Y, Z, to be three 

axes of co-ordinates at right angles to each other. Then O H is 
resolved into three rectangular components, A O, O B, O C, simply 
by letting fall from H perpendiculars on O X, O Y, O Z, cutting 
them at A, B, C, respectively. 

Let the three rectangular components be denoted respectively by 
X, Y, Z, the resultant by R, and the angles which it makes with 
the components by «, /3, y, respectively ; then the relations between 
the three rectangular components and their resultant are expressed 
by the following equations : — 

X = E cos ec; Y = R cos ^\ Z='R.eo^v*, .(2.) 

E2 = X^ + Y^ + 7? -^^ 
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When the resultaDt is in the same plane with two of its com- 
ponents (as X and Y), the third component is null, and the 
Equations 2 and 3 take the following form : — 

X = Rcos « = R sin/8; Y = R cosi3 = R sin «; Z = 0;...(4.) 

R2 = X2 + Y2 : (5.) 

In using Equations 2, 3, 4, and 5, it is to be remembered that 
cosines of obtuse angles are negative. 

216. Resultant and Balance of any number of inclined Forces 
acting through one Point. — To find this resultant by calculation, 
assume any three directions at right angles to each other as axes; 
resolve each force into three components (X, Y, Z) along those 
axes, and consider the components along a given axis which act in 
one direction as positive, and those which act in the opposite direc- 
tion as negative; take the algebraical sums of the components 
along the three axes respectively (2 • X, S • Y, S • 2i); these will be 
the recta/ngvla/r compoTvmta of the resultant of all the forces; and its 
magnitude and direction will be given by the following equations : — 

R2 = (2-X)2 + (2-Y)2 + (2-Z)2; (1.) 

2-X ^ 2-Y 2-Z ,., 

cos« = -g— ; cos^=-^— ; cosy = -^ (2.) 

If the forces all act in one plane, two rectangular axes in that 
plane are sufficient, and the terms containing Z disappear from the 
equations. 

If the forces balance each other, the components parallel to each 
axis balance each other independently ; that is to say, the three 
following conditions are fulfilled : — 

2-X = 0; 2-Y = 0; 2-Z = (3.) 

If the forces all act in one plane, these conditions of equilibrium 
are reduced to two. 

Section 2. — Resultant and Balance op Couples. 

217. Equivalent Couples. — If the moments of two couples acting 
in the same direction and in the same or parallel planes are equal, 
those couples a/re equivalent: that is, their tendencies to turn the 
body to which they are applied are the same. 

The following propositions are the chief consequences of the 
principle just stated : — 

218. Resultant of Couples. — ^The resultant of any \Nxvxxv\i^'t '^S. 
couples acting in the same or parallel planer V& ecj^vir«\fe\i\» \»^ ^ 
couple whose moment ia the algebraical Bum o£ t\i^ xsiQ\xi<evi\»^ <2Jl "OciRi 

combined couples. 
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219. Eqnilibrimn of Couples with same Azig. — Two opposite 
couples of equal moment in the same or parallel planes baluioe 
each other. Any number of couples in the same or parallel pknes 
balance each other when the moments of the right-handed couples 
are together equal to the moments of the left-handed couples; in 
other words, when the resultant moment is nothing — a condition 
expressed algebraically by 



2-FL = 0. 



.(L) 



220. Parallelogram of Couples. — K the two sides of a parallelo- 
gram represent the axes and moments of two couples acting on 
the same body in planes inclined to each other, the diagonal of the 
parallelogram will represent the axis and moment of l£e resultant 
couple, which is equivalent to those two. 

In other words, three couples represented by the three sides of a 
triangle, taken in the same order, balance each other. 

221. Polygon of Couples. — If any number of couples acting on 
the same body be represented by a series of lines joined end to end, 
and taken in the same order so as to form sides of a polygon, and 
if the polygon is closed, those couples balance each other. 

These propositions are analogous to corresponding propositions 
relating to single forces; and couples, like single forces, can be 
resolved into components acting about two or three given axes. 

222. Resultant of a Couple and Single Force in Parallel Planes. 
— Let M denote the moment of a couple applied to a body (fig. 86); 
and at a point let a single force F be applied, in a plane pirallel 

to that of the couple. For the 
given couple substitute an equi- 
valent couple, consisting of a 
force - F equal and directly op- 
posed to F at O, and a force F 
acting through the point A, the 

arm A O perpendicular to F 

M 
being ==-, and parallel to the 

Kg. 86. plane of^ the couple M. THien 

the forces at O balance each 
other, and F acting through A is the resultant of the single force 
F applied at O, and the couple M ; that is to say, that if with a 
single force F there be combined a couple M whose plane is parallel 
to the force, the effect of that combination is to shift the line of 

M 

action of the force parallel to it8e\f tlMOM^ «k. ^SafcscM^k O A = ^ ; — 

to the left if Mis right-handed— to tl[i^ T\^\»^i'^*^\'i^sJ^^^^'^ 
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223L liom&at of Farce with respect to an Azi& — ^In fig. 87, 
let the straight line F represent a force. Let 
O X be any straight line perpendicalar in direc- 
tion to the line of action of the force, and not 
intersecting it, and let A B be the common per- 
pendicalar of those two lines. At B conceive a 
pair of equal and directly opposed forces to be 
applied in a line of action parallel to F, viz. : — 
F^ = F, and - F' = - F. The supposed application 
of such a pair of balanced forces does not alter the 
statical condition of the body. Then the original 
single force F, applied in a line traversing A, is 
equivalent to the force F' applied in a line travers- 
ing B, the point in O X which is nearest to A, 
combined with the couple composed of F and - F', 
whose moment is F • A B. This is called the moment of the force 
F relatively to the axis X, and sometimes also, the moment of the 
force F relatively to the plane traversing O X, parallel to the line 
of action of the force. 

If from the point B there be drawn two straight lines B D and 
B E, to the extremities of the line F representing the force, the 
area of the triangle B D E being =^ F • A B, represents one-half of 
the moment of F relatively to O ~ 




Fig. 87. 



Section 3. — Resultant and Balance op Parallel Forces. 

224. Magnitude of Resultant of Parallel Forces. — ^A balanced 
system of parallel forces consists either of pairs of directly opposed 
equal forces, or of couples of equal forces, or of combinations of 
such pairs and couples. 

Hence the following propositions as to the relations amongst the 
magnitiLdea of systems of parallel forces. 

I. In a balanced system of parallel forces the sums of the forces 
acting in opposite directions are equal; in other words, the alge- 
iHraiod sum of the magnitudes of all the forces taken with their 
proper signs is nothing. 

II. The magnitude of the resultant of any combination of parallel 
forces is the algebraical sum of the magnitudes of the forces. 

The relations amongst the positions of the lines of action of 
balanced parallel forces remain to be shewn; and in this inquiry 
all pairs of directly opposed equal forces may be left out of con- 
sideraiion; for each such pair is independently balanfied. '^\3aJiaj5v- 
ever its position may he; so that the question m ea^ caafcSR*v*'2»\jfe 
solved by means of the theory of coupleB. 
TLe following is the simplest case : — 
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225. Direction of Resultant of Parallel Forces— Principle of the 

Lever. — If three parcMd forces 
applied to (me body balance eoydh 
other y they must he in one plcme; 
the ttoo extreme forces mvM act 
in the same direction; the middle 
force must act in the opposite 
direction; and tlie magnitude of 
each force mvst be proportional 
to the distance between the lines 
_,. ^ of action of the other two. Let 

*^* ' a body (fig. 88) be maintained 

in equilibrio by two opposite couples acting in the same plane^ and 

of equal moments, 

and let those couples be so applied to the body that the lines of 
action of two of those forces, - F^ - F^, which act in the same 
direction, shall coincide. Then those two forces are equivalent to 
the single middle force F^ = - (F^ + F^), equal and opposite to the 
sum of the extreme forces + F^, + F^, and in the same plane with 
them ; and if the straight line A C B be drawn perpendicular to 
the lines of action of the forces, then 

AC = L^; CB = L^; AB = L^ + L3; 

and consequently 



F^:F, :F^::CB; AC :AB> 



.(1.) 



This proposition holds also when the straight line A B crosses 
the lines of action of the three forces obliquely. 

226. To find the Resultant of Two Parallel Forces.~Th6 
resultant is in the same plane with, and parallel to, the com- 
ponents. It is their sum or difference, according as they act in * 
the same or contrary directions; and in the latter case its direction 
is that of the greater component. To find its line of action by 
construction, proceed as follows : — Fig. 89 representing the case 
in which the components act in the same direction, fig. 90 that in 
which they act in contrary directions. Let A D and BE be the 
components. Join A E and B D, cutting each other in F. In 
B D (produced in ^g. 90) take B G = D F. Through G draw a 
line parallel to the components; this will be the line of action of 
the resultant. To find its magnitude by construction : parallel to 
A E, draw B C and D H, cutting the line of action of the result- 
ant in C and H; C H will represent the resultant required; and a 
force equal and opposite to C H will "balance A.D aad B E. 
To £nd the line of action of tlie xesvx\taai\i\i^ c»^c^3\.^\ass^\ \oaJsa 
either 



\ 
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'a 
Fig. 89. 

BG = 



ADDB 



orDG = 



Fig. 90. 
BEDB 




Fig. 91. 



CH ' CH 

Vhen the two given parallel forces are c^posite and equal, they 
Q a couple, and have no single resultant. 

27. To find the Relative Proportions of 
ee Parallel Forces which Balance each 
sr, Acting in One Plane: their Lines of 
ion being given. — Across the three lines 
iction, in any convenient position, draw 
traight line A C B, lig. 91, and measure 

distances between the points whera it 
3 the lines of action. Then each force 
i be proportional to the distance between 

lines of action of the other two. The 
action of the middle force, C, is contrary 
hat of the other two forces, A and B. 
n symbols, let A, B, and C be the forces; then, 

A + B + C = 0;AB:BC:CA::C:A:B. 

ih of the three forces is equal and opposite to the resultant of 
other two; and each pair of forces are 
al and opposite to the components of the 
'd. Hence this rule serves to resolve a 
m force into two parallel components 
ng in given lines in the same plane. 

28. To find the Relative Proportions of 
ir Parallel Forces which Balance each 
er, not Acting in One Plane: their Lme^ 
kction being given. — Conceive a plane to 
r the lines of action in any convenient 
vn; and in %. 92 or fig. 93, let 

K 




A, "B, O, T> xe^^^ 



Kg. 93. 
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Bent the points where the four lines of acUon cut the plane. 
Draw the six straight lines joining those fonr 
points by pairs. Then the force which acta throngh 
each point will be proportional to the area of tim 
triangle formed hy the other three points. 

lu fig. 92 the directions of the forces at A, B, 

and C are the same, and are contrary to that of 

the force at D. In fig. 93 the forces at A and D 

act in one direction, and those at B and C in the 

contraiy direction. 

In symbols, A + B + C + D = 0; 

B D : C D A : D A B : A B C 
:: A : B : C : D. 
Each of the four forces is equal and opposite to the resultant 
of the other three ; and each set of three forces are equal and oppo- 
site to the components of the fourth. Hence the rule serves to resolve 
a force into three parallel components not acting in one plane. 

229. Moments of a Force with respect to a Pair of Rectangular 
Axes. — In fig. 94, let F be any single force; O an arbitrarily- 
assumed point, called the "origin 
of co-ordinates;" - X + X, 
- T + Y, a pair of axes travers- 
ing 0, at right angles to each 
other and to the line of action 
of F. Let A B = y, be the com- 
mon perpendicular of F and 
O X; let A C = a:, be the common 
perpendicular of F and O Y. x 
and y are the "rectangular co- 
ordinates" of the tine of action 
of F relatively to the axes 
-XO-t-X, -YO-l-Y, respec- 
tively. According to the arrange- 
ment of the axes in the figure, 
a; is to be considered as positive 
to the right^ and negative to the 
left, of — Y + Y; and y is to be considered as positive to the left, 
and n^ative to the right, of - X -^ X; right and left referring 
to the spectator's right and left hand. In the particular case 
represented, x and y are both poative. Forces, in the figure, are 
considered as positive upwards, and negative downwards; and in 
theparticalaT case represented, F is positive. 
At B conceive a pair of equal atii Dp'fQa\ft ^(iv«a, ¥' s.ud - F', 
to be applied; F' being equal and p».T^e\ to ^ , Mvi xu 'Co.ft wmms 
direction. Then, as in Article 223, "E ia 6cpiv«ifta\. to ■Ooa *«>^«'is,x<« 




Pig. 94. 
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F' = F applied at B, combiiied with the couple constituted by F and 

— F' with the arm y, whose moment is y F ; being positive in the 
case represented, because the couple is right-handed. Next, at the 
origin O, conceive a pair of equal and opposite forces, F" and - F", 
to be applied, F" being equal and parallel to F and F', and in the 
same direction. Then the single force F' is equivalent to the 
single force F" = F' = F applied at O, combined with the couple 
constituted by F' and - F" with the arm OB = x, whose moment is 

- 03 F; being negative in the case represented, because the couple 
is left-handed. 

Hence, it appears finally, that a force F acting in a line whose 
co-ordinates with respect to a pair of rectangular axes perpendicular 
to that line are x and ^, is equivalent to an equal and parallel 
force acting through the origin, combined with two couples whose 
moments are, 

y F relatively to the axis O X, and - a? F relatively to the axis 
OY right-handed couples being considered positive; and + Y lying 
to the left of + X, as viewed by a spectator looking from + X 
towards O, with his head in the direction of positive forces. 

230. Balance of any System of Parallel Forces in one Plane. — 
In order that Any system of parallel forces whose lines of action 
are in one plane may balance each other, it is necessary and 
sufficient that the following conditions should be fulfilled : — 

First — (As already stated) that the algebraical sum of the forces 
shall be nothing. 

Secondly — That the algebraical sum of the moments of the forces 
relatively to any axis perpendicular to the plane in which they 
act shall be nothing, 

two conditions which are expressed symbolically as follows : — 
Let F denote any one of the forces, considered as positive or 
negative, according to the direction in which it acts; let y be the 
perpendicular distance of the line of action of this force from an 
arbitrarily assumed axis O X, y also being considered as positive 
or XM^tive, according to its direction ; theny 

2-F=0; S-yF = 0. 

In summing moments, right-handed couples are usually con- 
sidered as positive, and left-handed couples as negative. 

231. Let R denote the Resultant of any System of Parallel 
Forces in one Plane, and y^, the distance of the line of action of 
that resultant from the assumed axis O X to which the positions 
of forces are referred; then, 

R = 2-F; * 
_ 2'2/F 
^•^ " 2)F' 
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In some cases the forces may have no single resnltant, 2 ' E 
being = ; and tben, unless the forces balance each other com- 
pletely, their resultant is a couple of the moment ^'y'F. 

232. Balance of any System of Parallel Forces. — ^In order that 
any system of parallel forces, whether in one plane or not, may 
balance each other, it is necessary and sufficient that the three 
following conditions shall be fulfilled : — 

First — (As already stated) that the algebraical sum of the forces 
shall be nothing. 

Secondly cmd Thirdly — That the algebraical sums of the moments 
of the forces, relatively to a pair of axes at right angles to each 
other, and to the lines of action of the forces, shall each be nothing, 

two conditions which are expressed symbolically as follows : — 
Let X and O Y denote the pair of axes; let F be the magnitude 
of any one of the forces ; y its perpendicular distance from O X, 
and X its perpendicular distance from O Y; then, 

2-F = 0; 2-yF = 0; 2a;F = 0; 

233. Let B denote the Resultant of any System of Parallel 
Forces, and x^ and y^ the distances of its line of action from two 
rectangular axes; then, 

R = 2 F,^, = -2Tir,yr= ^TjT. 

In some cases the forces may have no single resultant, 2'F 
being =0; and then, unless the forces balance each other com- 
pletely, their resultant is a couple, whose axis, direction, and 
moment, are found as follows : — 

Let M^ = 2-yF; M^ = -2-;z?F; 

be the moments of the pair of partial resultant couples about the 
axes O X and O Y respectively. From O, along those axes, set off 
two lines representing respectively M^ and My ; that is to say, pro- 
portional to those moments in length, and pointing in the direction 
from which those couples must respectively be viewed in order that 
they may appear right-handed. Complete the rectangle whose 
sides are those lines ; its diagonal will represent the axis, direction, 
and moment of the final resultant couple. Let M^ be the moment 
of this couple; then 

m,= y^{mUm^} 

and if $ be the angle which its axis makes with O X, 

cos d = ^^j. 



( 



TO FIND THE CENTRE OF PARALLEL FORGES. 
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234. To find the Centre of Parallel. Forces.~Let O in fig. 95 
be any conyenient point, taken as the origin of co-ordinates, and 
X, O T, O Z, three axes of co-ordinates at right angles to each 
other. 

Let A be any one of the points to which the system of parallel 
forces in question is applied. From A draw x parallel to O X, 
and perpendicular to the plane Y Z, 
y pi^allel to O Y, and perpendicular 
to the plane Z X, and z parallel to 
O Z, and perpendicular to the plane 
X Y. Xj y, and z are the rectangu- 
lar oo-oidinates of A, which, being 
known, the position of A is deter- 
mined. Let F denote either the 
magnitude of! the force applied at A, 
or any magnitude proportional to 
that magnitude, x, y, Zy and F are 
supposed to be known for every point of the given system of 
points. 

The position of the centre of parallel forces depends solely on 
the proportionate magnitudes of the parallel forces, not on their 
absolute magnitudes, nor on the angular positions of their lines of 
actions; so that for any system of parallel forces another may be 
substituted in any angular position : this is the statement of the 
principle of the centre of parallel forces given at Article 201, 
page 119. This is evident since, in considering the relations of 
parallel forces, they are not considered with reference to any parti- 
cular plane, and hence these relations must hold for any plane. 

First, conceive all the parallel forces to act in lines parallel to 
the plane Y Z. Then the distance of their resultant, and of the 
centre of parallel forces from that plane is 




Fig. 95. 



Xr = 



2'a?F 
2F ' 



.(1) 



Secondly, conceive all the parallel forces to act in lines parallel 
to the plane Z X Then the distance of their resultant, and of the 
centre of parallel forces from that plane is 



yr = 



2F* 



.(2.) 



Tliirdly, conceive all the parallel forces to act in lines parallel to 
the plane X Y. Then the distance of their resultant, and of the 
centre of parallel forces from that plane is 



«y= - 



2v»F 
2F* 



.^^ 



134 PRINCIPLES OF STATICS. 

If the forces have no single resaltant, so that 2 • F = 0, tliere is 
no centre of parallel forpes. This may be the case with pressures, 
but not with weights. 

If the parallel forces applied to a system of points are all equal 
and in the same direction, it is obvious that the distance of the 
centre of parallel forces from any given plane is simply the mean 
of the distances of the points of the system from that plane. 



Section 4. — Op any System op Forces. 

235. Eesnltant and Balance of any System of Forces in One 
Plane. — Let the plane be that of the axes O X and O Y in ^g. 95; 
and in looking from Z towards O, let Y lie to the right of X, so 
that rotation from X towards Y shall be right-handed. Letajaud 
y be the co-ordinates of the point of application of one of the 
forces, or of any point in its line of action, relatively to the assumed 
origin and axes. Resolve each force into two rectangular com- 
ponents X and Y, as in Article 215, page 125; then the rectangular 
components of the resultant are 2) * X and 2 * Y ; its magnitude is 
given by the equation 

R2 = (2-X)« + (2-Y)2, (1.) 

and the angle »,. which it makes with O X is found by the equations 

2-X . 2-Y ,^, 

cos »r = -^;-; sm«^= -^ (2.) 

This angle is acute or obtuse according as 2 • X is positive or nega- 
tive; and it lies to the right or left of O X according as 2 • Yis 
positive or negative. 

The resultant moment of the system of forces about the axis 
OZis* 

M = 2(«Y-3^X), (3.) 

and is right or left-handed according as M is positive or negative. 
The perpendicular distance of the resultant force R from O is 

1.4 (*■) 

Let Xj. and y^ be the co-ordinates of any point in the line of 
action of that resultant; then the equation of that line is* 

a:^2-Y-2/r^*^='^ •(5^ 

.^e method of obtaining tbia reaiiVt "by Co-ox^anaJt^ ^^oimJw:^ Sa KJas^ 
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If M = the resultant acts tbrougli the origin 0; if M has 
magnitude, and R = (in which case 2 • X = 0, 2 • Y = 0) the 
resultant is a couple. The conditions of equilibrium of the system 
of forces are 



2X = 0j 2-Y = 0; M = 0. 



(6.) 



236. Eesultant and Balance of any System of Forces To 

find the resultant and the conditious of equilibrium of any 
system of forces acting through any system of points, the forces 
and points are to be referred to three rectangular axes of co- 
ordinates. 

As before, let O in fig. 95, p. 133, denote the origin of co-or- 
dinates, and O X, O Y, Z, the three rectangular axes : and let 
them be arranged so that in looking from 



X ] (Y towards Z 

Y > towards O, rotation from < Z towards X 
Z ) [X towards Y 



} 



shall appear right-handed. 



Let X, Y, Z, denote the rectangular components of any one 
of the forces; ar, ^, z, the co-ordinates of a point in its line of 
action. 

Taking the algebraical sums of all the forces which act along the 
same axes, and of all the couples which act round the same axes, 

following: -Let O C=L, A B=E^ ZXAY=«r; and let E Gs=a> and 

Qss^f. be the co-ordinates of the 

point E. Then by Trigonometry 

sin «r=-sinO AC=cosCOA=sin 

DOG=cosDaO=8inEGF and 

-cos «r=cos OAC=sin CO A 

=cosDOG. 

L=DC+OD=rE+OD 

=EG-sinEGF + 
OG -cos DOG 

= Xr ' sin «,. - yp ' coso^ 

multiplying by R 
L •R=M=a:r 



B. * sin «,. - 

y^'R'cosa§> 
=Xr 'sY-yr'sX 




Fig- 96. 



bjr substituting the yaZues in Equation 2 aupra* "Es^jisAiLWi ^ -^^ *^io»& 

obtained. •. 



136 PRINCIPLES OF STATICS. 

the six following qaantities are found, wHicli compose the resultant 
of the given system of forces :— 

Forces. 

2-X; 2-Y; 2-Z; (!•) 

Couples. 



about OX; M.=^ (yZ-zY);) 

„ OY; M^ = ^(zX^xZ);} (2.) 

„ 0Z;M3 = 2(ajY-yX);j 



found as already explained in the footnote to Article 235. 
The three forces are equivalent to a single force 

R=a/ |(2-X)2 + (2-Y)2 + (2-Z)2l (3.) 

acting through O in a line which makes with the axes the angles 
given by the equations 

2-X , 2^Y 2-Z ,,. 

cos«= -57-; cos^=~^— ;cosy = ^- (4.) 

The three couples, Mj, Mg, M3, are equivalent to one couple, 
whose magnitude is given by the equation 

M= J{Ml + Ml + M.l), (5.) 

and whose axis makes with the axes of co-ordinates the angles 
given by the equations 

^ ^1 ^2 ^3 /^v 

in which i ^ I ^^°^^® respectively the angles f q y l 
I ''^ j made by the axis of M with ) 7 \ 

The conditions of equilibrium of the system of forces may be 
expressed in either of the two following forms : — 

2-X = 0; 2-Y = 0; 2-Z=0; Mi = Oj M2 = 0; M8 = 0; (7.) 
or 

R = 0; M = (8.) 

When the system is not balanced, its resultant may fall under 
one or other of the following cases : — 
Case L — W/ien M = 0, the resultaivt la \\i^ «vii^^ i.ot^'^ "R. %atin^ 
through O. 
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Case II. — When the axis of ^ is at right angles to the direction of 
R, — ^a case expressed by the following equation : — 

cos « cos A + cos /S cos f*> + cos y cos » = ; . .'. . . .(9.) 
(an equation of Co-ordinate Geometry) 

the resultant of M and K is a single force equal and parallel to H, 
acting in a plane perpendicular to the axis of M^ and at a perpen- 
dicular distance from given by the equation 

L=f (10.) 

"Case III. When 11 = 0, there is no single resultant; and the 
only resultant is the couple M. 

Case IV. When the axis of M is parallel to the line of action of 
K, that is, when either 

X = a; fA = fi; 9 = y, (11.) 

or 

X= -«; fA= -/8; if= -y; (12.) 

there is no single resultant; and the system of forces is equivalent 
to the force B and the couple M, being incapable of being farther 
simplified. 

Case V. — When the axis of M is oblique to the direction of R, 
making with it the angle given by the equation 

cos ^ = cos X cos » + cos f*> cos /3 + cos » cos y,....(13.) 

the couple M is to be resolved into two rectangular component^ 
viz: — 



M sin 6 round an axis perpendicular to R, and in 
the plane containing the direction of R and of 
the axis of M; 

M cos B round an axis parallel to R. 



(U.) 



The force R and the couple M sin 6 are equivalent, as in Case 
II., to a single force equal and parallel to R, whose line of action 
is in a plane perpendicular to that containing R and axis of M, 
and whose perpendicular distance from O is 

T M sin ^ /, if V 

1^= ^ (15) 

The couple M cos 6, whose axis is parallel to the Ima ot ^^^Ssst^ <5^. 
R, is incapable oi further combination. 

Sence it appears Bnally, that every system o? ^oTCca^'>Kv\^"'^^^^^ 
self-balanced, h equivalent either, (A.) ^ to a Em^^ iox^^> ^ '^^ 
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Cases I. and II. (B); to a conple, as in Case III. (C)j to a 
force, combined with a couple whose axis is paralld to tne line of 
action of the force, as in Cases IV. and V. This can occur witk 
inclined forces only; for the resultant of any number of parallel 
forces is either a single force or a couple. 

237. Parallel Projections or Transformations in Statics. — ^If two 
figures be so related, that for each point in one there is a corre- 
sponding point in the other, and that to each pair of equal and 
parallel lines in the one, there corresponds a pair of equal and 
parallel lines in the other, those figures are said to be parallel 
PBOJECTiONS of each other. 

The relations between such a pair of figures is expressed alge- 
braically as follows : — Let any figure be referred to axes of Co- 
ordinates, whether rectangular or oblique; let a?, y, Zy denote the 
co-ordinates of any point in it, which may be denoted by A : let a 
second figure be constructed from a second set of axes of co-ordinates, 
either agreeing with, or difTering from, the first set as to rectangu- 
larity or obliquity; let x', y\ »', be the co-ordinates in the second 
figure, of the point A' which corresponds to any point A in the 
first figure, and let those co-ordinates be so related to the co-ordi- 
nates of A, that for each pair of corresponding points. A, A', in 
the two figures, the three pairs of corresponding co-ordinates shall 
bear to each other three constant ratios, such as 

- =a: - =6; - -c\ 
X y ' z 

then are those two figures parallel projections of each other. 

For example, all circles and ellipses are parallel projections of 
each other; so are all spheres, spheroids, and ellipsoids; so are all 
triangles; so are all triangular pyramids; so are all cylinders; so 
are all cones. 

The following are the geometrical properties of parallel projec- 
tions which are of most importance in statics : — 

I. A parallel projection of a system of three points, Ijdng in one 
straight line and dividiug it in a given proportion, is also a system 
of three points, lying in one straight line and dividing it in the 
same proportion. 

II. A parallel projection of a system of parallel lines, whose 
lengths bear given ratios to each other, is also a system of parallel 
lines whose lengths bear the same ratios to each other. 

III. A parallel projection of a closed polygon is a closed 
polygon. 

IV, A parallel projection of a paTall^lo^^m is a parallelogram. 

V, A parallel projection oi a paYaAl^^o^^^^^^^'^'^^'^'^'^^^^ 
VI. A parallel projection oi a i^aVc oi ^^y«X^^ ^w^a ««!&kRjSv^ 
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i;«^hose areas are in a given ratio, is also a pair of parallel plane 
surfaces, whose areas are in the same ratio. 

VII. A parallel projection of a pair of volumes having a given 
ratio, is a pair of volumes having the same ratio. 

The following are the mechanical properties of parallel projec- 
tions in connection with the principles set forth in this section : — 

VIII. If two systems of points be parallel projections of each 
other; and if to each of those systems there be applied a system of 
parallel forces bearing to each other the same system of ratios, then 
the centres of parallel forces for those two systems of points will be 
parallel projections of each other, mutually related in the same 
manner with the other pairs of corresponding points in the two 
systems. 

IX. If a balanced system of forces acting through any system of 
points be represented by a system of lines, then will any parallel 
projection of that system of lines represent a balanced system of 
forces; and if any two systems of forced be represented by lines 
which are parallel projections of each other, the lines, or sets of 
lines, representing their resultants, are corresponding parallel pro- 
jections of each other, — it being observed that couples are to be 
represented by pairs of lines, as pairs of opposite forces, or by areas, 
and not by single Hues along their axes. 



HO 



CHAPTER ni. 
DISTRIBUTED FORCES. 

Section 1. — Centres op Gravity. 

238. Centre of Gravity of a Symmetrical Homogeneons Body. 
— If a body is Jiomogeneous, or of equal specific gravity throughout, 
and so far symmetrical as to have a centre of figure ; that is, a 
point within the body, which bisects every diameter of the body 
drawn through it, that point is also the centre of gravity of the 
body. 

Amongst the bodies which answer this description, are the 
sphere, the ellipsoid, the circular cylinder, the elliptic cylinder, 
prisms whose bases have centres of figure, and parallelopipeds, 
whether right or oblique. 

239. The Common Centre of Gravity of a Set of Bodies whose 
several centres of gravity are known, is the centre of parallel forces 
for the weights of the several bodies, each considered as acting 
through its centre of gravity. (See Article 234, p. 133.) 

240. Planes of Symmetry— Axes of Symmetry. — If a homogeneous 
body be of a figure which is symmetrical on either side of a given 
plane, the centre of gravity is in that plane. If two or more such 
planes of symmetry intersect in one line, or aads of symmetry, the 
centre of gravity is in that axis. If three or more planes of 
symmetry intersect each other in a point, that point is the centre 
of gravity. 

241. To find the Centre of Gravity of a Homogeneous Body of 
any Figure, assume three rectangular co-ordinate planes in any 
convenient position, as in ^g, 95, p. 133. 

To find the distance of the centre of gravity of the body from 
one of those planes (for example, that of Y Z), conceive the body 
to be divided into indefinitely thin plane layers parallel to that 
plane. Let s denote the area of any one of those layers, and d x 
its thickness, so that sdxia the volume of the layer, and 

V = [sdx^ 
the volume of the whole body,\iemg t\ie «»\>m oi ^Oxi^ N^\wafc'a» ^1 



CENTRE OP GRAVITY POUKD BY SUBTRACTION. 141 

the layers. Let x be the perpendicular distance of the centre of 
the layer adx from the plane of Y Z. Then the perpendicular 
distance x^ of the centre of gravity of the body from that plane is 
given by the equation 

a,, = /^ (1.) 

Find, by a similar process, the distances y^j ^o» of the centre of 
gravity from the other two co-ordinate planes, and its position will 
be completely determined. 

If the centre of gravity is previously known to be in a particular 
plane, it is sufficient to fiud by the above process its distances from 
tux) planes perpendicular to that plane and to each other. 

If the centre of gravity is previously known to be in a particular 
line, it is sufficient to find its distance from one plane, perpendicular 
to that line. 

242. If the Specific Gravity of the Body Varies, Jet w be the 
mean heaviness of the layer sdx, so that 

W = \w8dx, 
is the weight of the body. Then 

fxwsdx , ., 

— w — ' ^ ' 

243. Centre of Gravity found by Addition. — When the figure of 
a body consists of parts, whose resi)ective centres of gravity are 
known, the centre of gravity of the whole is to be found as in 
Article 239. 

244. Centre of Gravity found by Subtraction. — ^When the figure 
of a homogeneous body, whose centre of 
gravity is sought, can be made by taking 
away a figure whose centre of gravity is 
known from a larger figure whose centre 
of gravity is known also, the following 
method may be used : — 

Let A C D be the larger figure, Gi its 
known centre of gravity, Wj its weight. 
Let A B E be the smaller figure, whose 
centre of gravity Gg is known, "Wg its 
weight. Let E B C D be the figure whose 
centre of gravity Gg is sought, made by taking «l^n8i^ K^"^ i^o^si. 
A.C'D, 80 that its weight ia 
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Join Gi Gj; Gj will be in the prolongation of that 'straight line 
beyond Gj. In the same straight line produced, take any point 

as origin of co-ordinates. Make OGi = ari; O Ga=a;^ O G3 (the 
unknown quantity) = x^ > 
Then 

_^i Wi - x^ Wa 

^- Wi-Wa • (^-^ 



245. Centre of Gravity Altered by Transposition.— In fig. 98, 

let A B C D be a body of the weight Wo, 
whose centre of gravity G© is known. Let 
the figure of this body be altered, by trans- 
posing a part whose weight is Wi, from the 
position E C F to the position F D H, 
so that the new figure of the body is A B 
H E. Let Gi be the original, and Gj 
the new position of the centre of gravity 
of the transposed part. Then the centre 
of gravity of the whole body will be shifted 
to Gj, in a direction G© Gg parallel to 
Gg Gi, and through a distance given by 
the formula. 




Fig. 98. 



"V7 

Go G3 = Gi Ga ^. 



.(4.) 



246. Centre of Gravity found by Projection or Transformation. 

— If the figures of two homogeneous bodies are parallel projections 
of each other, the centres of gravity of those two bodies are corres- 
ponding points in those parallel projections. 

To express this symbolically, — as in Article 237, let x, y, z^ be 
the co-ordinates, rectangular or oblique, of any point in the figure 
of the first body; a/, y', z', those of the corresponding point in the 
second body; x^, y^, z^, the co-ordinates of the centre of gravity of 
the first body; x'^, y\, z'^, those of the centre of gravity of the 
second body, then 



??=?^. ^ = ?^'. ^^^ 



aJo 



^ Vo y 



z. 



z 



,(5.) 



This theorem facilitates much the ^iidm^of the centres of gravity 
of fgures which are parallel pro^ecUona oi TCkOiic^ ^osi^'^k q»x \s^qt» 
spnmetrical fgarea. 
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For example, let it be supposed that the centre of gravity of a 
sector of a circular disc haa been 
found (Case IX. Article U), and let 
it be required to find the centre of 
gravity of a sector of an elliptic 
disc In fig, 99, let A B' A B' be 
the ellipse, A A = 2 a, and 
B' O B' = 2 6, ite axes, and COD' 
the sector ■whose centre of gravity 
is reqnired. About the centre of 
the ellipse, 0, describe the circle, 
A B A B, whose radius is the semi- 
axis major a. Through (? and D' 
respectively draw E C C and FD' D, 
parallel to B, and cutting the 
circle in C and I) respectively; the circnlar sector C D is the 
parallel projection of the elliptic sector COD', Let G be the 
centre of gravity of the sector of the circular disc, its co-ordinatea 

OH=a!.: HG=y„ 




Then the co-ordinates of the centre ( 
the elliptic disc are 



' gravity G' of the sector of 



H 






247. Centre of Gravity found Experimentally.— The centre of 
gravity of a body of moderate size may be found approximately by 
experiment, by hanging it up successively by a single cord in two 
different positions, and finding the single point in the body which 
in both positions ia intersected by the axes of the cord. 



SECTioif 2, — Or Steesb, 

248. Stress — its Intensity. — The word Sthess has been adopted 
as a general term to comprehend various forces which are exerted 
between contiguous bodies, or parts of bodies, and which are dis- . 
tributed over the surface of contact of the masses between wliich 
they act. 

The Intensity of s stress ia ita amount in TimAR (A ■^ws^'t, 
divided bjr the extent of the snrface over ■wliiola.i.taR^m "^si** 
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The followlDg table gives a comparison of various units in which 
the intensity of stress is expressed : — 



One pound on the square inch^.... 

One pound on the square foot, 

One inch of mercury (that is, weight 
of a column of mercury at 32° 
Fahr., one inch high), 

One foot of water (at 39°-l Fahr.), 

One inch of water (at 39°-l Fahr.), 

One foot of water (at 62° Fahr.),... 

One inch of water (at 62° Fahr. ), . . . 

One atmosphere, of 29*922 inches 
of mercury, or 760 millimetres, 

One foot of air, at 32° Fahr., and 
under the pressure of one atmo- 
sphere, 

One kilogramme on the square 
m^tre, 

One kilogramme on the square 
millimetre, 

One millimetre of mercury, 



PonndB on the 
Bqaare foot. 

144 
1 



70-73 
62-425 

5-2021 
62-355 

5-19625 

2116-4 



0-080728 

0-20481 

204810 

2-7847 



Founds on the 
eqnareinch. 



tJt 



0-4912 
0-4335 
0-036125 
0-43302 
0-036085 



14-7 



0-0005606 

0-00142228 

1422-28 
0-01934 



249. Classes of Stress. — The various kinds of stress may be thus 
classed : — 

I. Thrust, or Pressure, is the force which acts between two con- 
tiguous bodies, or parts of a body, when each pushes the other from 
itself. 

II. Pull, or Tension, is the ^orce which acts between two con- 
tiguous bodies, or parts of a body, when each draws the other 
towards itself. 

Pressure and tension may be either normal or oblique, relatively 
to the surface at which they act. 

III. Shear, or Tangential Stress, is the force which acts between 
two contiguous bodies, or parts of a body, when each draws the 
other sideways, in a direction parallel to their surface of contact. 

In expressing a Thrust and a Pull in parallel directions alge- 
braically, if one is treated as positive, the other must be treated as 
negative. The choice of the positive or negative sign for either is 
a matter of convenience. 

The word " Pressure,^^ although, strictly speaking, equivalent to 
^Hhrustj^ is sometimes applied to stress in general; and when this 
is the case, it is to be understood tYiat ^^itvysX. Sa X.x^-a^d «a positive. 
The following are the proceaaea ior ^\i^\xv%>iJci^ irrwjgmt'uAft oj \^va 
resultant of a stress distributed ovex a \}\m^ ^wd^.^^.^w^'Cafc cw.\t^ 
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of stress; that is, the point where the line of action of that resultant 
cuts the plane surface : — 

250. In Stress of Uniform Intensity, the magnitude of the re- 
sultant is the product of that intensity and the area of the surface; 
and the centre of stress is at the centre of magnitude of the surface. 
Or in symbols, let S be the area of the surface, p the intensity of 
the stress, P its resultant, then — 

P=pS. 

251. In Stress of Varying Intensity, but of One Sign, there is 
all tension, or all pressure, or all shear in one direction. 

In ^g, 100, let A A be the given plane surface at which the stress 
acts; O X, O Y, two rectangular axes of co-cn'dinates in its plane; 
^ O Z, a third axis perpendicular to that plane. 

Conceive a solid to exist, bounded at one end 

by the given plane surface A A, laterally by a 

cylindrical or prismatic surface generated by 

I the motion of a straight line parallel to O Z 

round the outline of A A, and at the other 

■pi ifK) ®^^ ^y * surface B B, of such a figure, that its 

^' * ordinate z at any point shall be proportional to 

the intensity of the stress at the point a of the surface A A from 

whidi that ordinate proceeds, as shewn by the equation 



2S 




/=^ 



P 
« = -. 

w 



•(!•) 



where p represents the intensity of the stress and w the heaviness, 
or weight per unit. 

Conceive the surface A A to be divided into an indefinite number 
of small rectangular areas, each denoted hj dxdy,9JidL so small 
that the stress on each is sensibly uniform; the entire area being 

S = / \dxdy. 

The volume of the ideal solid will be 

Y= j jz'dxdy (2.) 

So that if it be conceived to consist of a material whose heaviness 
is to =^ the amount of the stress will be equal to the weight of the 
solid; that is to say, 



P=fJpdxdy = wY ^^^ 
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The centre qfatreas is the point on the surface A A perpendicu- 
larly opposite the centre of gravity of the ideal solid. 

The simplest, and at the same time the commonest, case of this 
kind is where the stress is uniforwly-varymg ; that is, where its 
intensity at a given point is simply proportional to the per- 
pendicular distance of that point from a given straight line in 
the plane of the surface A A. To express this symbollically, 
take the straight line in question for the axis O Y; conceive 
the substance to be divided into bands by lines parallel to O Y; 
let y denote the length of one of these bands, and d x its breadth, 

so that ydx is its area, and S= I ydx the area of the whole 

surface. Let x be the perpendicular distance of the centre of 
a band from the line of no stress O Y, and let the intensity of the 
stress there be 

p = ax; (4.) 

a being a constant coefficient; then the amount or resultant of 
the stress is 

¥ = J pydx = a fxydx; ,..(5.) 

and the perpendicular distance of the centre of stress from Y is 

/ pxydx j x^ydx; 

Xq = -j = a (6-) 

jpydx P 

252. In Stress of Contrary Signs, for example, pressure at 
one part of the surface and tension at another, the resultants 
and centres of stress of the pressure and tension are to be 
found separately. Those partial resultants are then to be treated 
as a pair of parallel forces acting through the two respective 
centres of stress; their final resultant will be equal to their 
difference, if any, acting through a point found as in Article 2% 
page 128. 

If the total pressure and total tension are equal to each other, 
they have no single resultant and no single centre of stress : their 
resultant being a couple, whose moment is equal to the total 
stress of either kind multiplied by the perpendicular distance 
between the resultant of the pressure and the resultant of the 
tension. 



pbi^ciples of hypbostatics. 147 

Section 3. — Principles op Hydrostatics and Internal 

Stress of Solids. 

253. Pressure and Balance of Fluids: Principles of Hydro- 
statics. — Fluid is a term opposed to solidy and comprehending the 
liquid and gaseous conditions of bodies. The property common to 
the liquid and the gaseous conditions is that oinot tending to preserve 
a definite shape, and the possession of this property by a body in 
perfection throughout all its parts, constitutes that body a perfect 
fluid. 

A necessary consequence of that property is the following prin- 
ciple, which is the foundation of ^;he whole science of hydro- 
statics: — 

I. In a perfect fluid, when still, the pressure exerted at a given 
point is normal to the surface on which it acts, and of equal intensity 
for all positions of that surface. 

The following are some of the most useful consequences of that 
principle : — 

II. -4 surface of equal pressure in a still fluid mass is everywhere 
perpendicular to the direction of gravity; that is, horizontal through- 
out. In other words, the pressure at all points at the same level is 
of equal intensity. 

III. The intensity of the pressure at the lower of two points in a 
still fluid mass is greater thorn the intensity at the higher point, hy 
an amount equal to the vmghtofa vertical column of the fluid whose 
height is the difference of elevation of the points, and base an unit of 
area. 

To express this symbolically, let Pq denote the intensity of the 
pressure at the higher of two points in a fluid mass, and p^ the 
intensity at a point whose vertical depth below the former point is 
x. Let w be the mean heaviness of the layer of fluid between thoso 
two points; then 

Pi=Po + wx (1.) 

In a gas, such as air, w varies, being nearly proportional to p ; but 
in a liquid, such as water, the variations of w are too small to be 
considered in practical cases. 

For example, let the upper of the two points be the surface of a 
mass of water where it is exposed to the air; then Pq is the atmos- 
pheric pressure; let the depth x of the second point below the 
surface be given in feet, and let the temperature be 39°'l ; then 

Pi in lbs. on the square foot =Pq + 62*425 x (2.) 

In many questions relating to engineering, the \jreaa\w:^ ot "^^v^ 
atmosphere may he left out of consideration, aa \^ ac\.^ ^VOcl ^^xi^'^^ 
9qaal intensity on all sides of the bodies ex^oae^ ^o Vt, ^xA ^<^ 
aJances its own action. The pressure calculated, m «kvs^ ^ia.^^^^*^ 
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the eaxess of the pressure of the water above the atmospheric 
pressure, which may be thus expressed, — 

p'=;?i-^o = 62-495 oj nearly (3.) 

TV. The pressure of a liquid on a JhcUing or immersed hody^ is 
equal to the weight of the volume of fluid displaced by that body; 
and the resultant of that pressure acts vertically upwards throagk 
the centre of gravity of that volumo; which centre of gravity is 
called the ^^ centre ofhwoyarwyP 

Y. The pressure of a Uquid against a pktne surface vnvmeraed in 
U is perpendicular to that surface in direction i its magnitude is 
equal to the weight of a volume of the liquid, found by multiplying 
the area of the surface by the depth to which its centre of gravity 
is immersed. 

VI. The centre of pressure on such a surface, if the surface is 
horizontal, coincides with its centre of gravity; if the surface is 
vertical or sloping, the centre of pressure is always below the centre 
of gravity of the surface, and is found by considering that the 
pressure is an uniforwly-vanrying stress, whose intensity at a given 
point varies as the distance of that point from the line where the 
given plane surface (produced if necessary) intersects the upper 
surface of the liquid. 

To express the last two principles by symbols in the case in 
which the pressed surface is vertical or sloping, let the line where 
the plane of that surface cuts the upper surface of the liquid be 
taken as the axis Y. Let 6 denote the angle of inclination of 
the pressed surface to the horizon. Conceive that surface to be 
divided by parallel horizontal lines into an indefinite number of 
narrow bands. Let y be the length of any one of those bands, dx 
its breadth, x the distance of its centre from Y; then ^c^ a; is its 
area, x sin the depth at which it is immersed; and if to be the 
weight of unity of volume of the fluid, the intensity of the pressure 
on that band is 

P = WXBiTL6 (4.) 

The whole area of the pressed surface, being the sum of the areas 

of all the bands, isS= jydx; the whole pressure upon it is 

P= Ipydx-wmi 6 jxydx; (5.) 

the mean intensity of the pressure is 

p fpydx Jxydx 

jydx ]v^^ 
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and the distance of the centre of pressure from O Y is 



\ xpydx \ x^ydx 



^0 = p = —. (7.) 

/ xydx 

For example, let the sloping pressed surface be rectangular, like 
a sluice, or the back of a reservoir- wall; and in the first instance, 
let it extend from the surface of a mass of water down to a distance 
x^, measured along the slope, so that its lower edge is immersed to 
the depth o:^ sin ^. Then its centre of gravity is immersed to the 
depth x^ sin ^ -r- 2, and the mean intensity of the pressure in lbs. on 
the square foot, is 

P 62-4 a?! sin tf .^ . 

S = 2 (^•> 

The breadth y is constant; so that the area of the surface is 
S = a:i y; and the total pressure is 



p^ 624ajy sin ^ ^^^ 



2 
The distance of the centre of pressure from the upper edge is 

3-0 = 3 ^1 ^^^'^ 

Next, let the upper edge, instead of being at the surface of the 
water, be at the distance osg from it, so as to be. immersed to the 
depth ajg sin 6, Then the centre of gravity of the pressed surface 
is immersed to the depth (ajj + x^ sin tf-s-2, and the mean intensity 
of the pressure upon it, in lbs. on the square foot, is 

P 62*4 (x. + x^ sin 6 ,, , . 

S = 2^ ^ (^^•> 

the area of the surface is (a?! - x^ y^ and the total pressure on it 

p 62-4 (aj--a^)y sin ^ .^^ 

The distance of the centre of pressure from the line O Y is 

^0 = 1-3^ (13-) 

254. Compound Internal Stress of Solids.— Tf a body be con- 
ceived to be divided into two parts by an ideal -^I^xl^ Xx^^etCwi^NJ^ 
in anjr direction, the force exerted between tlaos^ Vwo ^'axXSk ^X» *^^ 
Tlane of division is an internal stress. 
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According to the principles stated in the preceding article, the 
internal stress at a given point in a fluid is normal and of equal 
intensity for all positions of the ideal plane of division. In a solid 
body, on the other hand, the stress may be either normal, oblique, 
or shearing; and it may vary in direction and intensity, as the 
position of the ideal plane of division varies. 

255. Coi^jngate Stresses— Principal Stresses. — K two planes 
traverse a point in a body, and the direction of the stress on the 
first plane is parallel to the second plane, then the direction of the 
stress on the second plane is parallel to the first plane. Such a 
pair of stresses are said to be conjugate; and if they are both 
normal to their planes of application (and consequently perpendi- 
cular to each other) they are called principal stresses. Three con- 
jugate stresses, or three principal stresses, may act through one 
point ; but in the present treatise it is suflicient to consider two. 

Fig. 101 represents a pair of conjugate oblique tensions acting 

in the direction X X and Y Y through 
a prismatic particle A B C D. 

The rectangular directions in which 
principal stresses — that is, direct pulls 
and thrusts — act, through a given point 
in a solidy are called aaes of stress. 

In a fluid, the stress at a given point 
being of equal intensity in all directions, 
every direction has the property of an 
axis of stress. A solid ma^ be in the 
same condition with a fluid as to stress; 
but it may also have the principal stresses at a given point of 
different intensities. In a mass of loose grains, the ratio of those 
intensities has a limit depending on friction : — in a firm continuous 
solid,* the principal stresses at a point may bear any ratio to each 
other, and may be either of the same or of opposite kinds. 

256. The Shearing Stress, on two planes traversing a point in a 
solid at right angles to each other, is of equal intensity. 

257. A Fair of Equal and Opposite Principal Stresses ; that is, 
a pull and a thrust of equal intensity acting through a particle of a 
solid in directions at right angles to each other, are equivalent to 
a pair of shearing stresses of the same intensity on a pair of planes 
at right angles to each other, and making angles of 45° with the 
first pair of planes. 

258. Combination of any Two Principal Stresses. 

Problem. — ^A pair of principal stresses of any intensities, and of 

the same or opposite kinds, being given, it is required to find the 

direction and intensity of the stxeaa on. ». "^la.\\ft in any position at 

ri^bt angles iio the plane paraWeV \^ -s^YtiOa. ^iJcia \»5r^ y^vms«<^ 

stresses act 




Fig. 101. 
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Let O X and O Y (figs. 102 and 103) be the directions of the 
two principal stresses; OX being the direction of the greater 
stress. 

Let p^ be the intensity of the greater stress; 

and p^ that of the less. 





Fig. 102. 



Fig. 103. 



The kind of stress to which each of these belongs, pull or thrust, 
is to be distinguished by means of the algebraical signs. If a pull 
is considered as positive, a thrust is to be considered as negative, 
and vice versd. It is in general convenient to consider that kind of 
stress as positive to which the greater principal stress belongs. 
Fig. 102 represents the case in which p-^ and P2 are of the same 
kind; fig. 103 the case in which they are of opposite kinds. In all 
the following equations, the sign of /^g i^ ^^^^ ^ ^ implied in that 
symbol; that is to say, when P2 is of the contrary kind to p^, the 
sign applied to its arithmetical value, in computing by means of 
the equations, is to be reversed. 

Let A B be the plane on which it is required to ascertain the 
direction and intensity of the stress, and O N a normal to that 
plane, making with the axis of greatest stress the angle 

ZXON = a;». 

On O N take 0M= ^o i *bis will represent a normal stress 

on A B of the same kind with the greater principal stress, and of 
an intensity which is a mean between tlie ixi\«QsaX»Sfts^ ^i H5wb *««^ 
pimapal stresses. 
Tbrougb M draw P M Q, making wit\i t\ie axR» cil ^^g««s^ "^^ 
same angles which O N makes, but ixx tlie op^o»^» ^ca^«^i;^ssQ.^ "^^^ 
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is to BSLj, take M P = M Q = M O. On the line thus fonnd set ofi 
from M tow, take axis of greatest stress, TTK^'^n ' 

Join O K. Then will that line represent the direction and 
intensity of the stress on A B. 

In fig. 102, pi and p^ are represented as being of the same kind ; 

and M K is consequently less than O M, so that O B, falls on the 

A A 
same side of O X with O N; that is to say, nr'<,xn. In fig. 103, 

Pi and p2 are of opposite kinds, M K is greater than O M, and B 

A A 

falls on the opposite side of O X to O M; that is to say, nr'^'xn. 

The locus of the point M is a circle of the radius ^ > and 

that of the point E, an ellipse whose semi-axes are pi and p^, and 
which may be called the Ellipse of Stress, because its semi- 
diameter in any direction represents the intensity of the stress in 
that direction. 

259. Deviation of Principal Stresses by a Shearing Stress.— 
Problem. Let p^ and p^, denote the ori^nal intensities of a pair 
of principal stresses acting at right angles to each other through 
one particle of a solid. Suppose that wi^h these there is combined 
a shearing stress of the intensity q, acting in the same plane with 
the original pulls or thrusts; it is required to find the new inten- 
sities and new directions of the principal stresses. 

To assist the conception of this problem, the original stresses 
referred to are represented in fig. 104, as acting through a particle 

;e of the form of a square prism. The principal 
stresses, both original and new, are represented 
as tensions, although any or all of them might 
be pressures. In the formulae annexed, tensions 
are considered positive, pressures negative; 
angles lying to the right of A A are considered 
T^'s. "■" as positive, to the left as negative; and a shear- 
^ ^ ing stress is considered as positive or negative 
according as it tends to make the upper right- 
hand and lower left-hand corner of the square 
particle acute or obtuse. 

The arrows A A represent the greater original 

Fig. 104. tension p^; the arrows B B, the less original 

tension jt?y; C, C, D, D, represent the positive shear of the inten- 

shjr^, as acting at the four faces oi t\i^ ^^ctUele. The combination 

of this shear with the original t^nsioix^ \^ ^cxa-vN^^-^x^ ^ti^^ ycct 

of principal tensions, oblijue to llie on^m\ ^^vc, ^V^ ^^^H«. ^^^ 
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pnDcipal tension, p^, is represented by the arrows E, E ; it deviates 
to the right of p^ through an angle which will be denoted by ^. 
The less new principal tension pa is represented by the arrows F, F ; 
it deviates through the same angle to the right of jOy. 

Then the intensities of the new principal stresses are given by 
the equations^ 

and the double of the angle of deviation by either of the following, 

tan 2^=-^^; or cotan 2 ^ =?V^- (^O 

Px-Pj, ^^ 

The greatest value of ^ is 45% when p^ = p^. 
The new principal stresses are to be conceived as acting normally 
on the faces of a new square prism. 

260. Parallel Projection of Distributed Forces. — In applying 
the principles of parallel projection to distributed forces, it is to be 
borne in mind that those principles, as stated in Article 237, are 
applicable to lines representing the amounts or resultants of distri- 
buted forces, and not thei/r intensities. The relations amongst the 
intensities of a system of distributed forces, whose resultants have 
been obtained by the method of projection, are to be arrived at by 
a subsequent process of dividing each projected resultant by the 
projected space over which it is distributed. 

261. Friction is that force which acts between two bodies at 
their surface of contact so as to resist their sliding on each other, 
and which depends on the force with which the bodies are pressed 
together. It is a kind of shearing stress. The following law 
respecting the friction of solid bodies has been ascertained by 
experiment : — 

The friction which a given pair of solid bodies, with their surfaces 
in a given condition, a/re capable of exerting , is simply proportional 
to the force with which they a/re pressed together. 

If a body be acted upon by a force tending to make it slide on 
another, then so long as that force does not exceed the amount 
fixed by this law, the friction will be equal and opposite to it, and 
will balance it. 

There is a limit to the exactness of the above law, when the 
pressure becomes so intense as to crusbi or indexA* >(\i^ ^«x:\»^ ^^51 Hiafe 
hodies at and near their surface of contact, ^t «cW^\i^l^"^^*^^^ 
limit the friction incrtasea more rapidly t\i«Ji ^\^ Y^^'s»^\iX^\^s^ 
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that limit ought never to be attained in any stmcture. For some 
substances, especially those whose sarfjEices are sensibly indented 
bv a moderate pressure, such as timber, the friction between a pair 
of surfaces which have remained for some time at rest relatively 
to each other, is somewhat greater than that between the same 
}viiir of surfaces when sliding on each other. That excess, how- 
ever, of the friction of rest over the friction of motion, is instantly 
destroyed by a slight vibration ; so that the friction of motion is 
alone to be taken into account, as contributing to the stability of 
a structure. 

The friction between a pair of surfaces is calculated by multiply- 
ing the force with which they are directly pressed together, by a 
factor called the coefficiciU of friction, which has a special value 
depending on the nature of the materials and the state of the 
surfaces. Let F denote the friction between a pair of sur- 
faces; N, the force, in a direction perpendicular to the surfaces, 
with which they are pressed together; and / the coefficient of 
friction; then 

F=/N , (1.) 

The coefficient of friction of a given pair of surfaces is the 
tangent of an angle called the angle of repose, being the greatest 
angle which an oblique pressure between the surfaces can make 
with a perpendicular to them, without making them slide on aceh 
other. 

Let P denote the amount of an oblique pressure between two 
plane surfaces, inclined to their common normal at the angle of 
re2:)ose ^; then 

F=/]Sr = Ntan^ = Psin ^= - .£== (2.) 

The angle of repose is the steepest inclination of a plane to the 
horizon, at which a block of a given substance will remain bal- 
anced on it without sliding down. 

The intensity of the friction between two surfaces bears the same 
proportion to the intensity of the pressure that the whole friction 
beai-s to the whole pressure. 

The following is a table of the angle of repose ^, the coefficient 

of friction /= tan ^, and its reciprocal 1 : /, for various materials — 

condensed from the tables of General Morin, and other sources, and 

arranged in a few comprehensive classes. The values of those 

constants which are given intbeta\Aelaa.NftTGferenceto thfe/ric^/o/i 
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Surfaces. 



Dry masonry and brickwork, 

Masonry and brickwork with wet 

mortar, 

Masonry and brickwork, with 

slightly damp mortar, \ 

Wood on stone, 

Iron on stone, 

Masonry on dry clay, 

,, on moist clay, 

Earth on earth, 

„ „ dry sand, clay, ) 

and mixed earth, y 

Earth on earth, damp clay, 

„ „ wet clay, 

„ ,, shingle and gravel, 
Wood on wood, dry, 

„ J, soaped, 

Metals on oak, dry, o.o>.. 

9, 9> wet, .....0.... 

„ „ soapy, 

Metals on elm, dry, 

Bronze on lignum vitse, constantly ) 

wet, ) 

Hemp on oak, dry, 

>» >» wet, 

Leather on oak, c*. 

Leather on metals, dry, 

wet, 

greasy, 

oUy, 

Metals on metals, dry, 

„ ,, wet and clean,.. 

„ ,, damp and slimy. 

Smooth Surfaces, occasionally 

greased 

Smooth surfaces, continually 

greased, 

Smoothest and best greased surfaces, 



(P 



99 
J> 
>» 



»» 



31" to 35** 
36i° 

35° to ler 

27° 

18i° 

14° to 45* 

21° to 37° 

45° 

17* 
35° to 48° 
14° to 264° 
ll|o to 2o 
26|o to 31° 
13J° to 14i° 

114° 
1140 to 14 

3°? 

28° 
184° 
15° to 194° 
2940 
20* 
13° 

84° to 11J° 

164° 

80 

4°to4Jo 
3° 

l|oto2o 



/ 



1 

/ 



0-6 to 0-7 
0-47 

0-74 

about 0*4 
0-7 to 0-3 

0-61 

0-33 
0-25 to 10 

0-38 to 0-76 

10 

0-31 

0-7 to 111 

•25 to -5 

•2 to -04 

•5 to -6 

•24 to ^26 

•2 
.2 to -25 

'OS? 

•53 

•33 
•27 to -38 

•56 

•36 

•23 

•15 
•15 to -2 

•3 

•14 

•07 to -08 

•05 
•03 to -036 



1^67 to 1^43 
21 

1-35 

2-5 

1-43 to 3-33 

1-96 

3 

4to 1 

2-63 to 1-33 

1 

3*23 

1*43 to 0^9 

4 to 2 

6 to 25 

2 to 1 -67 

417 to 3-85 

5 

5to4 

20? 

1^89 

3 

3-7 to 2^86 

]-79 

2-78 

4-35 

6-67 

6-67 to 5 

3-33 

7^14 

14-3 to 12-5 

20 
33-3 to 27*6 
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THEORY OF STRUCTURES. 



CHAPTER I. 

SUMMAKY OF PRINCIPLES OF STABILITY AND STRENGTK 

Section 1. — Op Structures in General. 

262. A Structure consists of portions of solid materials, put 
together so as to preserve a definite form and arrangement of parts, 
and to withstand external forces tending to disturb such form and 
ari*angement. As the parts of a structure are intended to remain 
at rest relatively to each other, the forces which act on the whole 
structure, and on each of its parts, should be balanced, so that the 
mechanical principles on which the permanence and efficiency of 
structures depend for the most part belong to Statics, or the 
science of balanced forces. 

The materials of a structure may be more or less stiff, like stone, 
timber, and metals, or loose, like earth. 

In the present chapter are given a summary of mechanical 
principles applicable to structures. 

263. Pieces — Joints — Supports — Foundations.— A structure 
consists of two or more solid bodies, called its pieces, which touch 
each other and are connected at portions of their surfaces, called 
joints. This statement may appear to be applicable to structures 
of stiff materials only; but, nevertheless, it comprehends masses 
of earth also, if they are considered as consisting of a very great 
number of very small pieces, touching each other at innumerable 
joints. 

Although the pieces of a structure are fixed relatively to each 
other, the structure as a whole may be either fixed or movable 
relatively to the earth. 
A £xed structure is supported ou a ^axV. o^ V)aa ^^\\ xoaJ^Yvsa^. ^\ 
' earth, called the foundation oi t\ie «»\.t>3icU\x^\ \}aa y^^^^x^ Vj 
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•which the structure is supported, being the resistances of the 
various parts of the foundation, may be more or less obliqua 

A movable structure may be supported, as a ship, by floating in 
water, or as a carriage, by resting on the solid ground through 
wheels. When such a structure is actually in motion, it partakes 
to a certain extent of the properties of a machine; and the deter- 
mination of the forces by which it is supported requires the con- 
sideration of kinetic as well as of statical principles; but when 
it is not in actual motion, though capable of being moved, the 
pressures which support it are determined by the principles of 
statics; and it is obvious that they have their resultant equal and 
directly opposed to the weight of the structure. 

264. The Conditions of Eqoilibiimn of a Structnre are the three 
following: — 

I. TJiat ^forces exerted on the whole structure by external bodies 
shall bala/nce each other, — The forces to be considered under this 
head are — (1.) the Attraction of the Earth — ^that is, the weight of 
the structure; (2.) the External Load^ arising from the pressures 
exerted against the structure by bodies not forming part of it nor 
of its foundation; (these two kinds of forces constitute the gross or 
total load)} (3.) the Supporting Pressures, or resistance of the 
foundation. Those three classes of forces will be spoken of together 
as the External Forces. 

IL That the forces exerted on each piece of the structure sludl 
balance each other, — These consist of — (1.) the Weight of the piece, 
and (2. J the External Load on it, making together the Gross Load; 
and (3.) the Resistances, or forces exerted at the joints, between the 
piece under consideration and the pieces in contact with it. 

IIL That the forces eocerted on each of the parts into which each 
piece of the structure can be conceived to be divided shall balance each 
other. — Suppose an ideal surface to divide any part of any one of 
the pieces of the structure from the remainder of the piece ; the 
forces which act on the part so considered are-— (1.) its weight, and 
(2.) (if it is at the external sui*face of the piece) the external force 
applied to it, if any, making together its gross had; (3.) the stress, 
or force, exerted at the ideal surface of division, between the part 
in question and the other parts of the piece. 

265. Stabilily, Strength, and Stiffiiess. — It is necessary to the 
permanence of a structure, that the three foregoing conditions of 
equilibrium should be fulfilled, not only under one amount and 
one mode of distribution of load, but under all the variations of 
the load as to amount and mode of distribution which can occur 
in the use of the structure. 

Stability consists in the fulfilment of tTae jirst axi^ seconrwl ^csvv^- 
tions of equilibrium of a structure under a\\ ^«i-n.a\»\oxi% o^ ^(kx^Vi^^ 
vitbin given limits. A structure which is 4e^Q?«eu^ vo. ^X^^^"^ 
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gives way by the displacement of its pieces from their proper posi- 
tions. 

When a structure, or one of its parts, is flexibley like the chain 
of a suspension bridge, or in any other way free to move, its 
stability consists in a tendency to. recover its original figure and • 
position after having been disturbed. 

Strength consists in the fulfilment of the third condition of equi- 
librium of a structure for all loads not exceeding prescribed limits; 
that is to say, the greatest internal stress produced in any part of 
any piece of the structure, by the prescribed greatest load, must be 
such as the material can bear, not merely without immediate 
breaking, but without such injury to its texture as might endanger 
its breaking in the course of time. 

A piece of a structure may be rendered unfit for its purpose, not 
merely by being broken, but by being stretched, compressed, bent, 
twisted, or otherwise strained out of its proper shape. It is neces- 
sary, therefore, that each piece of a structure should be of such 
dimensions that its alteration of figure under the greatest load 
applied to it shall not exceed given limits. This property is called 
stiffness, and is so connected with strength that it is necessary to 
consider them together. 

Section 2. — Balance and Stability op Frames, Chains, 

AND Blocks. 

266. A Frame is a structure composed of bars, rods, links, or 
cords, attached together or supported by joints, such as occur in 
carpentry, in frames of metal bars, and in structures of ropes and 
chains, fixing the ends of two or more pieces together, but ofiTering 
little or no resistance to change in the relative angular positions of 
those pieces. In a joint of this class, the centre of resistance, or 
point through which the resultant of the resistance to displacement 
of the pieces connected at the joint acts, is at or near the middle of 
the joint, and does not admit of any variation of position consis- 
tently with security. 

The line of resistcmce of a frame is a line traversing the cenires 
of resistance of the joints, and is in general a polygon, having its 
angles at these centres. 

267. A Single Bar in a frame may act as a Tie, a Strut, or a 
Beam. 

I. A tie has equal and directly opposite forces applied to its two 
ends, acting outwards, or from each other. The bar is in a state 
of tension, and the stress exerted between any two divisions of it 

js a pull, equal and opposite to tVie aj^^l\ftd forces. A rcpe or 

cAain will answer the purpose Q>i a tie. 
^4e equilibrium of a movable tie Is stable ; iot M \\ia. ^^^5^^ ^iv 
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tion be deviated, the forces applied to its ends, which originally 
were directly opposed, now constitute a couple tending to restore 
the tie to its original position. 

II. A strut has equal and directly opposite forces applied to its 
two ends, acting inwards, or towards each other. The bar is in a 
state of compression, and the stress exerted between any two divi- 
sions of it is a thrust equal and opposite to the applied forces. It 
is obvious that a flexible body will not answer the purpose of a 
strut. 

The equilibrium of a movMe strut is unstable; for if its angular 
position be deviated, the forces applied to its ends, which originally 
were directly opposed, now constitute a couple tending to make it 
deviate still farther from its original position. 

In order that a strut may have stability, its e^ids must be pre- 
vented from deviating laterally. Pieces connected with the ends 
of a strut for this purpose are called stays, 

III. A beam is a bar supported at two points, and loaded in a 
direction perpendicular or oblique to its length. 

Case I. — Let the supporting pressures be parallel to each 
other and to the direction of the load; and let the load act between 
the points of support, as in fig. 105; where P ui ^ 

represents the resultant of the gross load, in- T__x f ^ 

eluding the weight of tMfe beam itself; L, the ^*'^ = ^^* 




fer 






point where the line of action of that resultant 

intersects the axis of the beam; Rj, Rg* *^® 

two supporting pressures or resistances of the -^S- l^^* 

props parallel to, and in the same plane with P, and acting through 

the points S^, Sg, in the axis of the beam. 

Then, according to the principle of the lever. Article 225, 
page 128, each of those three forces is proportional to the distance 
between the lines of action of the other two; and the load is equal 
to the sum of the two supporting pressures; that is to say, 

P : El : R2 - S^Sg : iTSg : iTS^; (1.) 

andP = Ri + R2 (2.) 

Case II. — Let the load act beyoTid the points of support, as in 
fig. 106, which represents a cantilever or project- . 3/ 
ing beam, held up by a wall or other prop at S^, J 
held down by a notch in a mass of masonry or x 
otherwise at Sg, and loaded so that P is the re- 
sultant of the load, including the weight of the 
beam. Then the proportional Equation 1. re- '^^Q 106 
mains exactly as before; but the load is ec^ual t^ 
the difference of the supporting pressurea ', t^ia.^* *\^ ^^ ^^^ 

P = Rj — B-a* 






! 



i 
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In these examples the beam is represented as horizontal; but tie 
tsame principles would hold if it were inclined. 

Case III. — Let the directions of the supporting forces Rj, B„ ' 

be now inclined to that of the resultuit of 
the load, P, as in fig. 107. This case is tbat 
of the equilibrium of three forces treated of 
in Article 209, page 122, and consequently 
the following principles apply to it : — 

The lines of action of the supporting 
forces and of the resultant of the losid most 
be in one plane. 
Yia 107 They must intersect in one point (C, 

^' ' ^g. 107). 

Those three forces must be proportional to the three sides of a 
triangle A, respectively parallel to their directions. 

Problem. — Given, the resultant of the load in magnitude and 
position, P, the line of action of one of the supporting forces, R^ 
and the centre of resistauce of the other, 83; required, the line 
of action of the second supporting force, and the magnitudes of 
both. 

Produce the line of action of R^, till it cuts the line of action of 
P at the point C; join C Sj; this will be the line of action of Es,* 
construct a triangle A with its sides respectively parallel to those 
three lines of action; the ratios of the sides of that triangle will 
give the ratios of the forces. 

To express this algebraically, let «i, tg, be the angles made by the 
lines of action of the supporting forces with that of the resultant 
of the load; then 

P : Ri : Ra : : sin (tj + tj) : sin ig ' sin ti (4.) 

The same piece in a frame may act at once as a beam and tie, or 
as a beam and strut; or it may act alternately as a strut and as a 
tie, as the action of the load varies. 

The load tends to break a tie by tearing it asunder, a strut by 
^crushing it, and a beam by breaking it across. The power of 
materials to resist those tendencies will be considered in a later 
section. 

2Qd>, Distributed Loads. — Before applying the principles of 
the present section to frames in which the load, whether external 
or arising from the weight of the bars, is distributed over their 
length, it is necessary to reduce that distributed load to an equiva- 
lent load, or series of loads, applied at the centres of resistance. 
The steps in this process are aa ioWo^a *. — 
/. Find the resultant load on eac\i sm^^Xi^t. 
II. Besolve that load, aa in Axtide ^^1 ,^Q,^l^\:^a^\^^«^^\^^^ 
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into two parallel components actiDg through the centres of resist- 
ance at the two ends of the bar. 

III. At each centre of resistance where two bars meet, combine 
the component loads due to the loads on the two bars into one 
resultant, which is to be considered as the total load acting through 
that centre of resistance. 

lY. When a centre of resistance is also a point of support, the 
component load acting through it, as found by step II. of the pro- 
cess, is to be left out of consideration until the supporting force 
required by the system of loads at the other joints has been deter- 
mined; with this supporting force is to be compounded a force 
equal and opposite to the component load acting directly through 
the point of support, and the resultant will be the total supporting 
force. 

In the following Articles of this section, all the frames will be 
supposed to be loaded only at those centres of resistance which 
are not points of support; and, therefore, in those cases in which 
components of the load act directly through the points of support 
also, forces equal and opposite to such components must be com- 
bined with the supporting forces as determined in the following 
Articles, in order to complete the solution. 

269. Frames of Two Bars.— Figures 108, 109, and 110, repre- 
sent cases in which a frame of two bars, jointed to each at the 
point L, is loaded at that point with a given force, P, and is sup- 




Fig. 108. 



Fig. 109. 



Fig. 110. 



ported by the connection of the bars at their farther extremities. 
Si, Sg, with fixed bodies. It is required to find the stress on each 
bar, and the supporting forces at Sj and Sg. 

Resolve the load P (as in Article 213, page 123) into two com- 
ponents, Ri, Ra* acting along the respective lines of resistance of 
the two bars. Those components are the loads borne by the two 
bars respectively ; to which loads the supporting forces at Si, Sg, 
are equal and directly opposed. 

The symbolical expression of this solution is as follows: — Let 
1*1, tjj, be the respective angles made by the Ime^a oi Y^'s[\^\ajCiRfe ^iJl'^^ 
bars with the Ime of action of the load, t\ieii 
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The inward or outward direction of the forces acting along each 
bar indicates that the stress is a thrust or a pull^ and the bar a strut 
or a tie, as the case may be. Fig. 108 represents the case df t^o 
ties; fig. 109 that of two struts (such as a pair of rafters abutting 
against two walls); fig. 110 of a strut, L Si, and a tie, L Sg (such 
as the jib and the tie-rod of a crane). 

A frame of two bars is stable as regards deviations in the plane 
of its lines of resistance. 

With respect to lateral deviations of angular position, in a 
direction perpendicular to that plane, a frame of two ties is stable; 
so also is a frame consisting of a strut and a tie, when the direction 
of the load inclines from the line Si Sg, joining the points of sup- 
port. 

A frame consisting of a strut and a tie, when the direction of 
the load inclines towards the line Si Sa, and a frame of two struts 
in all cases, are unstable laterally, unless provided with lateral 
stays. 

These principles are true of cmy pair of adjacent bars whose fofrdvsr 
centres of resistance are fioced; whether forming a frame by them- 
selves, or a part of a more complex frame. 
270. Triangular Frames. — Let ^g. 111 represent a frame, con- 
sisting of three bars, A, B, C, connected at the 
three joints 1, 2, 3, — ^viz., C and A at 1, A and B 
at 2, B and C at 3. Let a load P^ be applied at 
_ the joint 1 in any given direction; let supporting 

Fi<y 111 ^ forces, Pg, Pg, be applied at the joints 2, 3; the 
"* * lines of action of those two forces must be in the 

same plane with that of P^, and must either be parallel to it or 
intersect it in one point. The latter case is taken first, because its 
solution comprehends that of the former. 

c The three external forces balance each other, 

and are therefore proportional to the three sides 
of a triangle respectively parallel to their direc- 
tions. In fig. 112, let A B C be such a triangle, 
in which 





C A represents Pp 
AB „ Pg, 

Fig. 112. BO „ Pg, 

Draw C O parallel to the bar C, and A O parallel to the bar A, 

meeting in the point O, and join B 0, which will be parallel to B. 

The lengths of the three lines radiating from O will represent 

tJbe stresses on the bars to which tliey axe respectively parallel. 

When the three external iorcea «ce ^^-w^Si^Xi^ ^^Oo.^'CMst.thft 

tnangle offerees A B C of fig. n^,\>ecom^^ ^^\.xai^\.\As^^^ K,v^ 



POLYGONAL FRAME. 163 

in ^g. 113, divided into two segments by the point B. Let straight 
lines radikte from O to A, B, 0, respectively parallel ^ 

to the bars of the frame; then if the load A be ^ 

applied at 1 (fig. Ill), A B applied at 2, and B C ^^^ 

applied at 3, are the supporting forces required to o^- 

balance it ; and the radiating lines O A, O B, O 0, ^\^ 
represent the stresses on the bars A, B, C, respec- \ 

tively, as before. \ 

From O let fall O H perpendicular to C A, the 
common direction of the external forces. Then that p. iio^ 
line will represent a component of the stress, which is ^' 

of equal amount in each bar. When A, as is usually the case, is 
vertical, O H is horizontal; and the force represented by it is called 
the *' horizontal thrust" of the frame. Horizontal Stress or Resist- 
cmce would be a more precise term; because the force in question 
is a puU in some parts of the frame, and a thrust in others. 

In ^g. Ill, A and are struts, and B a tie. If the frame were 
exactly inverted, all the forces would bear the same proportions to 
each other; but A and C would be ties, and B a strut. 

The trigoDometrical expression of the relations amongst the forces 
acting in a triangular frame, under parallel forces, is as follows : — 

Let a, h, c, denote the respective angles of inclination of the bars 
A, B, C, to the line O H (that is, in general, to a horizontal line) ; 
viz., the angles A O H, B O H, C O H of fig. 113, then 

Horizontal Stress O H = t r— : (!•) 

tan c ± tan a ^ 

Supporting/ A B = OH '(tana qp tan 6);) ,« \ 

Forces \ BC = 0H-(tan6 ± tanc);j ^^'^ 

Til • r + ) is to be used when the two ) opposite directions, 
e sign "^ _ j" inclinations are in J the same direction. 



fO A = OHseca) 

Strqsses^ O B = H -sec h} (3.) 

(O = OH-seccj 



271. Polygonal Frame.— -In fig. 114, let A, B, 0, D, E, be the 
lines of resistance of the bars of 
a frame connected together at 
the joints, whose centres of re- 
sistance are, 1 between A and B, 
2 between B and C, 3 between 
C and^B, 4 between D and E, _ 

nd 5 between E and A. In the T\^. W^ 
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Fig. 115. 



figure, the frame consists of five bars; but the principle is appli- 
cable to any number. From a point O, in fig. 115, 
(which may be called the Diagra/m, of Forces) ^ draw 
radiating lines O A, O B, O C, O D, E, parallel 
respectively to the lines of resistance of the bars; 
and on those radiating lines take any lengths 
whatsoever, to represent the stresses on the 
several bars, which may have any ipagnitudes 
within the limits of strength of the material. 
Join the points thus found by straight lines, so as 
to form a closed polygon A B C D E A; then the 
sides of the polygon mil represent a system of forces, 
which, being applied to the joints of the frame, will 
balance each other; each such force being applied to the joint 
between the bars whose lines of resistance are parallel to the pair 
of radiating lines that enclose the side of the polygon of forces 
representing the force in question. 

When the external forces are parallel to each other, the polygon 
of forces of fig. 115 becomes a straight line AD, 
as in fig. IIG, divided into segments by the radiating 
lines ; and each segment represents the external force 
which acts at the joint of the bars whose lines of 
resistance are parallel to the radiating lines that 
bound the segment. Moreover, the segment of the 
line A D which is intercepted between the radiating 
lines parallel to the lines of resistance of any two 
bars whether contiguous or not, represents the re- 
sultant of the external forces which act at points 
between the bars. 

Thus, A D represents the total load, consisting 
of the three portions A B, B C, CD, applied at 
1, 2, 3, respectively. DA represents the total supporting force, 
equal and opposite to the load, consisting of the two portions D E, 
E A, applied at 4 and 6 respectively. A C represents the resultant 
of the load applied between the bars A and C; and similarly for 
any other pair of bars. 

From O draw H perpendicular to AD; then that line repre- 
sents a component of the stress, whose amount is the same in each 
bar of the frame. When the load, as is usually the case, is verti- 
cal, that component is called the " horizontal thrusV* of the frame, 
and, as in Article 270, might more correctly be called horizontal 
stress or resistance, seeing that it is a pull in some of the bars and 
a thrust in others. 
The trigonometncsl expression, oi tlnoae ^prixicii^les is as follows : — 
Let the force O H be denoted simpVy \>^ ^. 
Let i, i% denote the incUnationa to 01io^\lti^>^^^^^'^^^>&'««^^^ 
of ant/ two bars, contiguous or not. 




Fig, 116. 
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Let R, E,', be the respective stresses which act along those bars. 
Let P be the resultant of the external forces acting through the 
joint or joints between those two bars. 
Then 

P = H(tan£± tant')j (1.) 

R = H-secij R' = H-seci' ....(2.) 

^® I d'ff " nee I ^^ *^® tangents of the inclinations is to be 
used; according as the inclinations are < PP.,^ I 

272. Open Polygonal Frame.— When the frame, instead of being 
closed, as in fig. 114, is converted into an open frame, by the omis- 
sion of one bar, such as E, the corresponding modification is made 
in the diagram of inclined forces, fig. 115, by omitting the lines 
O E, D E, E A, and in the diagram of parallel forces, fig. 116, by 
omitting the line E. Then, in both diagrams, D O and A 
represent the supporting forces respectively, equal and directly 
opposed to the stresses along the extreme bars of the frame, D and 
A, which must be exerted by the supports (called in this case 
obuiTnents), at the points 4 and 5, against the ends of those bars, 
in order to maintain the equilibrium. 

In the case of parallel loads, the following formulse give the 
horizontal stress and supporting pressures. 

Let i^ and i^ denote the angles of inclination of the bars D and A 
respectively. 

Let R^ = O D and R^ = A be the stresses |ilong them. 

Let 2 • P = A D denote the total load on the frame; then, 

H=- — 7 ^ , ; (1.) 

tan tj + tan t^ ' 

Rtf = H 'see i^; Ra = H -seci^ .'.(2.) 

273. Polygonal Frame— Stability.— The stability or instability 
of a polygonal frame depends on the principles stated in Article 
267, page 159, viz., that if* a bar be free to change its angular position, 
then if it is a tie it is stable, and if a strut, unstable ; and that a 
strut may be rendered stable by fixing its ends. 

For example, in the frame of fig. 114, E is a tie, and stable; A, B, 
C, and D, are struts, free to change their angular position, and 
therefore unstable. 

But these struts may be rendered stable in 't\ift ^\^xi<fe ^1 'O^^ 
frame by means of stays; for example, let tvfo ato^Ai^u^ Qicyivwb^H*'^^^ 
Joints 1 with 4, and 3 with 5 ; then the pomta \, % «aA*^, ^^^ ^ 
£xed, so that none of the struts cau clian^e \i\i«n: axL%\3\^^ "^^'^^* 
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tions. The same effect might be produced bj iwo stay-bars con- 
uecting the joint 2 with 5 and 4. 

The frame, as a whole, is unstable, as being liable to OYertnm 
laterally, unless provided with lateral stays, connecting its joints 
with fixed points. 

Now, suppose the frame to be exactly inverted, the loads at 1, 2, 
and 3, and the supporting forces at 4 and 5, being the same as 
before. Then E becomes a strut; but it is stable, because its ends 
are fixed in position ; and A, B, C, and D becomes ties, and are 
stable without being stayed. 

An open polygon consisting of ties, such as is formed by A, B, C, 
and D, when inverted, is called by mathematicians, a /uniciUar 
polygouy because it may be made of ropes. 

It is to be observed, that the stability of an unstayed polygon of 
ties is of the kind which admits of osciUation to and fro about the 
position of equilibrium. That oscillation may be injurious in 
practice, and stays may be required to prevent it. 

274. Bracing of Frames. — ^A brace is a stay-bar on which there 
is a permanent stress. If the distribution of the loads on the 
joints of a polygonal frame, though consistent with its equilibrium 
as a whole, be not consistent with the equilibrium of each bar, 
then, in the diagram of forces, when converging lines respectively 
parallel to the lines of resistance are drawn from the angles of the 
polygon of external forces, those converging lines, instead of meet- 
ing in one point, will be found to have gaps between them. The 
lines necessary to fill up those gaps will indicate the forces to be 
supplied by means of the resistance of braces.* 

The resistance of a brace introduces a pair of equal and opposite 
forces, acting along the line of resistance of the brace, upon the 
pair of joints which it connects. It therefore does not alter the . 
resultant of the forces applied to that pair of joints in amount nor 
in position, but only the distribution of the components of that 
resultant on the pair of joints. 




Fig. 117. 



To exemplify the use of braces, and the mode of determining the 
stresses on them, let fig. 117 represent a frame such as frequently 

*Tbi8 method of treating braced iramea coTAaana m\. \TK^x<a^«aiKo^ «q5^- 
Sresied by Prof. Clerk Maxwell in ISSl . 
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Fig. 118. 



occurs in iron roofs, consisting of two struts or rafters, A and E, 
and three tie-bars, B, C, and D, form- 
ing a polygon of five sides, jointed at 
1, 2, 3, 4, 5, loaded vertically at 1, and 
supported by the vertical resistance of 
a pair of walls at 2 and 5. The joints 
3 and 4 having no loads applied to 
them, are connected with 1 by the 
braces 1 4 and 1 3. 

To make the diagram of forces {&g, 118), draw the vertical line 
E, A, as in Article 271, to represent the direction of the load and of 
the supporting forces. 

The two segments of that line, A B and D E, are to be taken to 
represent the supporting forces at 2 and 5 ; and the whole line E A 
"Will represent the load at 1. From the ends, and from the point 
of division of the scale of external forces^ E A, draw straight lines 
parallel respectively to the lines of resistance of the frame, each 
line being drawn from the point in E A that is marked with the 
corresponding letter. Then A a and B b, meeting at a, 6, will 
represent the stresses along A and B respectively ; and E e and 
T> d, meeting in D e, will represent the stresses along D and E 
respectively ; but those four lines, instead of meeting each other 
and c parallel to in one point, leave gaps, which are to be filled 
lip by drawing straight lines parallel to the hra^ces: that is to say, 
from a, b, to c, parallel to 1 3; and fix)m d, e, to c parallel to 4 1. 
Then those straight lines will represent the stresses along the braces 
to which they are respectively parallel; and C c wiU represent the 
tension along C. To each joint in the frame, fig. 117, there corre- 
sponds, in fig. 118, a triangle, or other closed polygon, having its 
sides respectively parallel, and therefore proportional, to the forces 
that act at that joint. For example. 

Joints, 1, 2, 3, 4, 5, 

Polygons, EAaceE; AB6A; Bc6B; Dc^cDj DEeD. 

The order of the letters indicates the directions in which the forces 
act relatively to the joints. 

Another method of treating simple cases of bracing is illustrated 
by lD^g, 119. A and B are two struts, forming the two halves of 





Fig. 119. 



m^. Via. 
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one straight bar; C and D are two equal tie-rods ; E, a strut brace. 
A vertical rod P is applied at the joint 1, between A and B ; two 
vertical supporting pressures, each denoted by R = P -f- 2^ act at 
the joints 4 and 2. The joint 3 has no external load. 

Fig. 120 is the diagram of forces, constructed as follows: — 
Through a point O draw O B A parallel to A and B, O C parallel 
to C, and O D parallel to D. Make O D = O C; join C D; this 
line will be parallel to the brace E, and perpendicular to. O A. 

Through D and draw vertical lines D B, C A; these, being 
equal to each other, are to be taken to represent the two sup- 
porting pressures R; and their sum D B + A C will represent 
the load P. ' The equal tensions on C and D will be represented 
by O and O D, and the thrusts along A, B, and E, by O A, O B, 
and C D. 

The polygon of external forces in this case is the crossed quad- 
rilateral A C D B, in which A and B D represent (as already 
stated) the supporting pressures, and D C and A B the components 
of the load P respectively parallel and perpendicular to the brace 
E. When A and B are horizontal, and E vertical, A B in fig, 120 
vanishes, and B D and C A coincide with the two halves of C D. 

275. Rigidity of a Truss. — The word truss is applied in car- 
pentry to a triangular frame, and to a polygonal frame to which 
rigidity is given by staying and bracing, so that its figure shall be 
incapable of alteration by turning of the bars about their joints. 
If each joint were like a hinge, incapable of ofiering any resistance 
to alteration of the relative angular position of the bars connected by 
it, it would be necessary, in order to fulfil the condition of rigidity, 
that every polygonal frame should be divided by the lines of 
resistance of stays and braces into triangles and other polygons, 
so arranged that every polygon of four or more sides should be 
surrounded by triangles on all but two sides and the included angle 
at farthest : for every unstayed polygon of four sides or more, with 
flexible joints, is flexible, nnless all the angles except one be fixed 
by being connected with triangles. 

Sometimes, however, a certain amount of stiffness in the joints 
of a frame, and sometimes the resistance of its bars to bending, is 
relied upon to give rigidity to the frame, when the load upon it is 
subject to small variations only in its mode of distribution. For 

example, in the truss of fig. 121, the 
tie-beam A A is made in one piece, or 
in two or more pieces so connected 
together as to act like one piece; and 
part of its weight is suspended from 
the joints G, C, by the rods C B, C B. 
Fig. 121. These xoda «X^o ^^yn^ \.c» \«ksi>B.^ 'Ockfe x^ 

eistance of the tie-beam A A to \)eina\>%ii^ ^^^ ^^ ty&\i^ Y^-s^t^x.^^^ 
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struts A C, C C, C A, from deviating from their proper angular 
positions, by turning on the joints A, C, C, A If A B, B B, and 
B A, were three distinct pieces, with flexible joints at B B, it is 
evident that the frame might be disfigured by distortion of the 
quadrangle B C B. 

The object of stiffening a truss by braces is to enable it to sustain 
loads variously distributed ; for were the load always distributed in 
one way, a frame might be designed of a figure exactly suited to 
that load, so that there should be no need of bracing. 

The variations of load produce variations of stress on all the 
pieces of the frame, but especially on the braces; and each piece 
must be suited to withstand the greatest stress to which it is liable. 

Some pieces, and especially braces, may have to act sometimes as 
stmts and sometimes as ties, according to the mode of distribution 
of the load. 

276. Secondary and Compound Trussing. — A secmdary truss 
is a truss which is supported by another truss. 

When a load is distributed over a great number of centres of 
resistance, it may be advantageous, instead of connecting all those 
centres by one polygonal firame, to sustain them by means of several 
small trusses, which are supported by larger trusses, and so on, the 
whole structure of secondary trusses resting finally on one large 
tiiiss, which may be called the primary truss. In such a combina- 
tion the same piece may often form part of different trusses ; and 
then the stress upon it is to be determined according to the follow- 
ing principle : — 

When the samie bar forms at the same time pa/rt of two or more 
different fram^, the stress on it is the resvlta/nt of the several stresses 
to which it is svJtject by reason of its position in the several frames. 

In a Compound Truss, several frames, without being distinguish- 
able into primary and secondary, are combined and connected in 
such a manner that certain pieces are common to two or more of 
them, and require to have their stresses determined by the principle 
above stated. 

Example, — Fig. 122, represents a kind of secondary trussing 
common in the fi-amework of iron roofs. 




Fig. 122. 

The entii-e frame is supported by pillara at ^ au^ ^^ easSa. o^ ^"V^'^a. 
ustaiDs in all, half the weight. 
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1 2 3 is the prima/ry Pniss^ consistiiig of two rafters 1 3, 1 2, and 
a tie-rod 2 3. 

The weight of a division of the roof is distributed over the 
rafters. 

The middle point of each rafter is supported by a secomdcvry truss; 
one of those is marked 14 3; it consists of a strut, 1 3 (the rafter 
itself), two ties 4 1, 4 3, and a strut-brace, 5 4^ for transmitting the 
load, applied at 5, to the point where the ties meet. 

Each of the two larger secondary trusses just described supports 
two smaller seconda/ry trusses of similar form and construction to 
itself; two of those are marked 1 7 5, 5 6 3 ; and the subdivision of 
the load might be carried still farther. 

In determining the stresses on the pieces of this structure, it is 
indifierent, so far as mathematical accuracy is concerned, whether 
we commence with the primary truss or with the secondary trusses; 
but by commencing with the primary truss, the process is rendered 
more simple. 

(1.) Prima/ry Truss 12 3. Let W denote the weight of the roof; 
then ^ W is distributed over each rafter, the resultants acting 
through the middle points of the rafters. Divide each of those 
resultants into two equal and pai'allel components, each equal to 

1 W, acting through the ends of the rafter; then i W is to be 
considered as directly supported at 3, J W at 2, and ;J: W + J W 

- ^ W at 1 ; therefore the load at the joint 1 is 

Let i be the inclination of the rafters to the horizon ; then by the 
equations of Article 270. 

H=i^=-^- . . a.) 

2 tan i 4 tan i' - \ / 

This is the pull upon the horizontal tie-rod of the primary truss, 

2 3 ; and the thrust on eaqh of the rafters 1 3, 1 2, is given by the 
equation 

_ _ . W cosec i fci \ 

K = H sec ^ = . (2.) 

(2.) Secondary Truss 14 3 5. The rafter 1 3 has the load J W 

dsstributed over it; and reasoning as before, we are to leave two 

quarters of this out of the calculation, as being directly supported 

at 1 and 3, and to consider one-half, or \ W, as being the vertical 

load at the point 5. The truss is to be considered as consisting of 

a polygon of four pieces, 5 1, 1 4, 4 3, 3 5, two of which happen to 

be iu the same straight line, an^i oi t\i^ ^XxxiXAst?).^^^^ ^^^Uch 

exerts obliquely upwards agarns^. 5, atx^ o\i\^Q^^\^ ^LowsiW^ 
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against 4, a thrust equal to the component perpendicular to the 
rafter of the load ^'W; which thrust is given by the equation 

B,^ = l W cos ^, (3.) 

Then we easily obtain the following values of the stresses on the 
rafber and ties, in which each stress is distinguished by having affixed 
to the letter II the numbers denoting the two joints between which 
it acts. 

^^^^ / II.A 1 

on ties \ ^43 = ^41 = 21^ = 8 ^ ^*^^ ^' 



Thrusts 

on 

rafter 



R 1 1 

■pi "I 

^'ji = o J. ^^ • -o'^siii^ = oW (cosec i - 2 sin i) : 
^^ 2 tan ^ 8 8 ^ ' 



The difference between the thrusts on the two divisions of the 
rafter, 

^35 - 1^51 = i "^ sin t, 

is the component along the rafter of the load at the point 5. 

(3.) STTudler Seconda/ry Trusses, 1 7 5, 6 6 3. — These trusses are 
similar in every respect to the larger secondary trusses, except 
that the load on each point is one-half, and consequently each of 
the stresses is reduced to one-half of the corresponding stress in the 
Equations 3 and 4. 

(4.) Resultant Stresses. The pull on the middle division of the 
great tie-rod 2 3 is simply that due to the primary truss, 12 3. The 
pull on the tie 4 7 is simply that due to the secondary truss 14 3. 
The pulls on the ties 6 7, 5 6, are simply those due to the smaller 
secondary trusses, 1 5 7, 5 6 3. But agreeably to the Theorem stated 
at the commencement of this article, the pull on the tie 1 7 is the 
sum of those due to the larger secondary truss 14 3, and the smaller 
secondary truss 17 5. The pull on 6 4 is the sum of those due to 
the primary truss 12 3, and to the larger secondary truss 14 3. The 
pull on 6 3 is the sum of those due to the primary truss 1 2 3, to the 
larger secondary truss 14 3, and to the smaller secondary truss 5 6 3. 
The thrust on each of the four divisions of the rafter 1 3, is the sum 
of three thrusts, due respectively to the primary truss, the larger 
secondary truss, and one or other of the smaller secondary trusses. 

277. Besistance of a Frame at a Section. — The labour of calcu- 
lating the stress on the bars of a fiame may sometimes be abridged 
by the application of the following principle : — 

If a frame he OjCted upon hy am/y system of exterual /orceE, om-d, \J 
ihu frame be conceived to he completely diirided iuto two pcwrU'b'y ^'^ 
kleal sur/ace, t/ie stresses along the bars widch are mtersecled "b'y ^'^>«*' 
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surface, balance tlie external forces which act on each of the two parts 
of the frame. 

In most cases which occur in practice, the lines of resistance ^f 
the bars, and the lines of action of the external forces, are all in one 
vertical plane, and the external forces are vertical In such cases 
the most convenient position for an assumed plane of section is 
vertical, and perpendicular to the plane of the frame. Take the 
vertical line of intersection of these two planes for an axis of co- 
ordinates, — say for the axis of y, and any convenient point in it 
for the origin O; let the axis of x be horizontal, and in the 
plane of the frame^ and the axis of z horizontal, and in the plane of 
section. 

The external forces applied to the part of the frame at onfe side 
of the plane of section (either may be chosen), being combined, as 
in Article 235, page 134, give three data — viz., the total force along 
a? = 2 • X ; the total force along y = 2 • Y ; and the moment of 
the couple acting round « = Mj and the bars which are cut by 
the plane of section must exert resistances capable of balancing 
those two forces and that couple. If not more than three bars 
are cut by the plane of section, there are not more than three 
unknown quantities, and three relations between them and given 
quantities, so that the problem is determinate; if more than 
three bars are cut by the plane of section, the problem is or may 
be indeterminate. 

The formulae to which this reasoning leads are as follows : — ^Let 
X be positive in a direction from the plane of section towards the 
part of the structure which is considered in determining S • X, S * Y, 
and M; let +^ be measured upwards; let angles measured from 
Ox towards + 2/, that is, upwards, be positive; and let the lines of 
resistance of the three bars cut by the plane of section make the 
angles tj, 12, i^, with x. Let n^, n^, W3, be the perpendicular dis- 
tances of those three lines of resistance from O, distances lying 

{ dowl^lrds } f'^*"" O * ^^'"g considered as { "^^^^^ } 

Let Rj^, Kg? ^8» ^® *^^ resistances, or total stresses, along the 
three bars, pulls being positive, and thrusts negative. Then we 
have the following three equations : — 



2 • X = Rj cos 1*1 + Rg cos «2 + R3 

2 • Y = Rj sin ij + Rg sin «2 + R3 sin ig; }• (1.) 

- M = Rj ^1 4- R2 ^2 + R3 W3 



cosig;] 
sin 1*3 ; V 

\> ) 



from which the three quantities ao\x^Vi,'R^,"R^, B.^can. be found. 
Speaking with reference to t\ie g\ve\i^\aca^o^^^^\AOTk,'^*^\ss»::5 
be called the normal stress^ ^ ' ^, ^^^ slieami^ stressE, ««A ^,'vhv«B 
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moment qfjlexv/re, or bending stress; for it tends to bend the frame 
at the section under consideration. M is to be considered as 

{«^j.;„« r according as it tends to make the frame become con- 
negative J ^ 

{upwards ) 
downwards. J 

The following is one of the simplest examples of the solution of 
a problem by the method of polygovs, and the method of sections. 
Fig. 121 represents a truss of a form very common in carpentry 
(already referred to in Article 276), and consisting of three struts, 
A C, C C, C A, a tie-beam A A, and two suspension-rods, B, C B, 
which serve to suspend part of the weight of the tie-beam from 
the joints C C, and also to stiffen the truss in the manner men- 
tioned in Article 276. 

Let i denote the equal and opposite inclinations of the rafters , 
AC, C A, to the horizontal tie-beam A A; and leaving out of 
consideration the portions of the load directly supported at A, A, 
let P, P, denote equal vertical loads applied at C, C, and - P, - P, 
equal upward vertical supporting forces applied at A, A, by the 
resistance of the props. Let H denote the pull on the tie-beam, 
E, the thrust on each of the sloping rafters, and T- the thrust on 
the horizontal strut C C. 

Proceeding by the method of polygons, as in Article 271, we find 
at once, 

H = -T = Pcotan^;) 

[ (2.) 

B = - P cosec L ) 

(Thrusts being considered as negative.) 

To solve the same question by the method of sections, suppose a 
vertical section to be made by a plane traversing the centre of the 
right hand joint C j take that centre for the origin of co-ordinates; 
let X be positive towards the right, and y positive downwards; let 
ajj, y^, be the co-ordinates of the centre of resistance at the right 
hand point of support A. When the plane of section traverses the 
centre of resistance of a joint, we are at liberty to suppose either 
of the two bars which meet at that joint on opposite sides of 
the plane of section to be cut by it at an insensible distance from 
the joint. 

First, consider the plane of section as cutting C A. The forces 
and couple acting on the part of the frame to the right of the 
section are 

F, = 0; F,= -P 
. M= -Pjc^. 



J 
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Then, observing that for the strut A C, n = 0, and that for the tie 
A A, ?* = y^, "we have, by the equations 1 of this Article 

Ecosi + H = F. = Oj 

R sin 1= — P; 
11^1= -M= +Pari; 

whence we obtain, from the last equation, 

H = ?^ = Pcotani 1 
from the first, or from the second )■ (3.) 

XT 

R^ -. = - P cosec i 

cos % 

Next, conceive the section to cut C C at an insensible distance 
to the left of C. Then the equal and opposite applied forces + P 
« at C, and - P at A, have to be taken into account ; so that 

F, = 0; Fy = Oj M= -Pari; 

from the first of which equations we obtain 

H + T = F, = 0, and 
T=-H= -Pcotant (4.) 

In the example just given, the method of sections is tedious and 
complex as compared with the method of polygons, and is intro- 
duced for the sake of illustration only. 

278. Balance of a Chain or Cord.— A loaded chain may be looked 
upon as a polygonal frame whose pieces and joints are so numerous 
that its figure may without sensible error be treated as a continuous 
curve. The following are the piinciples respecting the equilibrium 
of loaded chains and cords which are of most importance in practice. 
I. Balance of a Chain in general. — Let D A C, in ^g, 123, repre- 
sent a flexible cord or chain supported at the points C and D, and 

c loaded by forces in any 
direction, constant or vary- 
ing, distributed over its 
whole length with constant 
or varying intensity. 
Let A and B be any 
_ two points in this chain; 

Fig. 123. fvom those points draw 

tangents to the chain, A P and B P, meeting in P. The load acting 
on the chain between the points A and B is balanced by the pulls 
along the chain at those two points respectively; those pulls must 
respectively act along the tangents A"&, ^P", Wv.ce tbe resultant 
of the load between A and B acta t\iTOw^ >j)cie \io\\v\. QV\xi\fcTs*»i^3v^^^ 
of the tangents at A and B; and tlaat \oad, ^.u^^2^l^\«ostfss\&Q^H5fta 
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chain at A and B, are respectively proportional to the sides of a 
triangle parallel to their directions. 

II. Chain under Vertical Load, — Curve of Equilibrium. — If the 
direction of the load be everywhere parallel and vertical, draw a 
vertical straight line, C D, ^g. 124, to represent the total load, smd 
from its ends draw C O and D O, parallel to two tangents at the 
points of support of the chain, and meeting in O; 
those lines will represent the tensions on the chain 
at its points of support. 

Let A, in fig. 123, be the lowest point of the 
chain. In fig. 124, draw the horizontal line O A; 
this will represent the horizontal component of the 
tension of ttie chain at every point, and if O B be 
parallel to a tangent to the chain at B (fig. 123), 
A B will represent the portioii of the load sup- 
ported between A and B, and B the tension at B. 

To express this algebraically, let Fig. 124. 

H = O A = horizontal tension along the chain at A; 

R = O B = pull along the chain at B ; 

P = A B = load on the chain between A and B; 

i= ZX PB (fig. 123) = Z A O B fig. 124) = inclination of 

chain at B; 
then, 

P = Htan^;E= ^(P2 + H2)=H sec * (1.) 

To deduce from these formulae an equation by which the form of 
the curve assumed by the chain can be determined when the dis- 
tribution of the load is known, let that curve be referred to rect- 
angular, horizontal, and vertical co-ordinates, measured from the 
lowest point A, fig. 123, the co-ordinates of B being, AX = ar, 

//•i "P 
X B = y, then tan ^ = 3^ = =., a difierential equation, which enables 

ax JUL 

the form assumed by the cord (or " curve of equilibrium") to be 

determined when the distribution of the load is known. 

279. Stability of Blocks. — The conditions of stability of a single 

block supported upon another body at a plane joint may be thus 

summed up : — 

In fig. 125, let A A represent the upper block, 

B B part of the supporting body, e E the joint, 

C its centre of pressure, P C the resultant of 

the "whole pressure distributed over the joint, 

NC, TC, its components perpendicular and 

parallel to the joints respectively. Tlieii t\ie ^ 

conditions of stability are the following :— ^^' 

L In orde9' ihat the block may mt slide, tTie oWaquxt'y oj <}wft 
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pressure must not exceed the angle of repose (Article 261, page 154), 
that is to say, 



zPC]sr^f> 



.(1.) 




II. In order that tfie block may he in no danger of overturning^ CAe 
ratio which the deviation of the cent/re of pressure from the cerUre of 
figure of the joint bears to the length of ihe diameter of the joint 
traversing those two centres, must not exceed a certain fraction. The 
value of that fraction varies, according to circumstances, from one- 
eighth to three-eighths. 

The first of these conditions is called that of stability ofjrictionj 
the second, that of stability of position. 

In a structure composed of a series of blocks, or of a series of 
courses so bonded that each may be considered as one block, wbich 

blocks or courses press against each other 
at plane joints, the two conditions of 
stability must be fulfilled at each joint. 

Let fig. 126 represent part of such a 
structure, 1, 1, 2, 2, 3, 3, 4, 4, being 
some of its plane joints. 

Suppose the centre of pressure Cj of 
the joint 1 , 1, to be known, and also the 
amount and direction of the pressure, as 
Fig. 126. indicated by the arrow traversing Cj. 

With that pressure combine the weight of the block 1, 2, 2, 1, 
together with any other external force which may act on that block; 
the resultant will be the total pressure to be resisted at the joint 
2, 2, which will be given in magnitude, direction, and position, and 
will intersect that joint in the centre of pressure Cg. By continu- 
ing this process there are found the centres of pressure Cg, C4, Ac, 
of any number of successive joints, and the directions and magni- 
tudes of the resultant pressures acting at those joints. 

The magnitude and position of the resultant pressure at any 
joint whatsoever, and consequently the centre of pressure at that 
joint, may also be found simply by taking the resultant of all the 
forces which act on one of the parts into which that joint divides 
the structure. 

The centres of pressure at the joints are sometimes called centres 
of resistance. A line traversing all those centres of resistance, snch 
as the dotted line R R, in fig. 126, has received from Mr. Moseley 
the name of the "line of resistance ; ^' and that author has also 
shewn how in many cases the equation which expresses the form of 
that line may be determined, and applied to the solution of useful 
problems. 

The straight lines repreaexitm^ >i)aft T^^xxNfeivxiX. \.x«sK«t5Ma. ^sasiijj be 
all parallel, or may all lie m t\i^ a««^^ ^Vrak^X. \\\i<^ ^x ^asc^ ^ 
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intersect in one point. The more common case, however, is that 
in which those straight lines intersect each other in a Series of 
points, so as to form a polygon. A curve, such as P P, in fig. 126 
touching all the sides of that polygon, is called by Mr. Moseley 
the " line of pressures" 

The properties which the line of resistance and line of pressures 
must have, in order that the conditions of stability may be fulfilled, 
are, as already stated, the following : — 

To insure stability of position, the line of resistance must not 
deviate from the centre of figure of any joint by more them a certain 
fractiorfi of the dia/meter of the joint, measured in the direction qf 
deviation. 

To insure stability of friction, the norrmd to each joint must not 
vnahe am, angle greater tha/n the angle of repose widh a tangent to 
the line of pressures dravm through the centre of resistance ofthatjoirU. 

Conceive a line to pass tlirough all the limiting positions of the 
centre of resistance of the joint, so as to enclose a space beyond 
which that centre must not be found. 

The product qf the weight of the structure into the horizontal dis- 
tance of a point in this line from a vertical line traver»lng the centre 
qf gravity of the structure is the moment op stability of t/ie struc- 
ture, when the applied thrust acts in a vertical pkme parallel to tJiat 
horizontal distance, and tends to overturn the structure in the direC' 
tion of the given point in the line limiting the position of the centre of 
resistance; for that, according to Article 222, is the moment of the 
couple, which, being combined with a single force equal to the 
weight of the structure, tmnsfers the line of action of that force 
parsdlel to itself through a distance equal to the given horizontal 
distance of the centre of resistance from the centre of gravity of 
the structure. The applied couple usually consists of the thrust of 
a frame, or an arch, or the pressure of a fluid, or of a mass of earth, 
against the structure, together with the equal, opposite, and parallel, 
but not directly opposed, resistance of the joint to that lateral 
force. 

To express this symbolically, let t be the length of the diameter 
of the joint where it is cut by the vertical plane traversing the 
centre of gravity of the structure and parallel to the applied thrust; 
let j be the inclination of that diameter to the horizon ; let g ^ be 
the distance of the given limiting centre of resistance from the 
middle point of that diameter, and q' t the distance from the same 
middle point to the point where the diameter is cut by the vertical 
line through the centre of gravity of the structure, and let W be 
the weight of the structure. Then the moment of stability ia 

TV(^±(7')<coaj; «Vy^ 

ibe aign / / being used according as t\ie ceTv\.Tft ol x^^\^\»^s;:^^^'» 
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and the vertical line through the centre of gravity, lie towards 

r opposite sides ) ^^ ^^^ ^^^^ ^^ ^^^ diameter. 

( the same side J 

Let h denote the height of the structure above the middle of the 
plane joint which is its base, h the breadth of that joint in a direc- 
tion perpendicular or conjugate to the diameter t, and w the weight 
of an unit of volume of the material. Then we shall have 

W = n'whht (2.) 

where n is a numerical /actor depending on the figure of the 
structiu'e, and on the angles which the cUmensions, A, 6, t, make 
with each other; that is, the angles of obliquity of the co-ordinates 
to which the figure of the structure is referred. Introducing this 
value of the weight of the structure into the formula 1, we find the 
following value for the moment of stability : — 

n{q± q') cosj'w ' hhfi ...(3.) 

This quantity is divided by points into three factors, viz. : — 
{I.) n{q ± q') cos J, a nurriericfbl factor, depending on i^Q figure 

of the structure, the obliquities of its co-ordinates, and the direction 

in which the applied force tends to overturn it. 

S%\ Wf the specific gravity of the material. 
3.) hh^, SL geometrical factor, depending on the dimensions of 
the structure. 

Now the first factor is the same in all structures having figures 
of the same class, with co-ordinates of equal obliquity, and exposed 
to similarly applied external forces; that is say, to all structures 
whose figures, together with the lines of action of the applied forces, 
are parallel projections of each other, vnth co-ordinates of equal obli- 
quity; hence for auy set of structures which fulfil that condition, 
the moments of stability are proportional to — 
I. The specific gravity of the material; 
II. The height; 

III. The breadth; 

IV. The square of the thickness; that is, of the dimension of 
the base which is parallel to the vertical plane of the applied force. 

280. Transformation of Blockwork Structures. — If a structure 
composed of blocks have stability of position when acted on by 
forces represented by a given system of lines, then will a structure 
whose figure is a parallel projection of the original structure have 
stability of position when acted on by forces represented by the 
corresponding parallel projection of the original system of lines; 
also, the centres of pressure in the new structure will be the 
corresponding projections of the centres of pressure in the original 
structure. 
The question, whether the new €\.Tac\.\»re> ^\ssMi^^\i^\s«si'&st- 
Jnation will possess stability of /rictiou \a a».m^«^«vA^Ti\.^t0^^xsi, 
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CHAPTEB II. 

PBINCIPLES AND RULES RELATING TO STRENGTH AND 

STIFFNESS. 

281. The Object of this Chapter is to give a summary of the 
principles, and of the general rules of calculation, which are 
applicable to problems of strength and stiffness, whatsoever the 
particular material may be. 

Section I. — Of Strength and Stiffness in General. 

282. Load; Stress, Strain, Strength. — The load, or combination 
of external forces, which is applied to any piece, moving or fixed, 
in a structure or machine, produces stress amongst the paii)icles 
of that piece, being the combination of forces which they exei-t in 
resisting the tendency of the load to disfigure and break the 
piece, accompanied by strain, or alteration of the volumes and 
figures of the whole piece, and of each of its particles. 

If the load is continually increased, it at length produces either 
frckcture or (if the material is very tough and ductile) such a 
disfigurement as is practically equivalent to fracture, by rendeiing 
the piece useless. 

The TJltvmate Str&ngtk of a body is the load required to produce 
fracture in some specified way. The Proof Strength is the load 
required to produce the greatest strain of a specific kind con- 
sistent with safety; that is, with the retention of the strength of 
the material unimpaired. A load exceeding the proof strcDgth of 
the body, although it may not produce instant fracture, produces 
fracture eventually by long-continued application and frequent 
repetition. 

The Working Load on each piece of a machine is made less than 
the ultimate strength, and less than the proof strength, in certain 
ratios determined partly by experiment and partly by practical 
experience, in order to provide for unforeseen contingencies. 

Each soHd has as many difierent kinds of strength as there are 
dififerent ways in which it can be strained or broken, as shewn in 
the following classification : — 

strain. Fracture. 

■i?io«>^r.+o^ / Extension Teaiing. 

Elementary j Compression Crushi^^. 

( Distortion ^\ieara:i^. 

Compound J Twisting .^xeucVvc^^. 

( Bending .'Bx^a'isiu^ ^.^xo^ 
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283. Coefficients or Moduli of Strength are quantities expressing 
the intensity of the stress under which a piece of a given material 
gives way when strained in a given manner; such intensity being < 
expressed in units of weight for each unit of sectional area of the 
layer of particles at which the body first begins to yield. In 
Britain, the ordinary unit of intensity employed in expressing the 
strength of materials is the pound a/ooirdupois on the squa/re tncA. 

Coefficients of strength are of as many different kinds as there 
are different ways of breaking a body. Their use will be explained 
in the sequel. 

Coefficients of strength, when of the same kind, may still vary | 
according to the direction in which the stress is applied to the I 
body. Thus the tenacity, or resistance to tearing, of most kinds of 
wood is much greater against tension exerted along than across 
the grain. 

284. Factors of Safety. — A fieujtor of safety, in the ordinary sense, 
is the ratio in which the load that is just sufficient to overcome ' 
instantly the strength of a piece of material is greater than the 
greatest safe ordinary working load. 

The proper value for the factor of safety depends on the nature 
of the material; it also depends upon how the load is applied. 
The load upon any piece in a structure or in a machine is distin- 
guished into dead load and live had, A dead load is a load which 
is put on by imperceptible degrees, and which remains steady; such 
as the weight of a structure, or of the fixed framing in a machine. 
A live load is one that is or may be put on suddenly, or accom- 
panied with vibration ; like a swift train travelling over a railway 
bridge; or like most of the forces exerted by and upon the moving 
pieces in a machine. 

It can be shewn that in most cases which occur in practice a 
live load produces, or is liable to produce, tunce, or very nearly 
twice, the effect, in the shape of stress and stmin, which an equal 
dead load would produce. The mean intensity of the stress pro- 
duced by a suddenly applied load is no greater than that produced 
by the same load acting steadily; but in the case of the suddenly 
applied load, the stress begins by being insensible, increases to 
double its mean intensity, and then goes through a series of 
fluctuations, alternately below and above the mean, accompanied 
by vibration of the strained body. Hence the ordinary practice is 
to make the factor of safety for a live load double of the factor 
of safety for a dead load. 

A distinction is to be drawn between real and apparent factors 

of safety. A real factor of safety is the ratio in which the ultimate 

or breaking stress is greater tlGLau. \\ie t^«l\ ^atkiw% stress at the 

time when the straining actiou oi >i\i^ \o«A \^ ^^aX«ai^, 'Y^^ 

apparent factor of safety has to \>^ ma.^^ ^^^\«x V5Ba.\i 'Caa x'^ 
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&cior of safety in those cases in which the calculation of strength 
is based, not upon the greatest straining action of the load, but 
upon a mean straining action, which is exceeded by the greatest 
straining action in a certain propoHion. In such cases the apparent 
&ctor of safety is the product obtained by multiplying the real 
&ctor of safety by the ratio in which the greatest straining action 
exceeds the mean. 

Another class of cases in which the apparent exceeds the real 
factor of safety is when there are ad£tional straining actions 
besides that due to the transmission of motive power, and when 
those additional actions, instead of being taken into account in 
detail, are allowed for in a rough way by means of an increase of 
the factor of safety. A third class of cases is when there is a 
possibility of an increased load coming by accident to act upon the 
piece under consideration. For example, a steam engine may 
drive two lines of shafting, exerting half its power on each ; one 
may suddenly break down, or be thrown out of gear, and the 
engine may for a short time exert its whole power on the other. 

The following table shews the ordinary values of real factors of 
safety : — 

Bbal Factobs ov Safett. 
Dead Load. Live Load. 

Perfect materials and workmanship, .... 2 4 

Ordinary materials and workmanship — 

Metals, 3 6 

Wood, Hempen Hopes, from 3 to 5 10 

Masonry and Brickwork, 4 8 

The following are examples of apparent factors of safety :^ 

Eatio in which Annftr«nt 

Greatest Effort pSSfS 

Beal Factor of Safety, 6 exceeds Mean a^L 

Effort, nearly. ^' 

Steam engines acting against a constant 
resistance — 

Single engine, 1*6 9*^ 

Pair of engines driving cranks at right ) ■. .-. g.g 

angles, J 

Three engines driving equiangular) ^.q^ q,^ 

cranks, J 

Ordinary cases of varying eflTort and) o-o 12-0 

resistance, J 

Linesof shafting inmill work; apparent ' 

factor of safety for twisting stress ( 

due to motive po wer, to cover allow- y irota. \% Vi '^^ 

ancea for bending actiouB, accidental 
extra load, &c., 
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Almost all the experiments hitherto made on the strength of 
materials give coefficients or moduli of vXtMna^ ^strength; t£at is, 
coefficients expressing the intensity of the stress exerted by the 
most severely strained particles of the material just before it ^ves 
way. In calculations for the purpose of designing firamework or 
machineiy to bear a given working load, there are two ways of 
using the factor of safety, — one is, to multiply the working load 
by the factor of safety, so as to determine the breaking load, and 
use this load in the calculation, along with the modulus of ultimate 
strength : the other is, to divide the modulus of ultimate strength 
by the factor of safety, and thus to find a modulus or coefficient 
of working stress, which is to be used in the calculation, along 
with the vywldng load. It is obvious that the two methods are 
mathematically equivalent, and must lead to the same result; 
but the latter is on the whole the more convenient in designing 
machines. 

285. The Proof or Testing by experiment of the strength of a 
piece of material is conducted in two different ways, according to 
the object in view. 

I. If the piece is to be afterwa/rds used, the testing load must be 
so limited that there shall be no possibility of its impairing the 
strength of the piece ; that is, it must not exceed the proof strength^ 
being from one-third to one-half of the ultimate strength. About 
double or treble of the working load is in general sufficient. Care 
should be taken to avoid vibrations and shocks when the testing 
load approaches near to the proof strength. 

II. If the piece is to be sacrificed for the sake of ascertaining the 
strength of the material, the load is to be increased by degrees until 
the piece breaks, care being taken, especially when the breaking 
point is approached, to increase the load by small quantities at a 
time, so as to get a sufficiently precise result. 

The proof strength requires much more time and trouble for its 
determination than the ultimate strength. One mode of approxi- 
mating to the proof strength of a piece is to apply a moderate load 
and remove it, apply the same load again and remove it, two or 
three times in succession, observing at each time of application of 
the load the strain or alteration of figure of the piece when loaded, 
by stretching, compression, bending, distortion, or twisting, as the 
case may be. If that alteration does not sensibly inxsrease by re- 
peated applications of the same load, the load is within the limit 
of proof strength. The efiects of a greater and a greater load being 
successively tested in the same way, a load will at length be reached 
whose successive applications produce increasing disfigurements of 
the piece; and this load will \)e gceaX.«t ^Joasi tVvft proof strength, 
which will lie between tlie last \o«l^ »si^>iJfcL^\a»k\»V«^\K& ^\ifc \a. 
tlie series of experiments. 
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It was formerly supposed that the production of a set — that is, a 
disfigurement which continues after the removal of the load — was 
a test of the proof strength being exceeded; but Mr. Hodgkinson 
shewed that supposition to be erroneous, by proving that in most 
materials a set is produced by almost any load, how small soever. 

The strength of bars and beams to resist breaking across, and of 
axles to resist twisting, can be tested by the application of known 
weights either directly or through a lever. 

To test the tenacity of rods, chains, and ropes, and the resist- 
ance of pillars to crushing, more powerful and complex mechanism 
is required. The apparatus most commonly employed is the 
hydraulic press. In computing the stress which it produces, no 
reliance ought to be placed on the load on the safety valve, or on 
a weight hung to the pump handle, as indicating the intensity of 
the pressure, which should be ascertained by means of a pressure 
gauge. This remark applies also to the proving of boilers by water 
pressure. From experiments by Messrs. H!ick and Liithy it appears 
that, in calculating the stress produced on a bar by means of a 
hydraulic press, the friction of the collar may be allowed for by 
deducting a force equivalent to the pressure of the water upon an 
. area of a length equal to the circumference of the collar, and one- 
eightieth of an inch broad. 

For the exact determination of general laws, although the load 
may be applied at one end of the piece to be tested by means of a 
hydraulic press, it ought to be resisted and measured at the other 
end by means of a combination of levers. 

286. Stiffness or Rigidity, Pliability, their Moduli or Coefficients. 
— Rigidity or stiffness is the property which a solid body possesses 
of resisting forces tending to change its figure. It may be expressed 
as a quantity, called a modidus or coefficient of stiffness, by taking 
the ratio of the intensity of a given stress of a given kind to the 
strain, or alteration of figure, with which that stress is accom- 
panied — that strain being expressed as a quantity by dividing the 
alteration of some dimension of the body by the original length of 
that dimension. In most materials which are used in machinery, 
the moduli of stiffness, though not exactly constant, are nearly 
constant for stresses not exceeding the proof strength. 

The reciprocal of a modulus of stiffiiess may be called a " modulus 
qfpliahilityf that is to say, 

Modulus of Stiffness = lB!!Bi5^£Strea8 

Strain 

Modulus of Pliability = r=r— — rr — ^-sr • 

^ Intensity ol ^Xite^^s^ 

28T. The Elasticity of a SoUd conBista oi a\.\Siie^^, ox x^^-v^Xas^^ 
to change of £gare, combined witli the -oo^eTr oi x^^on^tvxs^ ^a^^ 
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original figure when the straining force la withdrawn. If that 
recovery is complete and immediate, the body is perfectly dcutk; 
if there is a set^ or permanent change of fignre, after the remoTal 
of the straining force, the body is imperfectly elastic. The elasticity 
of no solid substance is absolutely perfect, but that of many sub- 
stances is nearly perfect when the stress does not exceed the proof 
strength, and may be made sensibly perfect by restricting the stress 
within small enough limits. 

MadvM or Coefficients of Elasticity are the values of moduli of 
stiffness when the stress is so limited that the value of each of 
those moduli is sensibly constant, and the elasticity of the body 
sensibly perfect. 

288. Resilience or Spring is the quantity of mechanical vxrrk* 
required to produce the proof stress on a given piece of material, 
and is equsd to the product of the proof strain, or alteration of 
figure, into the mean load which acts during the production of 
that strain ; that is to say, in general, very nearly one-half of the 
proof load. 

289. Heights or Lengths of Moduli of Stiffiiess and Strength— 
The term height or length, as applied to a modulus or coefficient of 
strength or of stifiness, means the length of an imaginary vertical 
column of the material to which the modulus belongs, whose 
weight would cause a pressure on its base equal in intensity to 
the stress expressed by the given modulus. Hence 

Height of a modulus in feet 

_ Modulus in lbs. on the square foot 

Heaviness of material in lbs. to the cubic foot' 

_ Modulus in lbs. on the square inch 

"Weight of 12 cubic inches of the material' 

Height of a modulus in inches 

_ Modulus in lbs. on the square inch 

Heaviness of material in lbs. to the cubic inch' 

Height of a modulus in metres 
_ Modulus in kilogrammes on the square m^tre 

"Heaviness of material in kilogrammes to the cubic metre* 

Section 2. — Of Resistance to Direct Tension. 

290. Strength, Stififhess, and Resilience of a Tie. — The word tie 
js here used to denote any piece iu framing or in mechanism, such 

* Mechanical Worlc, which will be toiil^ tteaX.^^ cS.*YCL^«c\.N\.,Taa;^\«, 
eBned aa the product of ikforct into t\ie space t\iTo\x^^^5:viV\\. ^\&, 
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as a rod, bar, band, cord, or chain, which is under the action of a 
pair of eqaal and opposite longitudinal forces tending to stretch 
it, and to tear it asunder. The common magnitude of those two 
forces is the load ; and it is equal to the product of the sectional 
area of the piece into the intensity of the tensile stress. The 
values of that intensity, corresponding to the immediate breaking 
load, the proof load, and the working load, are called respectively 
the moduli or coefficients of vltimate tenacity y of 'proof tension, and 
of working tension. 

In symbols, let P be the load, S the sectional area, and p the 
intensity of the tensile stress; then 

P=i'S (1.) 

If the sectional area varies at different points, the least area is to 
be taken into account in calculations of strength. 

The elongation of a tie produced by any load, P, not exceeding 
the proof load, is found as follows, provided the sectional area is 
uniform :— 

Let X denote the original length of the tie, A x the elongation, 

and a = the extension \ that is, the proportion which that 

M/ 

elongation bears to the original length of the bar, being the 
numerical measure of the strain. 

Let E denote the modulus of direct elasticity, or resistance to 
stretching. Then 

<* = ^3 A^ = «^ = g«- (2-> 

Lety* denote the proof tension of the material, so that/' S is the 
proof load of the tie; then the proof extension is/' -f- E. 

The Resilience or Spring of the tie, or the work done in stretch- 
ing it to the limit of proof strain, is computed as follows. The 
length, as before, being aj, the elongation of the tie produced by the 
proof load is / a: 4- E. The force which acts through this space has 
for its least value 0, for its greatest value P =/' S, and for its mean 
value / S -=- 2 ; so that the work done in stretching the tie to the 
proof strain, that is, its resilience or spring, is 

/S fxf^ Bx .ov 

"2""E -E'Y' ^ ' 

The coefficient f^ 4- E, by which one-half of the volume of the 
tie is multiplied in the above formula, is called the Modulus op 
Besilience. 

A suddm puU of / S -f- 2, or one-half of the \)roof lo«A^ V^ra^^ 
applied to the bar, will produce the entire pxooi ^\.x«Ivjv Qk*l f "^^"k 
wb/ch 18 produced by the gradual application oi ^iXi^k ^T<i^^ V5»». 
tselfj for the work performed bv the action oi \)cie co\i^\»xiX» vs^^^ 



186 THEOBY OF STBUCTUREB. 

/ S -$- 2, through a given space, is the same with the work pe^ 
fonned by the action, through the same space^ of a force increaamg 
at an uniform rate from up to j^ S. Hence a ti% to resist niJ^ 
safety the sudden application of a given pull, requires to have twice 
the strength that is necessary to resist the gradual application and 
steady action of the same pull. This is an Ulusteation of the 
principle, that the factor of safety for a live load is twice that for a 
dead load. 

291. Thin Cylindrical and Spherical Shells. — ^Let r denote the 
radius of a thin hollow cylinder, such as the shell of a high-pressure 
boiler; 

t, the thickness of the shell; 

/, the ultimate tenacity of the material, in pounds per square 
inch; 

Pf the intensity of the pressure, in pounds per square inch, re- 
quired to burst the shell. This ought to be taken at six times the 
effective working pressure — effective pressu/re meaning the excess of 
the pressure from within above the pressure from without, .which 
last is usually the atmospheric pressure, of 14*7 lbs. on the square 
inch or thereabouts. 

Then 

P-'^T-^ ('-^ 

and the proper proportion of thickness to radius is given by the 
formula, — 

H w 

Thin spherical shells are tivice as strong as cylindrical shells of 
the same radius and thickness. 

The tenacity of good wrought-iron boiler-plates is about 50,000 Iba 



Section 3. — Op Resistance to Distoetion and Sheabing. 

292. Distortion and Shearing Stress in General. — In framework 
and mechanism many cases occur in which the principal pieces, such 
as plates, links, bars, or beams, being themselves subjected to ten- 
sion, pressure, twisting, or bending, are connected with each other 
at their joints by rivets, bolts, pins, keys, or screws, which are 
under the action of a shearing force, tending to make them give 
way bj the sliding of one part over another. 
Every shearing stress is eqiu^alen^. \o «i. -^vt ^1 ^o^c^ ^tcesses of 
the same intensity, one tens^e and ^^ o^«t Q^\siY^:s»«^^) ^xsse^ 
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in directions making angles of 45^ with tlie shearing stress. Hence 
it follows that a body may give way to a shearing stress either by 
actual shearing, at a plane parallel to the direction of the shearing 
force, or by teaiing, in a direction making an angle of 45** with that 
force. The manner of breaking depends on the structure of the 
material, hard and brittle materials giving way by tension, and soft 
and tough materials by shearing. 

When a shearing force does not exceed the limit within which 
moduli of stifiness are sensibly constant, it produces distortion of 
the body on which it acts. Let q denote the intensity of shearing 
stress applied to the four lateral faces of an originally square 
prismatic particle, so as to distort it; and let * be the distortion, 
expressed by the tangent of the difference bettveen ^ach of the distorted 
angles of the prism and a right omgle; then 

f=c, (1.) 

is the mod/uhjLS of transverse elasticity, or resistance to distortion. 

One mode of expressing the distortion of an originally square 
prism is as follows : — ^Let « denote the proportionate elongation of 
one of the diagonals of its end, and ~ » the proportionate shorten- 
ing of the other; then the distortion is 

Q 

The ratio ^ of the modulus of transverse elasticity to the modulus 
Jli 

of direct elasticity defined in Article 287, page 184, has difierent 

values for different materials, ranging from to ^c. For wrought- 

1 ^ 

iron and steel it is about ^. 



Section 4. — Of Eesistance to Twisting and Wrenching. 

293. Twisting or Torsion in General. — Torsion is the condition 
of strain into which a cylindrical or prismatic body is put when a 
pair of couples of equal and opposite moment, tending to make it 
rotate about its axis in contrary directions, are applied to its two 
ends. Such is the condition of shafts which transmit motive power. 
The moment is called the twisting moment, and at each cross- 
section of the bar it is resisted by an equal and opposite moment of 
stress. Each particle of the shaft is in a state of dL%tj^T^^\^^ ^^x^ 
exerts shearing stress. 

In British measures, twisting momenta axe eT^T«K»fc^VQ.xw3[^'^^Jci^ 

^94. Strength of a Cylindrical Shaft.— A. c^\m^^\R»i ^^"^"^^ ^^ 
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fig. 127, being subjected to the twisting moment of a pair of eqnal 

^e--^ / "*d opposite couples applied to the 

^ /| y^X^ — ^---?-v cross-sections, A and B, it is required 

(; I • ^^v/\b ^ ^^^ ^® condition of stress and 

-*-— «^A^y^._^ Cy^ strain at any intermediate cross-sec- 

^^ ^^ / tion, snch as S, and also the angular 

* displacement of any cross-section rela- 
Fig. 127. I^^ely to any other. 

From the uniformity of the figure of the bar, and the uniformity 
of the twisting moment, it is evident that the condition of stress 
and strain of all cross-sections is the same; also, because of the 
circular figure of each cross-section, the condition of stress and 
strain of idl particles at the same distance from the axis of the 
cylinder must be alike. 

Suppose a circular layer to be included between the cross-section 
S, and another cross-section at the longitudinal distance d x from 
it. The twisting moment causes one of those cross-sections to 
rotate relatively to the other, about the axis of the cylinder, through 
an angle which may be denoted by d $, Then if there be two 
points at the same distance, r, from the axis of the cylinder, one in 
the one cross-section and the other in the other, which points 
were originally in one straight line parallel to the axis of the 
cylinder, the twisting moment shifts one of those points laterally, 
relatively to the other, through the distance r d 0, Consequently, 
the part of the layer which lies between those points is in a con- 
dition of distortion, in a plane perpendicular to the radius r j and 
the distortion is expressed by the ratio 

d 6 

'='-di' (I-) 

which varies proportiOTbaMy to the distance from the axis. There 
is therefore a shearing stress at each point of the cross-section, 
whose direction is perpendicular to the radius drawn from the axis 
to that point, and whose intensity is proportional to that radiuSy 
being represented by 

^ = ^' = «'"l^- (2.) 

The STRENGTH of the shaft is determined in the following man- 
ner: — Let q^ be the limit of the shearing stress to which the 
material is to be exposed, being the ultimate resistance to wrench- 
jjjg if it 13 to he broken, the 2woo/ reaiateLac^ if it is to be tested, 
and the working resistance if the 'workiTi^ TCkoxxieaX. ^i \«t«tfw:LSA\i!i 
he determined. Let rj be the extexnaY Tad\\\«. oi ^^ ^"s^a. ^Y^ossa. 
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q^ is the value of q at the distance Vi from the axis ; and at any 
other distance,, r, the intensity of the shearing stress is 

«-^ ('•) 

Conceive the cross-section to be divided into narrow concentric 
rings, each of the breadth d r. Let r be the mean radius of one of 
these rings. Then its area is 2 «- r c?r; the intensity of the shear- 
ing stress on it is that given by Equation 3, and the leverage of 
that stress relatively to the axis of the cylinder is r; consequently 
the moment of the shearing stress of the ring in question, being 
the product of the three quantities, 

^^, r, and 2vrdr is -^^ • r^ d 

which being integrated for all the rings from the centre to the 
circumference of the cross-section, gives for the moment of torsion, 
and of resistance to torsion, 

M = ^5^1^ = ]^ 5^1^^; (4-) 

if A= 2 r^ be the diameter of the shaft, 

(|= 1-5708 ; ^ = 0-196 nearly). 

If the axle is hollow, h^ being the diameter of the hollow, the 
moment of torsion becomes 

^=5-^'^ (^•) 

The following formulae serve to calculate the diameters of shafts 
when the twisting moment and stress are given ; solid shafts : — 



^=e4r)'^ <«■> 



hollow shafts — 

5-1 M 

'h=<.J,_^\} (7-) 






Section 5. — Of Resistance to Bending and Cross-Breaking. 

295. Resistance to Bending in General.— In e^^^iTim^^^^'^^^- 

ciples of the resistance which bodies oppose to \>eti^m^ «^^^ cto'sa.- 

breaking, it is convenient to use the wor4 beam «a ^ ^\sks^ '^^'^'^ 
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to denote the body tinder consideration ; but tbose principles are 
applicable, not only to beams for supporting weights, but to leveis, 
cross-heads, cross-tails, shafts, journals, cranks, and all pieces in 
machinery or framework to which forces are applied tending to 
bend them and to break them across ; that is to say, forces trans- 
verse to the axis of the piece. 

Conceive a beam which is acted upon by a combination of 
parallel transverse forces that balance each other, to be divided 
into two parts by an imaginary transverse section ; and consider 
separately the conditions of equilibrium of one of those parts. The 
external transverse forces which act on that part, and constitute 
the load on it, do not necessarily balance each other. Their result- 
ant may be found by the rule of Article 233, page 132. That 
resultant is called the SlieaHng Load at the cross-section under con- 
sideration, and it is balanced by the Sliecmng Stress exerted by the 
particles which that cross-section traverses. The resultant moment 
of the same set of forces, relatively to the same cross-section, may 
be found by the same rule ; it is called the Bending Moment at that 
cross-section, and it is balanced (if the beam is strong enough) by 
the Moment of Stress exerted by the particles which the cross-section 
traverses, called also the Moment of Resistance, That moment of 
stress is due wholly to longitudinal stress, and it is exerted in the 
following way: — The bending of the beam causes the originally 
straight layers of particles to become curved; those near the 
concave side of the beam become shortened ; those near the convex 
side, lengthened ; the shortened layers exert longitudinal thrust ; 
the lengthened layers, longitudinal tension ; the resultant thrust and 
the resultant tension are equal and opposite, and compose a couple, 
whose moment is the moment of stress, equal and opposite to the 
bending moment. 

In the solution of problems respecting the transverse strength of 
beams, it is necessary to determine the shearing load and bending 
moment produced by the transverse external forces at different 
cross-sections, and especially at those cross-sections at which they 
act most intensely, and the relations between the dimensions and 
figure of a cross-section of the beam, and the moment of stress 
which that cross-section is capable of exerting, so that each cross- 
section, . and especially that at which the Ijending moment is 
greatest, may have sufficient strength. 

296. Calculation of Shearing Loads and Bending Moments.— 
In the formulae which follow, the shearing load at a given cross- 
section will be denoted by F, and the bending moment by M. In 
British measures it is most convenient to express the bending 
moment in inch-lbs.^ because of tlie traiisvet^^ ^wxi^Ti^Qxyi of pieces 
in maebines heing expressed in inchea. 
TJie mathematical x^rocess for ^ndm^ "5 ^^^^ "^ ^'^ ^^1 ^^^^ 
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cross-section of a beam, though always the same in principle, may 
be varied considerably in. detail. Th*e following is on the whole 
the most convenient way of conducting it : — 

Fig. 128 represents a beam supported at both ends, and loaded 
between them. Fig. 129 represents a bracket; that is, a beam 
supported And Jloced at one end, and loaded on a projecting portion. 
P, Q, represent in each case the supporting forces; in ^g. 128, Wj, 



Z^jAiT^ 





Kg. 128. Pig. 129. 

^29 ^89 ^^-f represent portions of the load: in hg, 129, Wq re- 
presents the endmost portion of the load, and Wj, Wg, Wg, other 
portions; in both figures, Aa?i, Aa?2> Aajg, &c., denote the lengths of 
the intervals into which the lines of action of the portions of the 
load divide the longitudinal axis of the beam. The forces marked 
W may be the weights of parts of the beam itself, or of bodies 
carried by it ; or they may be forces exerted by moving pieces in a 
machine on each other; or, in short, they may be any external 
transverse forces. If the body called the beam is a shaft, P and 
Q will be the bearing pressures. 

The figures represent the load as applied at detached points ; 
but when it is continuously distributed, the length of a«y inde- 
finitely short portion of the beam may be denoted by d x, the 
intensity of the load upon it per unit of length by w, and the 
amount of the load upon it by it? ^ x. 

The process to be gone through will then consist of the follow- 
ing steps : — 

Step I. To fivd the Supporting Forces or Bearing Pressures, P 
amd Q. — Assume any convenient point in the longitudinal axis as 
origin of co-ordinates, and find the distance Xq of the resultant of 
the load from it, by the rule of Article 233, page 132; that is 
to say, 



Xq = 



../ 



2W ' 
xw dx 



or 



A5.>, 



/ 



wdx 
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Then, by the rale of Article 227, page 129, find the two sap- 
porting forces or bearing pressares, P and Q; that is to say, let £ 
be the resultant load, and P B and B Q its distances from the 
points of support; and make 



PQ:PB:QB 
:R 



>B:QB) .«. 

Q : P. / - W 



Step II. To find the sliearing loads at a series of secHons, — In 
what position soever the origin of co-ordinates may have been 
daring the previous step, assume it now, in a beam supported at 
both ends, to be at one of the points of support (as A, fig. 128), and 
in a bracket to be at the loaded point fiirthest from the fixed end 
(as A, fig. 129). Consider P as positive and W as n^ative. 

Then the shearing load in any given interval of the length of 
the beam is the resultant of all the forces acting on the beam from 
the origin to that interval; so that it has the series of values, 



In Fig. 128. 


In Fig. 129. 


Foi = P; 

F« = P-W,; 

Fa, = P-Wi-W,; 

and generally, 

F = P-2-W; (4.) 


-Foi-Wo; 

-F^=Wo+Wi; 

-F„ = Wo + Wi + W.; 

-F3^ = Wo + Wi + W, + W3,&c.; 

and generally, 

-F = 2-W; (5.) 



so that the shearing loads which act in a series of intervals of the 
length of the beam can be computed by successive subtractions or 
successive additions, as the case may be. 

For a continuously distribute* I load, these equations become 
respectively, 

In a beam supported at both ends, F = P-/ wdx;...(fi,) 



In a bracket, - F = / wdx; (7.) 

in which expressions, a;' denotes the distance from the origin, A, to 
the plane of section under consideration. 

The positive and negative signs distinguish the two contrary 
directions of the distortion which the shearing load tends to 
produce. 

The Greatest Shearing Load acts in a beam supported at both 
ends, close to one or other of the points of support, and its value 
is either P or Q. In a bracket, the greatest shearing load on the 
projecting part acts close to the outer point of support, and its 
value is equal to the entire load. 

''d a beam supported at botb ei\ds V\ie ^\i%rasi% 1a^^^ ^%s^^<{^<^ 
angea from positive to negative at »om^ mtetm^^^»XRi «rrjC\ss^^ 
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^hose position may be found from Equation 4 or Equation 6, 
bj making F = 0. At the second point of support, F = - Q. 

Step III. To find the bending moments at a series of sections, — 
At the origin A there is no bending moment. Multiply the 
length of each of the intervals A ^^ of the longitudinal axis of the 
beam by the shearing load F, which acts throughout that interval ; 
the first of the products so obtained is the bending moment at 
the inner end of the first interval ; and by adding to it the other 
products successively, there are obtained the bending moments at 
the inner ends of the other intervals in succession.* 

That is to say, — bending moment ' 

at the origin A ; Mq = 0; 

at the line of action of W^; M^ = Fqi • Aa?i; 

„ „ „ Wg; Mg = Foi • Aa?! + F12 A x^; 

„. „ „ Wgj M3 = Foi-A«i + -Fi2Aa?2 + ^2s'Aa;3; 

&c, &c, 

and generally, M = 2 -FAoc, (8.) 

If the divisions A« are o/eqtial length, this becomes 

M = Aa;-2F; (9.) 

and for a continuously distributed load. 



M 



= r^dx (10.) 



The three preceding Equations 8, 9, and 10, are applicable to 
l)eams whether supported at both ends or fixed at one end. By 
substituting for F in Equation 10 its values as given by Equations 
6 and 7 respectively, we obtain the following results : — 

For a beam supported at both ends, 

M = Piaj'- (' r wdx^ 
J J 

{x'-x)wdx} (11.) 



For a beam fixed at one end, 

I 

-M=| f*wdoi^= r (x'-x)wdx] (12.) 

in the latter of which equations the symbols - M denotes that the 
bending moment acts downwards. 

• This process is substantially the same wit\i t"^^^ ctsi-^o.^^^ \s^ ^^. 
Herbert La^iiAzn, id bia work On Iron Bridges, to eom^"vx\.^ \»>cifc ^\x^^^^sw>. 
half 'lattice girder. 

O 
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The Gfeatert BendiBg Mcwent acfaL in a biadDet, at the outer 
point of supp or t ; and in a beam aiqipocted at both ends, at the 
section where the shearing load Tanidies; foond, as already stated 
in Step ILy from the Equation F = 0. 

When the transverse forces applied to a beam snpported at botli 
ends are symmetrically distriboted rehitiYely to its middle section, 
the Greatest Bending Moment acts at that section; and it is some- 
times convenient to assume a point in that section as the origin of 
co-ordinates. 

Step IY. To deduce the shearing load and bending moment in 
one beam from those in another beam simUarlt/ supported and 
loaded. — ^'Dus is done by the aid of the following principle : — 

When beams differing in length and in the amounts of the loads 
upon them are similaHy supported, and have their loads similarly 
distributed, the shearing loads at corresponding sections in them vary 
as the total loads, and the bending moments as the products of tJie 
loads and lengths. 

This principle may be expressed by symbols in either of the two 
following ways : — 

First, Let I, V, denote the lengths of two beams, similarly sup- 
ported; let "W, W', denote their total loads, similarly distributed; 
let F, F', be the shearing forces, and M, M', the bending moments, 
at sections similarly situated in the two beams ; then 

W: W : :F : F;. (13.) 

ZW : Z' W : : M : M'..... (14.) 

Secondly, Let k and m be two numerical factors, depending on 
the way in which a beam is supported, the mode of distribution of 
its load, and the position of the cross-section under consideration; 
then 

F = A;W; (15.) 

M = mWZ (16.) 

The length between the points of support of a beam suppoi-ted 
at the ends, as in fig. 128, is often called the span. 

297. Examples. — In the following formulae, which are examples 
of the application of the principles of the preceding Article to the 
cases which occur most frequently in practice, "W denotes the total 
load; 

w, when the load is distributed, the load per unit of length of 
the beam ; 

c, in brackets, the length of the free part of the bracket ; 

c, in beams either loaded or supported at both ends, the Judf 
«pcm, between the extreme pomta oi \o^ at ^a^^rt and the 
(ddle; 
if, the greatest bending momeuti. 
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I. Bracket fixed at one end and loaded ) M = c W (1.) 
at the other, j ^ 

11. Bracket fixed at one end and uni- 1 «._cJW_w? c^ . 
formerly loaded, j"^" 2 2~""^'^ 

III. Beam supported at both ends and'V 

loaded at an intermediate point, f^_(^--^^)W .^ . 
whose distance from the middle of j 2 c ••"\ */ 

the span is a?, ) 

lY. Beam supported at both ends and ) tvt ^ ^ /a \ 

loaded in the middle, / ^" "2"' ^ '^ 

V. Beam supported at both ends and \yur__c^_'^(^ /^x 
uniformly loaded, , J J ^2" ' ' 

In Example III. the greatest force exerted is -^ — W, and the 

leverage with which it acts is c q: a; and Examples IV. and Y. 
follow from it by making x = o, 

VI. If a beam has equal and opposite couples applied to its two 
ends; for example, if the beam in fig. 130 has the couple of equal 
and opposite forces Pj applied at A and B, and the couple of 
equal and opposite forces Pg at C and D, 
and if the opposite moments P^ * A B 
= P2 • C D = M are equal, then each of 
the endmost divisions, A B and C D, is ^ 
in the condition of a bracket fixed at one 
end and loaded at the other (Example 1.); ^"^-f^ _,. oa^^^ 
and the middle division B C is acted upon ^^* 

by the uniform bending moment M, and by no shearing load. 

VII. Let a beam of the half span c be loaded with an uniformly 
distributed load of w units of weight per unit of span; and at a 
point whose distance from the middle of the span is a, let there 
be applied an additional load W. It is required to find x, the dis- 
tance from the middle of the span at which the greatest bending 
moment is exerted, and M, that greatest moment. 

Make 

W 

2 cw ' 

then the solutions are as follows : — 
Cji£fE L-^When -^or^^^ ; aj = m ^,c- ciT)', «>.'^'^ 



4Pv ^p 

^2 



Iff- 



1" 
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to €^ 



M = 



__^l+„__j (6.) 



Case 2. — ^When - = or.^^ : x = a: and 

c 1 +w» 



M=?^(l + 2«,)(l-J) (7.) 

In the following case both sets of formulse give the same result; 
when- = :i : x = a = m (c — a); and 

M -^ (^r ■ « 

298. Bending Moments produced by Longitudinal and Oblique 
Forces. — ^When a bar is acted upon at a given cross-section by any 
external force, whose line of action, whether transverse, oblique, or 
parallel to the axis of the bar, does not traverse the centre of 
magnitude of that cross-section, that force exerts a moment upon 
that cross-section equal to the product of the force into the perpen- 
dicular distance of its line of action from the centre of the cross- 
section, and that moment is to be balanced by the moment of 
longitudinal stress at the cross-section. 

The external force may be resolved into a longitudinal and a 
transverse component. The longitudinal component is balanced 
by an uniform longitudinal tension or pressure, as the case may be, 
exerted at the cross-section, and combined with the stress which 
resists the bending moment ; and the transverse component is re- 
sisted by shearing stress. 

299. Moment of Stress— Transverse Strength. — The bending 
moment at each cross-section of a beam bends the beam so as to make 
any originally plane longitudinal layer of the beam perpendicular 
to the plane in which the Joad acts, become concave in the direction 
towards which the moment acts, and convex in the opposite 
direction. Thus, fig. 131 represents a side view of a short portion 

of a bent beam; C C is a layer, origin- 

v^A -^-^^ ^^^y pl^J^®, which is now bent so as to 

^ J \,. become concave at one side and convex 

^^ v^^, at the other. 

..^fy::; :^ r r^:^^^.^^ The layers at and near the concave 

^^ ' — "^^v side of the beam, A A', are shortened, 

Fig. 131, sind t\ie Xajet^ tl^^x ^}aa ^sssg^^^sl ^ide, 
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of the load. There is one intermediate surface, O O', which is 
neither lengthened nor shortened ; it is called the " neutral surface.'* 
The particles at that surface are not necessarily, however, in a state 
devoid of strain; for, in common with the other particles of the 
beam, they are compressed and extended in a pair of diagonal 
directions, making angles of 45° with the neutral surface, by the 
shearing action of the load, when such action exists. 

The condition of the particles of a beam, produced by the com- 
bined bending and shearing actions of the load, is illustrated by fig. 
132, which represents a vertical longitudinal section of a rectangular 
beam, supported at the ends, and loaded at intermediate points. 
It is covered with a network consist- 
ing of two sets of curves cutting each 
other at right angles. The curves 
convex upwards are lines of direct 
thrust; those convex downwards are Fig. 132. 

lines of direct tension, A pair of 

tangents to the pair of curves which traverse any particle are the 
oases of stress of that particle. The neutral sv/rface is cut by both 
sets of curves at angles of 45°. At that vertical section of the 
beam where the shearing load vanishes, and the bending moment 
is greatest, both sets of curves become parallel to the neutral 
surface. 

When a beam breaks under the bending action of its load, it 
gives way, either by the crushing of the compressed side, A A', or 
by the tearing of the stretched side, B B'. 

In fig. 133, A represents a 
beam of a granular material, like 

cast iron, giving way by the 

crushing of the compressed side, F* i^^ "^ 

out of which a sort of wedge is ^^' 

forced. B represents a beam giving way by the tearing asunder of 
the stretched side. 

The resistance of a beam to bending and cross-breaking at any 
given cross-section is the moment of a couple, consisting of the 
thrust along the longitudinally-compressed layers, and the equal 
and opposite tension along the longitudinally-stretched layers. 

It has been found by experiment, that in most cases which occur 
in practice, the longitudinal stress of the layers of a beam may, 
without material error, be assumed to be uniformly vanning, its 
intensity being simply proportional to the distance of the layer 
from the neutral surface. 

Let fig. 134 represent a cross-section of a beam (such as that 
represented in ^g. 131), A the compveased s\^^,^^^ ^^'s^^'^^ 
side, Cany layer, and O the n&atral axis o? ^i\i^ ^^^\I\wv^ ^^'kvxn^ 
the lino in which it is cut by the neutral SMviae^. "^^"^ i? ^^^^"^^ 
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the intensity of the stress along the layer C, and y the distance 

of that layer from the neutral axis. Because the 

stress is uniformly varying, j> -r y is a constant 

^ , quantity. Let that constaint be denoted for the 

Let z be the breadth of the layer 0, and ^y its 
thickness; 
Then the amount of stress along it is 

pzdy = ayzdy; 

the amount of the stress along all the layers at the given cross* 
section is 




ajyzdy; 



and this amount must be nothing, — in other words, the total thrust 
and total tension at the cross-section must be equal, — ^because the 
forces applied to the beam are wholly transverse; from which it 
follows that 



fyzdy = 0, (1.) 



and the Tieutral axis traverses the centre of Tnagnitvde of tlie cross- 
section. This principle enables the neutral axis to be found by the 
aid oi the methods explained in Section 1, Chapter IIL, Part III. 

To find the greatest value of the constant p -i- y consistent with 
the strength of the beam at the given cross-section, let y^ be the 
distance of the compressed side, and yi, that of the extended side 
from the neutral axis; f^, the greatest thrust, and ff, the greatest 
tension which the material can bear in the form of a beam ; com- 
pute/, -f- y^f and j^ 4-^5, and adopt the less of those two quantities 
as the value of p -r- y, which may now be denoted by/-i-^i; 
/beings or/j, and y^ being y^, or y^,, according as the beam is 
liable to give way by crushing or by tearing. 

For the best economy of material, the two quotients ought to be 
equal; that is to say, 

J -.13 ^ tl — fa'^fb , (\ lS\ 

,yi Va Vb h ' ^ ^ 

and this gives what is called a cross-section of equal strength. 

The moment relatively to the neutral axis, of the stress exerted 
along any given layer of the cross-section, is 

y'p%dy = {-f'^^'^\ 
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and the sum of all such moments^ being the moment of stress, or 
MOMENT OP RESISTANCE of the given cross-section of the beam to 
breaking across^ is given by the formula, 

/ 



M^ jpyzdy^--fy^zdy; (2.) 



or making / y^zdy = l, 



M=^ (2 a.) 



When the breaking load is in question, the coefficient / is what 
is called the modulus op rupture of the material 

When the proof load or worhmg had is in question, the co- 
efficient / is the modulus of rupture divided by a suitable /ac^of 
of safety, which, for the working stress in parts of machinery that 
are made of metal, is usually 6, and for the parts made of wood, 10. 
Thus, the working nfiodvlua f is usually 9,000 lbs. on the square 
inch for wrought iron, 4,500 for cast iron, and from 1,000 to 1,200 
for wood. 

The factor denoted by I in the preceding equation is what is 
called the "geometrical moment of inertia" of the cross-section of 
the beam. For sections whose figures are similar, or are parallel 
projections of each other, the moments of inertia are to each other 
as the breadths, and as the cubes of the depths of the sections; and 
the values of 3/1 are as the depths. If, therefore, b be the breadth 
and h the depth of the rectangle circumscribing the cross-section of 
a given beam at the point where the moment of stress is greatest, 
we may put 

I = n'bh^ (3.) 

yi = m'h, (4.) 

n and m' being numerical factors depending on the form of section, 
and making n'-rm' = n, the moment of resistance may be thus 
expressed^ — 

M = nfbh^ (5.) 

Hence it appears that the resistances of similar cross-sections to 
cross-breaJcing are as their breadths and as the sqvjO/res of thevr depths. 

The relation between the load and the dimensions of a beam is 
found by equating the value of the greatest bending moment in 
terms of the load and span of the beam, as given in Article 296, 
Equations 10, 11, 12, 16, to the value of the moment of resist- 
ance of the beam, at the cross-section where that greajtest bending 
moment acts, as given in Equation 5 of this Article. 

The depth h ia uanally fixed by consideratiow^ ^i ^NaSsi^^, ^isx^ 
tjben the unknown quantity is the breadti\i,b. ^TDL<fc\»\xcft»,^&^^^'^ 
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the aro»-8ectioii is ciicnlar or sqasic^ we hsve h^k; and tliea ve 
luLve h\ instead of 6 A^ in Eqaation 5, idudi is solved so as to 
give h by extraction of the cnbe rooL The Mbwing axe tlie 
fonnake for these calcobttions: — 



b = 



M 



and when h = b, 



nfh^'' 



(6.) 



^=C^)*> (6a.) 



\nfj 



Examples of the Nukerical Factors nr £quatioks 3, 4, 

5 AHD 6. 



F<mn of Crofls-Sections. 



L BecfcaDgle5A^ ) 

(inclading square) ( 

n. EUmfle— 

Vertical axis A, 

Horizontal axis h 

(including circle) 



in. Hollow rectangle, hh — V li\ 
also I • formed section, 
where h' is the sum of the 
breadths of the lateral 
hollows, 

rV. Hollow square — 

^« — A^, 



I 



V. Hollow ellipse, 



VL Hollow circle, < 



VIL Isosceles triangle; base &, 
height A; ^^ measured 
from summit, 



n' = 



hK" 
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300. Allowance for Weight of Beam — Limiting Length of 
Beam. — When a beam is of great span, its own weight may bear 
a proportion to the load which it has to carry, sufficiently great to 
require to be taken into account in determining the dimensions 
of the beam. The following is \^ie pToce^a \.o \i^ ^-dssttas^ <<ir 
that purpose, when the load ia wmioYToV^ <i\a\xCW\fc^, ««A 'vJaa 
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beam of uniform crosa-sectiou. Let W' be tbe external working 
load, s, ita factor of safety, «, a factor of safety suited to a steady 
load, like the weight of the beam. 

Let b' denote the breadth of any part of the beam, aa computed 
liy considering the exlemal breakbit/ load alone, s, W'. Compute 
the weight of the beam from that provisional breadth, and let it be 

denoted by B,' Then - ' ^ is the proportion iu which the 

gtvss breaking load exceeds the external part of that load. Conse- 
quently, if for the provUional breadth 1/ there be substituted the 
exact breadth. 



"s, W'- 



..(1.) 



the beam will now be strong enough to bear both the proposed 
|Bttgmnl load W, and its own weight, which will now b 



i 



and ttie true gross breaking load will be 

^-"^'^'-''-vr?^ « 

As the factor of safety for a steady load is in general oue-half 
that for a moving load, Sj^ may be m&de — 2s,; in which case t! 

Silee become I 

^^M^-. i^->m 
-#5^ (»')■ 
^=5^?; <«-'^ 

In all these formulte, both the external load and the weight of 
the beam are treated as if uuiformly distributed — a supposition 
which is sometimes exact, and always sufficiently near the truth 
for the purposes of the present Article. 

The gross load of beams of similar figures and proportions, vary- 
I ing aa Uie breadth and square of the depth directly, and inveraely 
I as the length, is proportional to the square of a given linear 
I dimension. The weights of such beams are piio'^'rtJwjTisi, \ft 'Oas-- 
I cubes of correspondiDg Jinear dimenaioBS, "Ssswie ftie -w«y^^ 
1^ Aj « &ter rate than the gcoaa lo&^', axu^lo^ «a,^\Ax!<A-- 
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cnlar figure of a beam of a given material and proportion of its 
dimensions^ there must be a certain size at which the beam will 
bear its own weight only, without any additional load. 

To reduce this to calciilation, let the uniformly distributed gross 
breaking load of a beam of a given figure be expressed as follows: — 

W = »iW' + *,B=^=-^j (7.) 

the value of m for an uniformly distributed load and rectangular 

cross-section being ^; and nfhA. hmxig = nfhh^j Equation 5, 

Article 299; ^, ^ and A being the length, depth, and sectional 
area of the beam, / the modulus of rupture, and n a factor depend- 
ing on the form of cross-section. The weight of the beam will be 
expressed by 

B = ;few/ZA; (8.) 

«?' being the weight of an unit of volume of the material, and h a 
factor depending on the figure of the beam. Then the ratio of 
the weight of the beam multiplied by its proper factor of safety to 
the gross breaking load is 

W ■" Snfk' ^^') 

which increases in the simple ratio of the length, if the proportion 
Z X A is fixed. When this is the case, the length L of a beam, 
whose weight (treated as uniformly distributed) is its working load, 
is given by the condition 8^'B = W ; that is, 

L = ii^,; (10.) 

This limiting length having once been determined for a given class 
of beams, may be used to compute the ratios of the gross breaking 
load, weight of the beam, and external working load to each other, 
for a beam of the given class, and of any smaller length, I, according 
to the following proportional equation : — 

L:- :— ^ ::W:B:W; ^...(11.) 



/Section 6. — Op Resistance to Thrust or Pressure. 

301, Resistance to CompiesBiou «si^ T^\x^cX» ^T^^d[scfi%v---^sfija&t. 
auce to longitudincfl compressiony "wYien. >i)cifc "^^xqq.I ^x^ss^ \& \kSiN» 
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exceeded, is sensibly equal to the resistance to stretching, and is 
expressed by the same modulus of elasticity, denoted by E. When 
that limit is exceeded, it becomes irregular. 

The present Article has reference to direct and simple crushing 
only, and is limited to those cases in which the pillars, blocks, 
struts, or rods along which the thrust acts are not so long in pro- 
portion to their diameter as to have a sensible tendency to give way 
by bending sideways. Those cases comprehend — 

Stone and brick pillars and blocks of ordinary proportions ; 

Pillars, rods, and struts of cast iron, in which the length is not 
more than five times the diameter, approximately; 

Pillars, rods, and struts of wrought iron, in which the length is 
not more than ten times the diameter, approximately; 

Pillars, rods, and struts of dry timber, in which the length is not 
more than about five times the diameter. 

In such cases the rules for the strength of ties (Article 290) are 
approximately applicable, substituting thrust for tenswriy and using 
the proper modulus of resistance to direct crushing instead of the 
tenacity. 

Blocks whose lengths are less than about once-and-a-half their 
diameters offer greater resistance to crushing than that given by the 
rules; but in what proportion is uncertain. 

The modulus of resistance to direct crushing often differs con- 
siderably from the tenacity. The nature and amount of those 
differences depend mainly on the modes in which the crushing 
takes place. These may be classed as follows : — 

I. Crushing hy splitting (fig. 135) into a number of nearly pris- 
matic fragments, separated by smooth surfaces whose general 
direction is nearly parallel to the direction of the load, is character- 
istic of very hard homogeneous substances, in which the resistance 
to direct crushing is greater than the tenacity; being in many 
examples about double. 






Fig. 135. Fig. 136. Fig. 137. Fig. 138. 

II. Crushing hy shearing or sliding of portions of the block along 
oblique surfaces of separation is characteristic of substanxjes of a 
granular texture, like cast iron, and most kinds of stone and brick. 
Sometimes the sliding takes place at a sii^^le \Aa.\3L^ ««xi^^^^^^S«.^ 
A B in fig. 136; sometimes two cones or pyraT£i\'3La «u\^ iorccifc^^^^^'^ 
c, ein £g, 137, which are forced towards each. o^\iet, «jvA ^^^^ "^"^ 
drive outwards a number of wedges surrouiidiii^ >i\iem,X^^ '^•»'^ 
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in the same figure. Sometimes the block splits into four wedges, 
as in Sig. 138. In substances which are crushed by shearing, 
the resistance to crushing is always much greater than the tenacity; 
for example, in cast iron it is from four times to six times. 

III. Crushing by bulging, or lateral swelling and spreading of 
the block which is crushed^ is characteristic of ductile and tough 
materials, such as wrought iron. Owing to the gradual manner in 
which materials of this nature give way to a crushing load, it is 
difficult to determine their resistance to that load exactly. That 
resistance is in general less, and sometimes considerably less, than 
the tenacity. In wrought iron, the resistance to the direct crush- 
ing of pillars or struts of moderate length, as nearly as it can be 

2 4 
ascertained, is from «. to ^ of the tenacity. 

I Y. Crushing by buckling or crippling is characteristic of fibrous 
subtances, such as wood, under the action of a thrust along the 
fibres. It consists in a lateral bending and wrinkling of the fibres, 
sometimes accompanied by a splitting of them asunder. 

Y. Crushing by cross-breaMng is the mode of fracture of columns 
and struts in which the length greatly exceeds the diameter, 
under the breaking load they yield sideways, and are broken 
across like beams under a transverse load. 
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PRINCIPLES OF KINETICS. 



CHAPTER I. 

SUMMARY OF GENERAL PRINCIPLES. 

NATURE AND DIVISION OP THE SUBJECT. 

The present Chapter contains a summary of the Principles of 
Xinetics. 

302. Effort ; Resistance ; Lateral Force. — Let F denote a force 
applied to a moving point, and ^ the angle made by the direction 
of that force with the direction of the motion of the point. Then, 
by the principles of Article 215, the force F may be resolved into 
two rectangular components, one along, and the other across, the 
direction of motion of the point, viz : — 

The direct force, F cos ^. 
The lateral force, F sin tf. 

A direct force is fui-ther distinguished, according as its acts loith or 
against the motion of the point (that is, according as ^ is acute or 
obtuse), by the name of effort, or of resistance, as the case may be.* 
Hence, each force applied to a moving point may be thus decom- 
posed : — 

Effiyrty P = F cos ^, if tf is acute ; 
Resistance, R = F cos («• - 0) if B is obtuse ; 
Loiteral Force, Q = F sin tf. 

303. The Conditions of Uniform Motion of a pair of points are, 
that the forces applied to each of them shall balance each other ; 
that is to say, tfuit the lateral forces applied to each point shall 
balance each other, and that the effcyrts applied to each point shall 
balance the resistances. 

The direction of a force being, as stated in Article 194, that of 

the motion which it tends to produce, it is evident tha.tt\5ifcV«y!saxv'cfc 

of lateral forces is the condition of um/ormxt'y of dxTealxotx. cJs. 

motion, that is, of motion in a straight line •, «i.ii^ >i)aa.^ >i>ftfc\i^"«2^^^ 

7f efforts and resistances ia the condition of um/ormxt'y of m\oc\t'\j- 
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o'r4. Work cc=^>:5 in moTing agiinst lesistaiice. The work is 
dd to \e pcr/iTTi^.I, and toe rest^tance overcome. Work is mea- 
sczcd bj the rrioiirc ct the lesiscuioe into the distonce through 
which iis foin: cf AfCiicadoiL is moved. The umU <tf work com- 
monlT ii=€d in Britain is a zesisunoe of one poond overcome 
throcgh s discazice c: one fooc and b called tL /oo(-pound. 

o*l'0. Energy meaiis capacit*^ fjr performing work. The energy 
of an *f<fri, or pc^le^ial enerjy, is messnred bj the prodact of the 
enort into the disiiaiice thzoxish whidi its point of application is 
cafoli^ of being n: :-vc\L The unit of energy is the same with the 
nnit of wotIl 

When the point of application of an effi>rt has been moved through 
a given distance, eneigy is said to have been exerted to an amount 
expressed by the prodact of the effort into the distance through 
which its point of application has been moved. 

3tJ6. The Consenration of Eneigy, in the case of uniform motion, 
means the &ct. thac (Ae energy exarUd is equal to the work per- 
fonmsd. 

307. The Principle of Yirtnal Velocities is the name given to 
the application of the principle of the conservation of energy to the 
determination of the conditions of eqnilibrinn^ amongst the forces 
extemaUy applied to any connected system of points. 

308. The Mass, or Inertia, of a body, is a quantity proportional 
to the unbalanced force which is required in order to produce a 
given definite change in the motion of the body in a given interval 
of time. 

It is known that the weight of a body, that is, the attraction 
between it and the earth, at a fixed localitv on the earth's sur^u^^ 
acting unbalanced on the body for a fixed interval of time (e. g.^ 
for a second), produces a change in the body's motion, which is the 
same for all bodies whatsoever. Hence it follows, that the masses 
of all bodies are proportional to their weights at a given locality on 
the earth's surface. 

This fact has been learned by experiment ; but it can also be 
shewn that it is necessary to the permanent existence of the uni- 
verse ; for if the gravity of all bodies whatsoever were not propor- 
tional to their respective masses, it would not produce similar and 
equal changes of motion in all bodies which arrive at similar posi- 
tions with respect to other bodies, and the different parts which 
make up stars and systems would not accompany each other in their 
motions, never departing beyond certain limits, but would be dis- 
persed and reduced to chaos. Neither an imponderable body, nor 

body whose gravity, as compared with its mass, differs in the 

jbtest conceivable degree from that of other bodies, can belong 

he system, of the universe.* 

Sfee the Rev. Dr. WhewelTs demouBtta^ou " ^«V«J<.iSLift3sJ*«t ^g^^T*a.\i»:^ 
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309. The Centre of Mass of a body is its centre of gravity, found 
in the manner explained in Part III., Chapter III., Section 1. 

310. The Momentum of a body means, the product of its mass 
into its velocity relatively to some point assumed as fixed. The 
momentum of a body, like its velocity, can be resolved into com- 
ponents, rectangular or otherwise, in the manner already explained 
for motions in Part I., Chapter I. 

311. The Resultant Momentum of a system of bodies is the 
resultant of their separate momenta, compoimded as if they were 
motions or statical couples. 

312. Variations and Deviations of Momentum are the products 
of the mass of a body into the rates of variation of its velocity 
and deviation of its direction, found as explained in Part I., 
Chapter I., Section 3. 

313. Impulse is the product of an unbalanced force into the time 
during which it acts unbalanced, and can be resolved and com- 
pounded exactly like force. If F be a force, and c? « an interval of 
time during which it acts unbalanced, "F dt^B the impulse exerted 
by the force during that tima The impulse of an unbalanced 
force in stai unit of time is the magnitude of the force itself. 

314. Impulse, Accelerating, Retarding, Deflecting. — Correspond- 
ing to the resolution of a force applied to a moving body into effort 
or resistance, as the case may be, and lateral stress, as explained 
in Article 302, there is a resolution of impulse into accelerating 
or retarding impulse, which acts with or against the body's motion, 
and deflecting impulse, which acts across the direction of the body's 
motion. Thus, if 6, as before, be the angle which the unbalanced 
force !P makes with the body's path during an indefinitely short 
interval, d t 

T dt = F co^ 6 ' d t IB accelerating impulse if 6 is acute; 
"Rdt^F COB (v — 6) ' d t\B retarding impulse if ^ is obtuse ; 
Q,dt = F Bm $ * d t IB deflecting impulse. 

315. A Deviating Force is one which acts unbalanced in a direc- 
tion perpendicular to that of a body's motion, and changes that 
direction without changing the velocity of the body. 

316. Centrifugal Force is the force with which a revolving body 
reacts on the body that guides it, and is equal and opposite to the 
deviating force with which the guiding body acts on the revolving 
body. 

In &ct, as has been stated in Article 193, every force is an action 
between two bodies; and deviating force and c&nJl/rifugcd force are 
but two diflerent names for the same force, applied to it accordixv^ 
as its action on the revolving body or ontlie goi'Qaxi^Xio^^S&'visA^^ 
comademidon at the time. 

317. The Aetaal Energy of a moving \)ody xe\^\.vN^\^ \»q ^%s&^ 
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point is the product of the man of the body into one-Jiailf oi the 
square of its vdocity, that is to saj, it is represented by 

2 2g 

The product m t^, the doable of the actoal energy of a body, was 
formerly called its vis-viva. Actual energy, being the product of 
a weight into a height^ is expressed, like potential energy and work, 
m foot-pounds (Articles 304, 305.) 

318. Energy Stored and Restored. — ^A body alternately acceler- 
ated and retarded, so as to be brought back to its original speed, 
performs work by means of its retardation exactly equid in amoant 
to the potential energy exerted in producing its acceleration; and 
that amoant of energy may be considered as stored daring the 
acceleration, and restored during the retardation. 

319. The Transformation of Energy is a term applied to such 
processes as the expenditure of potenldal energy in the production 
of an equal amount of actual energy, and vice versa. 

320. Periodical Motion. — If a body moves in such a manner 
that it periodically returns to its original velocity, then at the end 
of each period, the entire variation of its actual energy is nothing; 
and in each such period the whole potential energy exerted is equal 
to the whole work performed, exactly as in the case of a body 
moving uniformly (Article 306.) 

321. A Reciprocating Force is a force which acts alternately as 
an effort and as an equal and opposite resistance, according to the 
direction of motion of the body. The work which a body performs 
in moving against a reciprocating force is employed in increasing 
its own potential energy, and is not lost by the body. 

322. Collision is a pressure of inappreciably short duration be- 
tween two bodies. 

323. The Moment of Inertia of an indefinitely small body, or 
" physical point," relatively to a given axis, is the product of the 
mass of the body, or of some quantity proportional to the mass, 
such as the weight, into the square of its perpendicular distance 
from the axis. 

324. The Radius of Gyration of a body about a given axis is 
that length whose square is the mecm of aU lM squares of the dis- 
tances of the indefinitely small equal particles of the body from the 
axis, and is found by dividing the moment of inertia by the mass. 

325. The Centre of Percussion of a body, for a given axis, is a 
point 80 situated, that if part of the mass of the body were con- 
centrated at that point, and t\iQ t^TXi^aixider at the point directly 

opposite in the given ax\s, t\ie ataAiwsaX Tassu^sofe oJl "Os^a^^i^^ 
istributed, and its moment oi inertia. «i\iox>X. \>aa ^n^t^. ^«ha^^^^\ 
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be the same as those of the actual body in every position of the 
body. 

326. The subjects to which the principles of kinetics relate will 
be classed in the following manner : — 

I. Uniform Motion. 
n. Varied Translation of Points and Rigid Bodies. 

III. Eotations of Rigid Bodies. 

IV. Motions of Fluids. 
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CHAPTER n. 
ON UNIFORM MOTION UNDER BALANCED FORCES. 

327. First Law of Motion. — A body under the action ofnofonx, 
or of balanced forces, is either at rest, or moves uniformly. (Uni- 
form motion has been defined in Article 66.) 

Such is the first law of motion as usually stated; bat in that 
statement is implied something more than the literal meaning of 
the words; for it is understood, that the rest or motion of the body 
to which the law refers, is its rest or motion relatively to amother 
body which is also under the action of no force or of balanced forea. 
Unless this implied condition be fulfilled, the law is not true. 
Therefore the complete and explicit statement of the first law of 
motion is as follows : — 

If a pair of bodies be each under the action of no force, or of 
balanced forces, the motion of each of those bodies reiUUivdy to the 
other is either none or uniform. 

The first law of motion has been learned by experience and 
observation : not directly, for the circumstances supposed in it 
never occur; but indirectly, from the fact that its consequences, 
when it is taken in conjunction with other laws, are in accordance 
with all the phenomena of the motions of bodies. 

The first law of motion may be regarded as a consequence of tbe 
definitions of ^brce and oi balance (Articles 55, 56); at the same 
time it is to be observed, that the framing of those definitions btf 
been guided by experimental knowledge. 
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CHAPTER III. 

ON THE VARIED TRANSLATION OF POINTS AND RIGID 

BODIES. 

Section 1. — Law op Varied Translation. 

328. Second Law of Motion. — Chomge of rnomeTUwm, is propor- 
tional to the impulse producing it In this statement, as in that of 
the first law of motion, Article 327, it is implied that the motion 
of the moving body under consideration is referred to a fixed point 
or body whose motion is uniform. In questions of applied me- 
chanics, the motion of any part of the earth's surface may be 
treated as uniform without sensible error in practice. The units 
of mass and of force may be so adapted to each other as to make 
change of momentum equal to the impulse prodv^ng it, (See 
Articles 330, 331.) 

329. General Equations of Dynamics. — To express the. second 
law of motion algebraically, two methods may be followed : the 
first method being to resolve the change of momentum into direct 
variation and deviation, and the impulse into direct and deflecting 
impulse; and the second method being to resolve' both the change 
of momentum and the impulse into components parallel to three 
rectangular axes. 

First Tnethod^ m being the mass of the body, v its velocity, and 
r the radius of curvature of its path, it follows from Articles 73 
and 75 that the rate of direct variation of its momentum is 

dv d^s 

'^Tt^'^'d^^ 

and from Articles 77 and 78, that the rate of deviation of its 
momentum is 



m — . 
r 



Equating these respectively to the direct and lateral impulse per, 
unit of time, exerted by an unbalanced force F, making an angle B 
with thiB direction of the body's motion, we find the two following 
equations : — 

-r» -n -n A dv d^ S / 1 n 

P or -R = F cos ^=^' j^ = '^T^i V-^v 



Q = F sin 0^"!^ -^^^ 

r 



212 PRINCIPLES OF KIKETICS. 

The radios of corvatore r is in the direction of the deviaiiiig 
force Q. 

Second method. As in Article 80, let the velodty of the hody 

be resolved into three rectangular components, -i-, -—, -=— ; so that 

the three component rates of variation of its momentum are 

d^x d^y d^z 
dfi d^* dp- 

Also let the unbalanced force F, making the angles «, 3, r, with 
the axes of co-ordinates, and its impulse per nnit of time, be 
resolved into three components, F^, F,, F^ Then we obtain 

_- _ d^x 

F- = Fcos « = »»'-j-5 : 



.(3.) 



_ _ d^ z 

F, = Fcosy=m^; 

three equations, which are substantially identical with the Equa- 
tions 1 and 2. 

330. Mass in Terms of Weight. — A body's own weight, acting 
unbalanced on the body, produces velocity towards the earth, 
increasing at a rate per second denoted by the symbol g, whose 
numerical value is as follows: — Let x denote the latitude of the 
place, h its elevation above the mean level of the sea, 

^1 = 32*1695 feet, or 9*8051 metres, per second; 
being the value of <^ for a = 45° and h - 0, and 

R = 20900000 feet, or 6370000 metres, nearly, 
being the earth's mean radius; then 

^=^1 •(! -0-00284 cos 2 ?^) * (l - ^) (1.) 

For latitudes exceeding 45°, it is to be borne in mind that cos 2 x 
is negative, and the terms containing it as a factor have their signs 
reversed. 

For practical purposes connected with ordinary machines, it is 
sufficiently accurate to assume 

g= 32'2 feet, or 9*81 metres, per second nearly (2.) 

If, then, a body of the weigbfW \)e «lc\.^^ w^oxlXs^ ^q^ms^^Sscw:}^ 
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force F, the change of velocity in the direction of "F. produced in a 
second will be 

■whence 

m = — (3.) 

9 

is the expression for the mass of a body in terms of its weight, 
suited to make a change of momentum eqital to the impulse pro- 
ducitig it. m being absolutely constant for the same body, g and 
W vary in the same proportion at different elevations and in 
different latitudes. 

331. An Absolute Unit of Force is the force which, acting during 
an unit of time on an arbitrary unit of mass, produces an unit of 
velocity. In Britain, the unit of time being a second (as it is else- 
where), and the unit of velocity one foot per second, the unit of 
mass employed is the mass whose weight in vacuo at London and 
at the level of the sea is a standard avoirdupois pound. 

The weight of an unit of mass, in any given locality, has for its 
value, in absolute units of force, the coefficient g. When the unit 
of vjeight is employed as the unit of force, instead of the absolute 
unit, the corresponding unit of mass becomes g times the unit just 
mentioned: that is to say, in British measures, the mass of 32*2 
lbs. ; or in French measures, the mass of 9-81 kilogrammes. 

332. The Motion of a Falling Body, under the unbalanced action. 
of its own weight, a sensibly uniform force, is a case of the uni- 
formly varied velocity described in Article 73. In the equations. 
of that Article, for the rate of variation of velocity a, is to be sub- 
stituted the coefficient ^, mentioned in the last Article. Then if 
Vq be the velocity of the body at the beginning of an interval of 
time t, its velocity at the end of that time is 

v = VQ + gt, (1.) 

the mean velocity during that time is 

2^-^o + Y' ^ -^ 

and the vertical height fallen through is 

h = v,t^^- (3.) 

The preceding equations give the final velocity of the body^axidlW 
height fallen through, each in terms of the initi^A. n^ocsnXtj ^\i$L "Ow^ 
time. To obtain the height in terms of t\ie m\Vi\s\ %.\i^%»a^.N^^- 
cities, or vice versa, Equation 2 is to loe m\x\t\^\Ve^M •o-'«^^^^'» 
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the acceleration, and compared with Equation 3; giving tbe Mow- 
ing results : — 



^=..,t.^^,^■\ 



h= 



w 



,(4.) 



When the body falls from a state of rest, Vq is to be made =0; so 
that the following equations are obtained : — 






.(3.) 



The height h in the last equation is called the height orfaU due to 
the velocity v; and that velocity is called the velocity due to the heigU 
or fall h. 

Should the body be at first projected vertically upwards, the 
initial velocity Vq is to be made negative. To find the height to 
which it will rise before reversing its motion and beginning to fall, 
«7 is to be made = in the last qf the Equations 4; then 



A=- 



2/ 



.(6.) 



being a rise equal to the fall due to the initial velocity Vq. 

333. An Unresisted Projectile, or a projectile to whose motion 
there is no sensible resistance, has a motion compounded of the 
vertical motion of a falling body, and of the horizontal motion due 
to the horizontal component of its velocity of projection. In fig. 
139, let O represent the point from which the projectile is originally 
projected in the direction O A, making the angle X O A = 6 with 
a horizontal line O X in the same vertical plane with O A. Let 

horizontal distances parallel to 
O X be denoted by a?, and verti- 
cal ordinates parallel to O Z by 2, 
positive upwards, and negative 
downwards. In the equations of 
vertical motion, the symbol h of 
the equations of Article 332 is to 
be replaced by - z, because of h 
and z being measured in opposite 
directions. 

Let Vq be the velocity of projection. Then at the instant of pro- 
jection, the components of that velocity are, 

Lorizontal, 37 ='»o ^^^ ^ ' ^^tV.\fiai, -^^^-o^i^si V, 




Fig. 139. 
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and after the lapse of a given time t, those components Lave become 

dx 

-Tj =Vq COS ^ = constant; 



•(!•) 



Hence the co-ordinates of the body at the end of the time t are 
horizontal, x = Vq cos fi 't; \ 

vertical, « = V0 sin ^ '^-^j j ^ '^ 

the Equations 2 being those of which the differential coefficients 

are Equations 1, and because t = ;:, those co-ordinates are 

^ Vq cos tf 

thus related, 

!=^-**'^'-2^-*'' (3.) 

an equation whi^h shews the path O £ C of the projectile to be a 
parabola with a vertical axis, touching O A in O. 

The total velocity of the projectile at a given instant, being the 
resultant of the components given by Equation 1, has for the value 
of its square (remembering that sin^ e + cos^ = 1), 

^='-a^ + J^ = <-'^o^f>-9t + 9'^ = ^^-^9'>-> (4.) 

from the last form of which is obtained the equation 

"^= (=•) 

which, being compared with Equation 4 of Article 332, shews that 
the relation between the variation qf vertical elevation, and the varia- 
tion of the aqua/re of the resultant velocity, is the same, whether the 
velocity is in a vertical, inclined, or horissorvtaZ direction. 

The resistance of the air prevents any actual projectile near the 
earth's surface from moving exactly as an unresisted projectile. 
The approximation of the motion of an actual projectile to that of 
an unresisted projectile is the closer, the slower is the motion, and 
the heavier the body, because of the resistance of the air increasing 
with the velocity, and because of its proportion to the body's weight 
being dependent upon that of the body's surface to its weight. 

334. An Uniform Effort or Resistance, unbalanced^ causes the 
velocity of a body to vary according to the law expressed by this 
equation, 

i-:-/« - -"^^ 
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where / i» the constant ratio which the unhaknoed force bears to 
the weight of the moving body, positive or negative according to 
the direction of the force; so that by substituting/^ for g in the 
equations of Article 332, those equations are transformed into the 
equations of motion of the body in question, h being taken to 
represent the distance traversed by it in a positive direction. 

In the apparatus known by the name of its inventor, Attwood, 
for illustratiug the effect of uniform moving forces, this principle 
is applied in order to produce motions following the same 
law with those of falling bodies. Two weights, P and B, of 
which P is the greater, are hung to the opposite ends of a cord 
passing over a finely constructed pulley. Considering the masses 
of the cord and pulley to be insensible, the weight of the mass to 
be moved is P + K, and the moving force P - R, being less than the 
weight in the ratio, 

•^ p+ir 

consequently the two weights move according to the same law 
with a falling body, but more slowly in the ratio of/ to 1. 

335. Deviating Force of a Single Body. — It is part of the first 
law of motion, that if a body moves under no force, or balanced 
forces, it moves in a straight line. 

It is one consequence of the second law of motion, that in order 
that a body may move in a curved path, it must be continually 
acted upon by an unbalanced force at right angles to the direction 
of its motion, the direction of the force being that towards which 
the path of the body is curved, and its magnitude bearing the same 
ratio to the weight of th6 body that the height due to the body's 
velocity bears to half the radius of cui-vature of its path. 

This principle is expressed symbolically as follows : — 

Half radius of Height due Body's Deviatfng 

corvatnre. to velocity. weight force. 

; : ^ :: W : Q = :^ (1.) 

2 25r gr ^ ' 

or otherwise that the acceleration produced by gravity, bears 
the same ratio to the rate of deviation, that the weight bears to 
the magnitude of the deviating force, which may be symbolically 

expressed g - - : : W ; Q = . 

if 

In the case of projectiles, just described, and of the heavenly 

bodies, deviating force is supplied by that component of the mutual 

attraction of two masses which acts perpendicular to the directioa 

' their relative motion. In machines, deviating force is supplied 

the strength or rigidity o£ some\>o^7,'w\i\0cL guWlca^^ ^^s^tiu^ 

(S> making it move in a curve. 
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A pair of, free bodies attracting each other have both deviated 
motions, the attraction of each guiding the other; and their devia- 
tions of momentum are equal in equal times; that is, their devia- 
tions of motion are inversely as their masses. 

In a machine, each revolving body tends to press or draw the 
body which guides it away from its position, in a direction from 
the centre of curvature of the path of the revolving body; and that 
tendency is resisted by the strength and stiffness of the guiding 
body, and of the frame with which it is connected. 

336. A Revolving Simple Pendolom consists 
-of a small mass A, suspended from a point C by 
a rod or cord C A of insensibly small weight as 
compared with the mass A, and revolving in a 
circle about a vertical axis C B. The tension of 
the rod is the resultant of the weight of the 
mass A, acting vertically, and of its centrifugal 
force, acting horizontally; and therefore the rod 
will assume such an inclination that Fig. 140. 




(1.) 



height B C _ weight _gr 
radius AB " centrifugal force ~~ x^ ' 

where r = A B. Let n be the number of turns per second of the 
pendulum; then 

v = 2 vnr; 

and therefore, making B C = ^, 



,. , , . , .T , ,0-8154 foot 9-7848 inches ,„ , 
= (m the latitude of London) ^ = 2 ....('^.) 

When the speed of revolution varies, the inclination of the pendu- 
lum varies so as to adjust the height to the varying speed. 

337. Deviating Force in Terms of Angular Velocity.— If the 
radius of curvature of the path of a revolving body be regarded as 
a sort of a/rm of constant or variable length at the end of which 
the body is carried, the angular velocity of that arm is given by 
the expression, 

«=^ (1.) 

r ^ ' 

Let ar be substituted for v in the value of deviating force of 
Article 33^, and that value becomes 

a^"^-^ .^>i 



*l* 




m 



S3&,a^^^n, 



.^ ^) 



dsdaadwisk t&eszne resxis as in tfce iHk Aitide. 

338. A SHfie ft«"^""«"C Baidni -irmirt o£ an indefimtd^ 
c SBdJI wt^ix A, %. 1-11, liBiig hw m cord or nd of in- 

senaibie wd^^ A C firoiB m point C^ and swingii^ in a 
T€rtical plane to and fio on citlier side of a oentnl point 
J> Terticillf liekiw C. Hie patb of the wdg^ht or bob 
is a dicalar arCr A DEL 

The vei^t W of the boli^ acting Toticallj, may be 
resolved at anj instant into tvo oomponenta^ viz. : — 

W-aKZDCA=W-££, 

acting along C A, and halanced bj the tenskm of the 
Pig. 14L rod or cord, and 




WsinZDCA = W 



AB 
CA' 



acting in the direction of a tangent to the arc, towards D, and un- 
balanced. The motion of A depends on the latter force. 

When the arc A D £ is small compared with the length of the 
]'>endalum A C, it very nearly coincides with the chord ABE; and 
the horizontal distance A B, to which the moving force is propo^ 
tional, is very nearly equal to the distance of the bob fix)m D, the 
central point of its oscillations. Then if the length, of the pendu- 
lum, C A, be denoted by l, we have approximately, for small arcs 
of oscillation, 

r>^^;and 






t = 



4:*^' 



(1.) 



and the following statement shews the connection between a simple 

oHcillating and revolving pendulum, viz., that the Imgth of a. simple 

vaciUatim; pendvlvm^ making a given nvmher of smaU douhh oaciUor 

tions in a second^ is sensibly equal to the hdght of a Teroolmtwg '^mdvr 

^um, making tli^ same number of revolAUloua m a sewi^A, 
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Section 2. — ^Varied Tbanslation op a System op Bodies. 

339. Conservation of Momentom. — Theorem. The muUial 
actions of a system of bodies cannot chcmge their resuUant mom&ntum, 
(Resultant momentum has been defined in Article 311.) Every 
force is a pair of equal and opposite actions between a pair of 
bodies; in any given interval of time it constitutes a pair of equal 
and opposite impulses on those bodies, and produces equal and 
opposite momenta. Therefore the momenta produced in a system 
of bodies by their mutual actions neutralize each other, and have 
no resultant, and cannot change the resultant momentum of the 
system. 

340. Iffiotion of Centre of Gravity.—CoROLLART. The variations 
of ike motion of the centn'e of gravity of a system of bodies are wholly 
prodiiced by forces exerted by bodies external to the system; for the 
motion of the centre of gravity is that which^ being multiplied by 
the total mass of the system, gives the resultant momentum, and 
this can be varied by external forces only. 

It follows that in all dynamical questions in which the mutual 
actions of a certain system of bodies are alone considered, the centre 
of gravity of that system of bodies may be correctly treated as a 
point whose motion is none or uniform ; because its motion cannot 
be changed by the forces under consideration. 

341. The Angular Momentum, relatively to a fixed point, of a 
body having a motion of translation, is the product of the momen- 
tum of the body into the perpendicular distance of the fixed point 
from the line of direction of the motion of the body's centre of 
gravity at the instant in question. Let m be the mass of the body, 
V its velocity, I the length of the before-mentioned perpendicular; 
then 

, Wvl 
mvl = 

9 

is the angular momentum relatively to the given point. 

Angular momenta are compounded and resolved like forces, 
each angular momentum being represented by a line whose length 
is proportional to the magnitude of the angular momentum, and 
whose direction is perpendicular to the plane of the motion of the 
body and of the fixed point, and such, that when the motion of the 
body is viewed from the extremity of the line, the radius vector of 
the body seems to have right-handed rotation. The direction of 
such a line is called the aods of the angular moixiei\it\v\S!L^V\0^*^ 
represents. The resultant angvthrr owomentu/ra oi bu «3^\»«asL c?l\k^^^^ 
k the resultant of all their angular mom«iQ:t» t€^"8u\!v?^1 ^^ *Ca^ 
common centre of gravity; and the axis oi t\ia\, T^sviNXa'^'*^ ^\^^^^^ 



220 PRINCIPLES OF KINETICS. . 

iDomentam is called the axis of anguUir momentum of the system. 
The term angulcMr momenttmi was introduced by Mr. Hayward. 

342. Angidar Impulse is the product of the moment of a couple 
of forces (Article 200) into the time during which it acts. Let F 
be the force of a couple, I its leverage, and dt the time during 
which it acts, then 

Yldt 

is the angular impulse. Angular impulses are compounded and 
resolved like the moments of couples. 

343. Relations of Angular Impulse and Angular Momentum.— 
Theorem. The vernation, in a given time, oflJie angular momentum 
of a body, is equal to the angular impulse prodiudng that variatioriy 
and has the same axis. This is a consequence which is deduced 
from the second law of motion in the following manner : — Conceive 
an unbalanced force F to be applied to a body m, and an equal, 
opposite, and parallel force, to a fixed point, during the interval dt; 
and let I be the perpendicular distance from the fixed point to the 
line of action of the first force. Then the couple in question exerts 
the angular impulse 

Fldt 

At the same time, the body m acquires a variation of momentum 
in the direction of the force applied to it, of the amount 

mdv = F dt; 

so that relatively to the fixed point, the variation of the body's 
angular momentum is 

mldv = Yldt; 

being equal to the angular impulse, and having the same axis. — 
Q. E. D. 

344. Conservation of Angular Momentum. — Theorem. The 
resultant angular momentum of a system of bodies cannot be cha/nged 
in magnitude, nor in the direction of its axis, by the mutual a>ctions 
of the bodies. 

Considering the common centre of gravity of the system of bodies 
as a fixed point, conceive that for each force with which one of the 
bodies of the system is urged in virtue of the combined action of all 
the other bodies upon it, there is an equal, opposite, and parallel 
force applied to the common centre of gravity, so as to form a 
couple. The forces with which the bodies act on each other are 
equal and opposite in pairs, and their resultant is nothing; there- 
fore, the resultant of the ideal forces conceived to act at the common 
centre ofgrsivity is nothing, and t\ie ^vjip^o^itioii of these forces does 
Jjot effect the equilibrium or motion oi ^^ «^\ft\si. fei^aa^ vJaa 
resultant of all the couplta tViua iovme^ Ha xio^^ivcv^S ^^x^^wfe,^^ 
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resultant of their angular impulses is nothing; therefore, the 
resultant of the several variations of angular momentum produced 
by those angular impulses is nothing; therefore, the resultant 
angular momentum of the system is invaiiable in amount and in 
the direction of its axis. — Q. E. D. 

345. Collision. — ^The most useful problem in cases of collision is, 
when two bodies whose masses are given move before the collision 
in one straight line with given velocities, and it is required to find 
their velocities after the collision. The two bodies form a system 
whose resultant momentum and internal energy are each unaltered 
by the collision; but a certain fraction of the internal energy 
disappears as visible motion, and appears as vibration and heat* 
If the bodies are equal, similar, and perfectly elastic, that fraction 
is nothing. 

Let nil, m^ be the masses of the two bodies, and t^, ^, their 
velocities before the collision, whose directions should be indicated 
by their signs. Then the velocity of their common centre of 
gravity is 

frii + m^ ' ^ ' 

and this is not altered by the collision. 






CHAPTER lY. 
KOTATIONS OF EIGID BODIES. 

346. The Motion of a Rigid Body, or of a body vhicli sensibly 
preseiTes tbe same figure, has already been shewn in Part I., 
Chapter II., to be always capable of bemg resolved at each instant 
into a translation and a rotation; and by the aid of the principles 
explained in Section 3 of that chapter, the oomponent rotation can 
always be conceived to take place about an axis traversing the 
centre of gravity of the body, and to be combined, if necessary, 
with a translation of the whole body in a curved or straight path 
along with its centre of gravity. The variations of the momentuw, 
of the translation, whether in amount or in direction, are due to 
the resultant force acting through the centre of gravity of the body, 
and are exactly the same with those of the momentum of the 
entire mass if it were concentrated at that centre; the variations 
of the angular momeTvtwm of the rotation are due to the resultant 
couple which is combined with that resultant force. The varia- 
tions of actual energy are due to both causes. 

When the translation of the centre of gravity of a rotating body, 
and its rotation about an axis traversing that centre, are known, 
the motion of every point in the body is determined by cinematical 
principles, which have been explained in Part I., Chapter 11, 
Section 3. 

Section 1. — On Moments of Inertia, Radii op Gyration, 

AND Centres of Percussion. 

347. The Moment of Inertia of an indefinitely small body, or 
" physical point," relatively to a given axis, is the product of the 
mass of the body, or of some quantity proportional to the mass, 
such as the weight, into the square of its perpendicular distance 
from the axis : thus in the following equation ; — 

I Wr^ 

-:=mii^ = , (1.) 

9 9 ^ ' 

r is the perpendicular distance of the mass m, whose weight is "W, 

from a given axis; and the moment of inertia, according to the 

unit employed, is either I, or I-r-g*, the former, when the unit is 

tbe moment of inertia oi an "vim^ oi ^Dei^}it «*X. \Js\fe «vA ^1 ^^o. arm 

wiose length is unity ; and the \a.tteT, ^^levi ^i\i^^^D:\\.^& HJaa ^sv^ASMssi^ 
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of inertda of an unit of ttujiss at the end of the same arm. The 
former is the more convenient unit, and will be employed in this 
treatise. 

By an extension of the term " moment of inertia," it is applied 
to the product of any quantity, such as a volume, or an area, into 
the square of the distance of the point to which that quantity 
relates from a given axis; but in the remainder of this treatise the 
term will be used in its strict sense, and according to the unit of 
measure already specified; that is, in British measures, moment of 
inertia will be expressed by the product of a certain number of 
pounds avairdtipois into the square of a certain number of/eet. 

The geometrical relations amongst moments of inertia, to which 
the present section refers, are independent of the unit of measure. 

348. The Moment of Inertia of a System of Physical Points, 
relatively to a given axis, is the sum of the moments of inertia 
of the several points; that is^ 

I = 2;Wr» (1.) 

349. The Moment of Inertia of a Rigid Body is the sum of the 
moments of inertia of all its parts, and is found by integration; that 
is, by conceiving the body to be divided into small parts of regular 
figure, multiplying the mass of each of those parts into the square 
of the distance of its centre of gravity from the axis, adding the 
products together, and finding the value towards which their sum 
converges when the size of the small parts is indefinitely diminished. 
For example, let the body be conceived to be built up of rectangular 
molecules, whose dimensions are d x, d y, and d z, the volume of 
each d X dy dz, and the mass of unity of volume w. Then 



1= I f jr^wdxdy dz (1.) 



Hence follows the general principle that propositions relative to 
the geometrical relations amongst the moments of inertia of systems 
of points are made applicable to continuous bodies by substituting 
iut^ration for ordinary summation ; that is, for example, by putting 

350. The Radius of Gyration of a body about a given axis is that 
length whose square is the Tneom of aUthe sqva/rea of the distances ^ 
of the indefinitely small equal particles of the body from the axis, 
and is found by dividing the moment of inertia by the mass, thus^ 

.«- I J-'^"^ .^^ 
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When sTmbols of ini^gntioa are used, tlurbeoomes 

t'^Wn r-r - <^> 

I I f 10 'dxdydz 

351. Coii9<Hieiiti of Moment of Ihertia. — ^Lefc the positions of 
^e putides of a bodj be referred to thiee rectangnlar axes, one (^ 
whidiy O X, is that aboat which the moment 6t inertia is to be 
taken. Then the square of the radius Tector iji any particle is 

flo that the moment of inertia round the axis of a; is 

I, = 2W^ + 2Wa»; (1.) 

that is to say, the momnU of inertia of a body round a given axis 
may be found by adding together the sum if the products qf the 
masses of tA« paHides, each muHiplied by the square of each of its 
iiistances from a pair of planes cutting mh other at right angles in 
the given axis. 

In the same manner it may be shewn that the moments of 
inertia of the same body round the other two axes are given bj 
the equations 

I, = 2W5= + 2Wx»; I. = 2Wa» + 2-W3^ (2.) 

352. Moments of Inertia Round Parallel Axes Compared.-- 
Theorem. The moment of inertia of a body about any given axis 
is equal to its moment of inertia about an axis traversing its centre 
of gravity parallel to the given axis, added to the Tnoment of ineriia 
about the given axis due to tlie tclide mass of the body concentrated 
at its centre of gravity. 

This theorem may be expressed as follows: — Let Iq be ihe 
moment of inertia of a body about an axis traversing its centre of 
gravity in any given direction, and I the moment of inertia of the 
same body about an axis parallel to the former at the perpendicular 
distance t^\ then 

I = 7^-2W + Io (1.) 

CoBOLLABY I. The radius of gyration (f) of a. body about any 
axis 18 equal to the hypotenxiae oi a xi^V^si^'ftd. tnan^le^ of which 
'^^be two sides are respectively ec\wa\ \« >i)aft -wl^xv^ oI ^jt^yc^w.^^'^^ 
djr about an axis traversing t\i^ cexiXx^ oi ^cwrvJc^ ^^asa^^ \«i '^^ 
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given axis (eo)> ^^^ to the perpendicular distance between these 
axes (vq). That is to say, 

e'=^+e? (2.) 

Corollary II. The moment of inertia of a body about an axis 
traversing its centre of gravity in a given direction, is less than the 
moment of inertia of the same body about any other axis parallel 
to the first. 

Corollary III. The moments of inertia of a body about all 
axes parallel to each other, which lie at equal distances from its 
centre of gravity, are equal. 

353. Combined Moments of Inertia. — Theorem. The coinhimd 
moment of inertia of a rigidly connected system of bodies about a 
given axis, is equal to. the combined moment of inertia which the sys- 
tem uoovM ha/ve about the given axis, if each body were concentrated 
at its own centre of gravity, added to the sum of the several moments 
of inertia of the bodies, about axes traversing their respective centres 
of gramty, parallel to the given aocis. 

Let W now denote the mass of one of the bodies, I© its moment 
of inertia about an axis traversing its own centre of gravity parallel 
to the given common axis, and r© the distance of its centre of gravity 
from that common axis. Then the moment of inertia of that body 
about the common axis, according to Article 352, Equation 1, is 

I = WrJ + Io. 

Consequently, the combined moment of inertia of the system of 
bodies is 

2I = 2-WrS + SIo; (1). 

— -Q. E. D. 

354. Examples of Moments of Inertia and Radii of Gyration of 
homogeneous bodies of some of the more simple and ordinary 

i figures, are given in the following tables. In each case, the axis is 
supposed to traverse the centre of gravity of the body; for the 
principles of Article 352 enable any other case to be easily solved. 
The axes are also supposed, in each case, to be aoies of symmet/ry of 
the figure of the body. 

The column headed W gives the mass of the body; that headed 
lo gives the moment of inertia ; that headed ^J, the square of the 
radius of gyration. The mass of an unit of volume is in each case 
denoted by w. 



226 



PRINCIPLES OF KINSnCB. 



BODT. 



L Sphere of ladioB r, 

IL Spheroid of revolation — 
polar semi-axis a, equa- 
torial radios r...... 

IIL Ellipsoid— semi-axes, a, 
^c, 

IV. Spherical shell — external 
radios r, internal r',.... 

y. Spherical shell, insensibly 
thin — radios r, thick- 
ness dr, 

VI. CSrcolar cylinder — ^length 
2a, radios r, 

VII. Elliptic cylinder — ^length 
2a, transverse semi-axes 

^c, 

VIIL Hollow circolar cylinder- 
length 2a, external ra- 
dios r, internal K, 

IX. Hollow circnlar cylinder, 
insensibly thin — length 
2a, radios r, thickness dr^ 

X. Circnlar cylinder — ^length 
2a, radios r, 

XI, Elliptic cylinder — length 
2a, transverse semi-axes 
^c, 

XII. Hollow circnlar cylinder- 
length 2a, external ra- 
dios r, internal K, 



XIII. Hollow circnlar cylinder, 
insensibly thin — radios 
r, thickness dr, 



XIV. Bectangnlar prism — di- 
mennons 2a, 26, 2c, 



/ 



XV. Rhombic prism — length 
^Of diagonala 26, 2c,.... 

TX Rhombic prism, as above, 



Axis. 



Diameter 

Polar a^ 
Axis, 2a 
Diameter 

IMam^er 



Longitndinal 
axis, 2a 



Longitndinal 
axis, 2a 



Longitndinal 
axis, 2a 



Longitndinal 
axis, 2a 

Transverse 
diameter 



Transverse 
axis, 26 



Transverse 
diameter 



Transverse 
diameter 




w 



3 

4«toa»^ 
~8 

4«rwa&c 
"~3 

3 



iwwr^dr 



2inoaf^ 



2wvabc 



2rwa(r'—t^ 



4:Ttoardr 



2«i*7ar' 



2ituxibc 



2«ira(»^— O 



8nor* 
16" 

8«tflor* 

4*ioaSc(6*+c=) 
15 

8aTr(r*— r*^ 
15 

Bawr^dr 
~8 

wwabcQl^ + iP) 



rt 



,toa(r*— r'O 

4iirv:ar^dr 

6 

rtga&c(3c^ + 4a^ 
6 

+4aV-0} 



<rioa(2r' + -c?f)dr 
3 

8tga5cffl + c^ 
3 

2toa5c(6^+c^ 



5 

2ff 
5 

5 
8 

a 

4 
2 



r 



• 2 

4^3 



4^3 



T"^3 



2^3 
3 



^«abc \ ^^ 1 \ -^'^ 



CENTRE OP PERCUSSION. 
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355. The Centre of Percussion of a body, for a given axis, is a 
point so situated, that if part of the mass of the body were concen- 
trated at that point, and the remainder at the point directly op])o- 
site in the given axis, the statical moment of the weight so distri- 
buted (Article 223), and its moment of 
inertia about the given axis, would be 
the same as those of the actual body 
in every position of the body. 

In fig. 142 let XX be the given 
axis, and G the centre of gravity of 
the body. It is evident, in the first 
place, that the centre of percussion 
must be somewhere in the perpendi- 
cular C G B let fall from the centre of 
gravity on the given axis. Secondly, 
in order that the statical moment of 
the whole mass, concentrated partly at 
C, and partly at the centre of percus- 
sion B (stni unknown), may be the same with that of the actual 
body, the centre of gravity must be unaltered by that concen- 
tration of mass; that is to say, the masses concentrated at B and 
C must be inversely as the distances of those points from G. 
Hence denoting the weights of those masses by the letters B and 
C respectively, and the weight of the whole body by W, we have 
the proportion 




Fig. 142. 



W:C:B: :BC:GB:GC, 



.(1.) 



Lastly, in order that the moment of inertia of the mass as supposed 
to be concentrated at B and C, about the axis X X, may be tlie 
same with that of the actual body, we must have 



B-BC2 = We2 = W(€S + 7^). 



.(2.) 



where ro = G C, and ('o is the radius of gyration of the body about 
an axis parallel to X X and traversing G; and substituting for V> 
its value from Equation 1, viz., B = Wtq -f- B C, we find, for the dis- 
tance of the centre of percussion from the axis, 



f' el 



BC = - = -^" + ro;. 



(3.) 



Mid for its distance from the centre of gravity, 






V^^ 
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The last equation may also be expressed in tlie form 

GB-GC = es; (5.) 



wLicli preserves the same value when G B and G are inter- 
changed ; thus shewing, that if a new axis parallel to the original 
axis X X be made to traverse the original centre of percussion^ the 
new centre of percussion is the point C in the original axis. 

The proportion in which the mass of the body is to be considered 
as distributed between B and C takes the foUowiug form, when 
each of the last three terms of the proportion 1 is multiplied by 

7-0 = GO:— 

The preceding solution is represented by the following geometrical 
construction: — Draw GD perpendicular to C G and = fo> j^^"^ 
C D, perpendicular to which draw D B cutting C G produced in 
B; this point is the centre of percussion. 

Also, C D = (, the radius of gyration about XX; and D B is the 
radius of gyration about an axis traversing B parallel to X X. 

If CE be taken = CD, E is sometimes called the Centre of Gyra- 
tion of the body for the axis X X. 



Section 2. — On Uniform Rotation. 

356. The Momentum of a body rotating about its centre of 
gravity is nothing, according to the principle of Article 344. As 
every motion of a rigid body can be resolved into a translation, 
and a rotation about its centre of gravity, the rotation will be 
supposed to take place about the centre of gravity of the body 
throughout this section. 

357. The Angular Momentum is found in the following manner: 
— Let X denote the axis of rotation, and y and z any two axes fixed 
in the body, perpendicular to it and to each other. Let a be the 
augular velocity of rotation. Then the velocity of any particle W, 
whose radius vector is r = Jy^ + z^, is 



ar = a^y^ + z^, 

■ 

and the angular momentum of that particle, relatively to tlie axis of 
rotation, is 

eiDg the product of its moment o/ merlxa xuto xla auij-uXow -o^o^iVx.^^ 
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divided by g, because of the weights of the particles having been 
used in computing the moment of inertia. 

358. The Actual Energy of Rotation of a body rotating about its 
centre of gravity, being the sum of the masses of its particles, each 
multiplied into one-half of the square of its velocity, is found as 
follows : — a being the angular velocity of rotation, the linear velo- 
city of any particle whose distance from the axis of rotation is r, is 

and the actual energy of that particle, its weight being W, is 



^9 " 2g '' 



(1.) 



a2 



being the moment of inertia of the particle multiplied by -^, Hence 
for the whole body the actual energy of rotation is 

E=27' (2) 

that is to say, actual energy hea/rs the same relation to angiUar velo- 
city and mom^ent of inertia' l^t it does to linear velocity and weight. 
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CHAPTER V. 
MOTIONS OF FLUIDS. 

359. Division of the Subject. — The mode of division that will 
be employed in this chapter in treating of the motions of fluids is 
founded on the distinction between motions not sensiblv affected 

ar 

by friction, and those which are so affected. The motions of fluids 
not sensibly affected by friction, and therefore governed by pressure 
and weight only, take place according to laws which are exactly 
known ; so that any difficulty which exists in tracing their conse- 
quences, in particular cases, arises from mathematical intricacy 
alone. The laws of the friction of fluids, on the other hand, are 
only known approximately and empirically ; and the mode of 
operation of that force amongst the particles of a fluid is not yet 
thoroughly understood ; so that the solution of a particular problem 
has often to be deduced, not from first principles representing the 
condensed results of all experience, but from experiments of a 
special class, suited to the problem under consideration. 

The following is the division of the subject of this chapter : — 
I. Motions of Liquids under Gravity and Pressure alone. 

II. Motions of Liquids affected by Friction. 

Section 1. — Motions op Liquids without Friction. 

360. Dynamic Head. — Let p denote the intensity of the pressure 
of the liquid at a given point and ^ the weight of an unit of volume; 

then the quotient - is what is called the height, or liead, due to tite 

pressure; that is, the height of a column of the liquid, of the 
uniform specific gravity e, whose weight per v.nit of base would be 
equal to the pressure p. Now, let a vertical ordinate z be measured 
positively downwards from a datum horizontal plane, ^z is the 
weight of a column of liquid per unit of base extending down from 
that plane to a particle under consideration; p — ez is the difference 
between the intensity of the actual pressure at that particle and 
the pressure due to its depth below the datum horizontal plane; 
and 

^--z = h (1.) 

js the height or head due. to that dijfereuce of mteusU^j ^^xTi'^^V^ 
win be termed the dynamic /lead. ^N\i^xl^\.^m^^^^x^^^1&o^xUm^>^ 
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upwards from s^ datum horizontal plane, its sign is to be changed ; 
so that the expression for the dynamic head in that case becomes 

^ + ^ = ^ ^.(2.) 

361. Law of Dynamic Head for Steady Motion.— This principle 
may be stated thus : — In steady motion^ the sum of the /leight dice to 
the velocity of a particle and of its dynamic head is constancy or 
symbolically 

Y2 

zr— + A = constant. 

This equation applies to the particles which successively occupy the 
same fixed point, as well as to each individual particle. 

362. The Total Energy of a particle of a moving liquid without 
friction is expressed ])y multiplying the expression in the previous 
equation by the weight of the particle W, thus : — 

-o + WA; 

2g 

in which — ^ — is the actual energy of the particle, and W A is its 

y 

potential energy; because, from the last Article it appears, that by 

the diminution of WA, — ^ — may be increased by an equal amount, 

and vice versa; so that the dynamic head ofapa/rticle is its potential 
energy per unit of weight. Jn the case of steady motion, the total 
energy of each particle is constant; and the total energy of each of 
the equal particles which successively occupy the same position is 
the same. 

363. The Free Surfece of a moving liquid mass, being that which 
is in contact with the air only, is characterized by the pressure 
being uniform all over it, and equal to that of the atmosphere. 
Let Pi be the atmospheric pressure, z^ the vertical ordinate, mea- 
sured positively upwards from a given horizontal plane, of any point 
in the free surface of the liquid, and h^ the dynamic head at the 
same point; then it appears from Article 360, Equation 2, that for 
that surface, 

h^ - Zi = — = constant (1.) 

364. A Surface of Equal Pressure is characterized by an ana- 
logous equation, 

h^z = — = conatant*, -^"^ 
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and all surflEuses of equal pressure fulfil the differential equatioD, 

dh = dz; (2.) 

for the differential coefficient of a constant being equal ix> dh 
^ dz = Equation 1, and ,\dh = dz which, for steady motion, 
becomes 

dz = dh=-d'^; (3.) 

found by differentiating the equation of Article 361, expressiug 
that the variations of actual energy are those due to the variations 
of level simply. 

365. Motion in Plane Layers is a state which is either exactly 
or approximately realized in many ordinary cases of liquid motion; 





Fig. 143. 



Fig. 144. 



and the assumption of which is often used as a first approximation 
to the solution of various questions in hydraulics. It consists in 

the motions of all the particles in one 
plane being parallel to each other, per- 
pendicular to the plane, and equal in 
velocity. It is illustrated by the three 
figures 143, 144, and 145, each of which 
represents a reservoir containing liquid 

up to the elevation OZi = Zi above a given 
datum, and discharging the liquid from 

an orifice Ao at the smaller elevation O Z© 

= Zq. The liquid moves exactly or nearly 

in plane layers at the upper surfuce Ai and at the orifice A©. 

Let these symbols denote the areas of the upper surface and of the 

issuing stream respectively. 

Let Q denote the rate of ti.ow per secoxi^,'o^\.V^ N^Vi^vi^ of descent 

of the liquid at the upper surface, Vo'i^.a ve\ocv)L^ ol c^xjivJ^^^s i>tQxa.>(i^^ 




Fig. 145. 
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orifice; then, accordiBg to Article 116, the equation of continuity is 

^iAi = roAo = Q; "^ 

Q Q \ (1-) 

The pressures at the upper surface and at the orifice respectively 
are each equal to the atmospheric pressure; hence the difference of 
dynamic head is simply the difference of elevation; that is to say, 

/ti — /Iq = ^ — 2^0 ; 

therefore, according to Article 361 aud Article 364, Equations 2 
and 3, 

-Tf^-TgV-Al) =''-"' (^-^ 

This gives for the velocity of outflow, 






from which can be computed the rate of flow or discharge by means 
of Equation 1. 

366. The Contracted Vein is the name given to a portion of a 
jet of fluid at a short distance from an orifice in a plate, which is 
smaller in diameter and in area than the orifice, owing to a spon- 
taneous contraction which the jet undergoes after leaving the 
orifice. 

The area of the narrowed part of the contracted vein is in every 
case to be considered as the virtual or effective outlet, and used for 
Aq in the equations of the last Article. 

The ratio of the area of the contracted vein, or effective orifice, 
to that of the actual orifice, is called the coefficient of contraction. 
For sharp edged orifices in thin plates, it has different values for 
difierent figures and proportions of the orifice, ranging from about 
0*68 to 0*7, and being on an average about |. It diminishes some- 
what for great pressures, and for dynamic heads of six feet and 
upwards may be taken at about 0*6. The most elaborate table of 
those coefficients is that of Foncelet and Lesbros. 

For orifices with edges that are not sharp and thin, the discharge 
is modified sensibly by friction. 

Section 2. — Motions of Liquids with Friction. 

367. Qenersd Laws of Fluid Friction.— 1^ \% Vtlo^tiVj ^■^^^- 
ment^ that between a fluid, and a solid auriace o^ex ^\Cv^^H» ^^^^-^ 
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there Is exerted a resistmnoe to tlieir lelatiTe motian which is pro- 
]x>rtional to their surface of contact, and to the density of the flidd| 
and is approximately proportional to the sqiiare of the velocity of 
the relative motion; that is, the resistance is approximately pro- 
portional to the weight of a prism oftkeJUnd^ whose hose is the sur- 

/a4X of contact^ and its height the height due to the relative velocity. 

Let S be the surface of contact, v the velocity, ^ the weight of an 
unit of volume of the fluid, and/ a &ctor called the coefficient of 

friction; then 

S=/eS^^ (1.) 

L« the amount of the friction at the surface S. 

The coeflficient / is not absolutely constant at different velocities. 
The mode of calculation employed in practice, where the velocity 
is one of the unknown quantities to be determined, is to find an 
approximate value of the velocity from the mean value of f; then 
to compute the value of / corresponding to that approximate 
velocity, and use it to compute the velocity more exactly. 

The following are some of the values of the coefficients of 
friction, according to different authorities, for streams of wateb, 
gliding over various sur&ces ; v being the mean velocity of ths 
stream, in feet per second : — 

Iron pipes (Darcy). Let cZ = diameter of pipe in feet; then, 
or for velocities that are not very small, 

Iron pipes, value of/ for first approximation, 0*0064 

Beds of rivers ( Weisbach), / = « + -; a = 0*0074:. 

6 = 0*00023 foot 
Beds of rivers, value of / for first ) -007 fi 

approximation, J 

A collection of numerous formulae for fluid friction, proposed by. 

different authors, together with tables of the results of the best 

formulae, is contained in Mr. Neville's work on hydraulics. The 

formulae of many authors, though differing in appearance, are 

founded on the same, or nearly the same, experimental data, being 

chieBy those of Du Buat, with additions by subsequent inquirers; 

and their practical results do no^. iri«u\»ensi;^^ 4\Sfe.Y. The two 

^ormulao given above, on tlae a\it\ioic\X.7 ol T^^ycs, i^x: Vt^w ^\j^f®^ 
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are based ou his experiments as recorded iu his treatise du Mouve- 
ment de VEau dans les Tuyavjx. 

368. Internal Fluid Friction. — Although the particles of fluids 
have no transverse elasticity — that is, no tendency to recover a 
cei-tain figure after having been distorted — it is certain that they 
resist being made to slide over each other, and that there is a 
lateral communication of motion amongst them; that is, that there 
is a tendency of particles which move side by side in parallel lines 
to assume the same velocity. The laws of this lateral communica- 
tion of motion, or internal friction of fluids, are not known exactly; 
but its efiects are known thus far : — that the energy due to differ- 
ences of velocity, which it causes to disappear, is replaced by heat 
in the proportion of one thermal unit of Fahrenheit's scale for 772 
foot pounds of energy, and that it causes the friction of a stream 
against its channel to take effect, not merely in retarding the film 
of fluid which is immediately in contact with the sides of the 
channel, but in retarding the whole stream, so as to reduce its 
motion to one approximating to a motion in plane layers perpen- 
dicular to the axis of the channel (Article 365). 

369. Friction in an Uniform Stream. — It is this last fact which 
renders possible the existence of an open stream of uniform section, 
velocity, and declivity. In hydraulic calculations respecting the 
resistance of this, or any other stream, the value given to the 
velocity is its mean value throughout a given cross-section of the 
stream A, 

"I • <■■) 

The greatest velocity in each cross-section of a stream takes place 
at the point most distant from the rubbing surface of the channel. 
Its ratio to the mean velocity is given by the following empirical 
formula of Prony, where V is the greatest velocity in feet per 
second : — 

Y~ 10-25 + V ^ ^^ 

In an uniform stream, the dynamic head which would otherwise 
have been expended in producing increase of actual energy, is 
wholly expended in overcoming friction. Consider a portion of 
the stream whose length is Z, and fall z. The loss of head is equal 
to the fall of the surface of the stream, according to Article 363; 
and the expenditure of potential energy in a second is accordingly 

Equating this to the work performed in a second m c>^^x^<3vk^xs% 
friction^ Viz., vB, Equation 1, Article ^^7, v?^ ^u^ 
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or dividing by common factors, and by the area of section. A, we 
find for the value of the fall in terms of the velocity 



^ S 



(3.) 



Let 8 be what is called the voetted perimeter of the cross-section 
of the stream ; that is, the cross-section of the rubbing surface of 
the stream and channel; then 

and dividing both sides of Equation 3 by l, we find for the relation 
between the rate of declivity and the velocity, 



.2 



sini = j = /-^ ^ 



(4.) 



— is what is called the " hydraulic mean depth " of the stream; 



8 



and as the friction is inversely proportional to it, it is evident that 
the figure of cross-section of channel which gives the least friction 
is that whose hydraulic mean depth is greatest, viz., a semicircle. 
When the stability of the material limits the side-slope of the 
channel to a certain angle, Mr. Keville has shewn that the figure 
of least friction consists of a pair of straight side-slopes of the given 
inclination connected at the bottom by an arc of a circle whose 
radius is the depth of liquid in the middle of the channel; or, if a 
flat bottom be necessary, by a horizontal line touching that ara 
For such a channel, the hydraulic mean depth is half of the depth 
of liquid in the middle of the channel. 

370. Varying Stream. — In a stream whose area of cross-section 
varies, and in which, consequently, the mean velocity vai*ies at 
different cross-sections, the loss of djmamic head is the sum of that 
expended in overcoming friction, and of that expended in producing 
increased velocity, when the velocity increases, or the difference of 
those two quantities when the velocity diminishes, which difference 
may be positive or negative, and may represent either a loss or a gain 
of head. The following method of representing this principle sym- 
bolically is the most convenient 
for practical purposes. In fig. 
146, let the origin of co-or- 
dinates be taken at a point 
completely hdow the part of the 
stream to be considered; let ho- 
rizontal abscissae x be measured 
against the direction of flow, 
I SLwd ^'ertical ordinates to the 

Fig. 146. svvc^s^^i^ o^ VJa^ ^x^'axsv^ t.^ ^ 

wards. Consider any indefiniteVy aVioit v»x\,\oxi ot «c* %\.-««bv^V«> 




THE FRICTION OF A PIPE RUNNING FULL. 237 

horizontal length is dx; in practice this may almost always be con- 
sidered as equal to the actual length. The fall in that portion of 
the stream is d z, and the acceleration -d v, because of v being 
opposite to X. Then modifying the expression for the loss of head 
due to fi-iction in Equation 3 of Article 369 to meet the present 
case^ and adding the loss of head due to acceleration, we find 

^ sdx v^ vdv ,-. 

'^' = -^-A-'2^-T- ^^-^ 

In applying this differential equation to the solution of any parti- 
cular problem, for v is to be put Q -H A, and for A and s are to be 
put their values in terms of x and z. Thus is obtained a differential 
equation between z and x, and the constant quantity Q, the flow 
per second. If Q is known, then it is sufficient to know the value 
of z for one particular value of a?, in order to be able to determine 
the integral equation between z and x If Q is unknown, the 

dz 
values of z for two particular values of a?, or of z and -j- (the 

CL X 

declivity), for one particular value of x, are required for the solu- 
tion, which comprehends the determination of the value of O. 

371. The Friction in a Pipe Banning Full produces loss of 
dynamic head according to the same law with the friction in a 
channel, except that the dynamic head is now the sum of the ele- 
vation of the pipe above a given level, and of the height due to the 
pressure within it. The differential equation which expresses this 
is as follows : — Let dl he the length of an indefinitely short 
portion of a pipe measured in the direction of flow, a its internal 
circumference, A its area of section, z its elevation above a given 
level, p the pressure within it, h the dynamic head. Then the loss 
of head is 

,, , dp vdv J, 8dl v"^ ,-. 

t g A 25r ^ ^ 

The ratio -ry is called the virtual or hydraulic declivity, being the 

rate of declivity of an open channel of the same flow, area, and 

hydraulic mean depth. This may differ to any extent from the 

dz 
cbcbudl declivity of the pipe, -j^. 

When the pipe is of uniform section, dv — 0, and the first term 
of the right-hand side of Equation 1 vanishes. 

When the section of the pipe varies, s and -feii- ax^ ^^i^\i ^xix^siyv^-'^is* 

of I IfQia given, t? = Q -^ A is also a given inncNAsycL ol 1.% «».^ 

to solve the equation completely, there is oiAy xeo^vc^^ vc^ ^^^^^si^ 
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the valae of h for one particular value of L If Q is unknown, tbe 

values of h for two particular values of ?, or of h and -^j for one 

particular value of l^ are required for the solution, which compre- 
hends the determination of Q. 

372. Resistance of Mouthpieces. — A mouthpiece is the part of 
a channel or pipe immediately adjoining a reservoir. The internal 
friction of the fluid on entering a mouthpiece causes a loss of head 
equal to the height due to the velocity multiplied by a constant 
depending on the figure of the mouthpiece, whose values for 
certain figures have been found empirically; that is to say, let 
- A ^ he the loss of head; then 

-^'*=V ^^-^ 

/' being a constant. 

For the mouthpiece of a cylindrical pipe, issuing from the flat 
side of a reservoir, and making the angle i with a normal to the 
side of the reservoir, according to Weisbach, 

/' = 0-505 + 0-303 sin t + 0-226 Bin2 i (2) 

373. The Resistance of Curves and Eiiees in pipes causes a loss 
of head equal to the height due to the velocity multiplied by a 
ooefficient, whose values, according to Weisbach, are given by the 
following formulae : — For curves, let i be the arc to radius unity, r 
the radius of curvature of the centre line of the pipe, and d its 
diameter. 

Then for a circular pipe, 

/" = i{0-131.1-847(^J}; 
and for a rectangular pipe, \ (1 •) 

/" = i{0-m.3-104(/J}; 

for Jcnees, or sudden bends, let i be the angle made by the two por- 
tions of the pipe at either side of the knee with each other; then 

/" = 0-9457 sin2^, + 2-047 sin*^ (2.) 

374. A Sudden Enlargement of the channel in which a stream 
of liquid flows, causes a sudden diminution of the mean velocity in 

the same proportion as tliat in 'w\i\s^ ^^ ^^^^ ^i ^^^Hkoi^ ^a in- 
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creased. Thus, let v^ be the velocity in the narrower portion of 
the channel, and let m be the number expressing the ratio in which 
the channel is suddenly enlarged: the velocity in the enlarged part 

is A Now it appears from experiment, that the actual energy 
due to the velocity of the narrow stream relatively to the wide 
stream, that is, to the difference v^ ( 1 J, is expended in over- 
coming the internal fluid friction of eddies, and so producing heat; 
so that there is a loss of total kead, represented by 

ft('-iy (>■) 

375. The General Problem of the flow of a stream with friction 

'y? v^ 

is thus expressed : — Let A, + 77—, and h^ + ^, be the total heads at 

^9 ^9 

the beginning and end of the stream respectively; then the loss of 
total head is represented by 

A,-A,+!^ = 2-Fi^ (!•) 

•wheore the right-hand side of the equation represents the sum of 
all the losses of head due to the friction in various parts of the 
channel. 
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THEORY OF MACHINES. 



CHAPTER I. 
DEFINITIONS AND GENERAL PRINCIPLES. 

376. Nature and Division of the Subject. — In the present Part 
of this work, machines are to be considered not merely as modify- 
ing motion, but also as modifying force, and transmitting energy 
from one body to a.nother. The theory of machines consists 
chiefly in the application of the principles of dynamics to trains 
of mechanism; and therefore much of the present Part of this 
treatise will consist of references back to Parts II. and V. 

There are two fundamentally different ways of considering a 
machine, each of which must be employed in succession, in order 
to obtain a complete knowledge of its working. 

I. In the first place is considered the action of the machine 
during a certain period of time, with a view to the determination 
of its EFFICIENCY ; that is, the ratio which the useful part of its 
work bears to the whole expenditure of energy. The motion of 
every ordinary machine is either uniform or periodical ; and there- 
fore the principle of the equality of energy and work is fulfilled, 
either constantly, or periodically at the end of each period or cycle 
of changes in the motion of the machine. 

II. In the second place is to be considered the action of the 
machine during intervals of time less than its period or cycle, if 
its motion is periodic, in order to determine the law of the periodic 
changes in the motions of the pieces of which the machine con- 
sists, and of the periodic or reciprocating forces by which such 
changes are produced. 

377. A Prime Mover is an engine, or combination of moving 

pieces, which serves to tranafet eweir^ from, those bodies which 

naturally develop it, to those "by mea,iis ol ^\3as^ *^ V^ \/i \ife 'scx- 

ployed, and to transform eneigy &om \iNi^ ^wi\Q\\a iQrc\aa.\^^\a.^ 
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it may occar, such as chemical affinity, heat, or electricity, into the 
form of mechanical energy, or energy of force and motion. The 
mechanism of a prime mover comprehends all those parts by means 
of which it regalates its own operations. 

The useful work of a prime mover is the energy which it trans- 
mits to any machine driven by it; and its efficiency is the ratio of 
that useful work to the whole energy received by it from a natural 
source of energy. 

The effect or available power of a prime mover is its useful work 
in some given unit of time, such as a second, a minute, an hour, 
or a day. 

378. The Regulator of a prime mover is some piece of appai^atus 
by which the rate at which it receives energy fiom the source of 
enei^ can be varied. 

379. A Governor ]a a self-acting adjusting apparatus, usually 
consisting of a pair of rotating pendulums, whose angle of devia- 
tion from their axis depends upon the speed. 

380. Flnctoations of Speed in a machine are caused by the 
alternate excess of the energy received above the work performed, 
and of the work performed above the energy received, which pro- 
duce an alternate increase and diminution of actual energy. 

381. A Ply-Wheel is a wheel with a heavy rim, whose great 
moment of inertia reduces the coefficient of fluctuation of speed 
to a certain fixed amount. 

382. A Brake is employed to stop a machine in a shoi'ter time 
than can be done by simply suspending the effi^rt of the prime 
mover. 

383. UseM and Lost Work. — ^The whole work performed by a 
machine is distinguished into useful work^ being that performed in 
pTOclacing the effect for which the machine is designed, and lost 
work being that performed in producing other effects. 

384. UseM and Prejndicial Besistance are overcome in per- 
forming useful work and lost work respectively. 

385. The Efficiency of a machine is a fraction expressing the 
ratio of the useful work to the whole work performed, which is 
equal to the energy expended. The limit to the efficiency of a 
jnachine is unity, denoting the efficiency of a perfect machine in 
which no work is lost. The object of improvements in machines 
is to bring their efficiency as near to unity as possible. 

386. Power and Effect; Horse Power. — The power of a 
machine is the energy exerted, and the effect, the useful work 
performed, in some interval of time of definite length. 

The unit of power called conventionally a horse power, is 550 
foot pounds per second^ or 33,000 foot ipo\xii^"& "^x TSi\\i\iXfc^ <3^ 
1,980,000 foot pounds per hour. The effect Vs ecj^A \o ^^ ^^^^^ 
multiplied by the ejffieiency. 
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387. DnfiDg Pomt: Tnm: WoridBg PoiBl. — ^The driving point 
ic thmt through whidb the icsolcuit effiirt of the prime mover acts. 
The tirnm is the aeries of pieces whidi txmnsmit motion and force 
from the driving point to the working point, through which acts 
the resultant of the redstanoe of the naefol work. 

38S. Points of BffiBstanre are pmnts in the train of mechamsm 
throng which the resoltants of prejudicial resistances act. 

389. Efficiencies of Pieces of a Train. — ^The nsdnl work of an 
intermediate piece in a train of mechanism consists in driving the 
jneoe which follows it, and is less than the energy exerted upon it 
by the amount of the work lost in overcoming its own friction. 
Hence the efficiency of such an intermediate piece is the ratdo of 
the work performed by it in driving the following piece, to the 
energy exerted on it by the preceding piece; and it is evident that 
the ^fidency of a machine is the product of the efficiencies of the aeries 
of moving pieces which transmit energy from the driving point to the 
icoriing point. The same principles apply to a train of successive 
machines, each driving that which follows it. 
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CHAPTER II. 

OF THE PERFORMANCE OF WORK BY MACHINES. 

Section 1. — Op Work. 

^0. The Action of a Machine is to produce motion against 
istance. For example, if the machine is one for lifting solid 
es, such as a crane, or fluid bodies, such as a pump, its action 
> produce upward motion of the lifted body against the resist- 
j arising from gravity ; that is, against its own weight : if 
machine is one for propulsion, such as a locomotive engine, its 
on is to produce horizontal or inclined motion of a load against 
resistance arising from friction, or from friction and gravity 
bined : if it is one for shaping materials, such as a planing 
hine, its action is to produce relative motion of the tool and of 
piece of material shaped by it, against the resistance which that 
erial offers to having part of its surface removed; and so of 
ir machines. 

91. Work. — The action of a machine is measui^ed, or expressed 
definite quantity, by multiplying the motion which it pro- 

2S into the resistance, or force directly opposed to that motion, 
ch it overcomes; the product resulting from that multiplication 
ig called WORK. 

n Britain, the distances moved through by pieces of mechanism 
usually expressed in feet ; the resistances overcome, in pounds 
irdupois; and quantities of work, found by multiplying dis- 
}es in feet by resistances in pounds, are said to consist of so 
ly foot-pounds. Thus the work done in lifting a weight of one 
nd, through a height of one foot, is one foot-pound; the work ■ 
e in lifting a weight of twenty pounds, through a height of one 
dred feet, is 20 x 100 = 2,000 foot-pounds, 
n France, distances are expressed in metres, resistances over- 
lc in kilogrammes, and quantities of work in what are called 
grammetres, one kilogramm^tre being the work performed in 
ng a weight of one killogramme through a height of one 
re. 

92. The Rate of Work of a machine means, the quantity of work 
ch it performs in some given interval of time, ^\3lg\v ^^ ^^^^<^\A^ 
inute, or an hour. It may be expressed in wmt^ oi -^or^V^^^^^ 
*ot-pound8) per second, per minute, or ^er \^o\3l«, «c^ \}a^ c.^^ 
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may be; but there is a peculiar unit of power appropriated to its 
expression^ called a horse-poweb, which is^ in Britain, 

550 foot-pounds per second, 
or 33,000 foot-pounds per minute, 
or 1,980,000 foot-pounds per hour. 

In France, the term Fobce de CnEVAL is applied to the following 
rate of work : — 

Foot-ponnda. 

75 kilogramm^tres per second = 542^ 

or 4,500 kilogram metres per minute = 32,549 

or 270,000 kilogram metres per hour = 1,952,932 

being about one-seventieth part less than the British horse-power. 

393. Velocity. — If the velocity of the Taction which a machine 
causes to be performed against a given resistance be given, then the 
product of that velocity into the resistance obviously gives the rate 
of work, or effective power. If the velocity is given in feet per 
second, and the resistance in pounds, then their product is the rate 
of work in foot-pounds per second, and so of minutes, or hours, or 
other units of time. 

It is usually most convenient, for purposes of calculation, to 
express the velocities of the parts of machines either in feet per 
second or in feet per minute. For certain kinetic calculations 
the second is the more convenient unit of time • in stating the 
performance of machines for practical purposes, the minute is the 
unit most commonly employed. 

394. Work in Terms of Angular Motion. — When a resisting 
force opposes the motion of a part of a machine which moves round 
a fixed axis, such as a wheel, an axis, or a crank, the product of 
the amount of that resistance into its leverage (that is, the perpen- 
dicular distance of the line along which it acts from the fixed axis) 
is called the monienty or statical Tnomenty of the resistance. If the 
resistance is expressed in pounds, and its leverage in feet, then its 
moment is expressed in terms of a measure which may be called 
a foot-pound, but which, nevertheless, is a quantity of an entirely 
different kind from a foot-pound of work. 

Suppose now that the body to whose motion the resistance is 
opposed turns through any number of revolutions, or parts of a 
revolution ; and let T denote the angle through which it turns, 
expressed in revolutions, and parts of a revolution , also, let 

710 
2^ = 6-2832 = |i-^ 

denote, as is customary, tlie ratio oi t\i^ c^xc^vmiet«clS5fc^'l^^\\'S^^^a 
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its radius. Then the distance through which the given resistance 
is overcome is expressed by 

the leverage x 2 «• x T; 

that is, by the product of the circumference of a circle whose radius 
is the leverage, into the number of turns and fractions of a turn 
made by the rotating body. 

The distance thus found being multiplied by the resistance over- 
come, gives the work performed; that is to say, 

The work performed 
^ihe resistance x the leverage x 2 «• x T; 

But the product of the resistance into the leverage is what is called 
the moment of the resistance, and the product 2 «* T is called the 
angular motion of the rotating body ; consequentlj^ 

The vxyrk performed 
= the moment of the resistance x the angular motion* 

The mode of computing the work indicated by this last equation 
is often more convenient than the direct mode already explained in 
Article 391. 

The angular motion 2 «• T of a body during some definite unit of 
time, as a second or a minute, is called its angular velocity; that is 
to say, angvla/r velocity is the product of the turns and fractions of a 
turn made in an unit of time into the ratio of the circumference 
of a circle to its radium. Hence it appears that 

The rate of work 
= the momenJt of the resistance x the angular velocity, 

395, Work in Terms of Pressure and Volume. — If the resistance 
overcome be a pressure uniformly distributed over an area, as when 
a piston drives a fluid before it, then the amount of that resistance 
is equal to the intensity of the pressure, expressed in units of force 
on each unit of area (for example, in pounds on the square inch, 
or pounds on the square foot) multiplied by the area of the sur- 
fece at which the pressure acts, if that area is perpendicular to 
the direction of the motion ; or, if not, then by the projection of 
that area on a plane perpendicular to the direction of motion. In 
practice, when the a/rea of a piston is spoken of, it is always 
understood to mean the projection above mentioned. 

Now, when a plane area is multiplied into the distance through 
which it moves in a direction perpendicular to itself, if its motion 
is straight, or into the distance through which its centre of g,ravit^ 
moves, if its motion is curved, the produc^i \a ^iXi^ 'oolu'me. of \>v.^ 
s;pa^!e traversed by the piston. 

Hence the work performed by a piston in dxiVvci^ ^ ^xxvi^^^*^^^^ 



246 THEORY OF MACHIlfES. 

it, or by a fluid in driving a piston before it; may be expressed in 
either of the following ways : — 

Resistcmce x distance traversed 

= intensity of pressure x area x distance traversed; 

= intensity of pressure x volume traversed. 

In order to compute the work in foot-pounds, if the pressure is 
stated in pounds on the square foot, the area should be stated in 
square feet, and the volume in cubic feet j if the pressure is stated in 
pounds on the square inch, the area should be stated in square inches, 
and the volume in units, each of which is a prism of one foot in 

length, and one square inch in area ; that is, of t^t of a cubic foot 

in volume. ^ 

396. Algebraical Expressions for Work. — To express the results 
of the preceding articles in algebraical symbols, let 

s denote the distance in feet through which a resistance is over- 
come in a given time ; 

R, the amount of the resistance overcome in pounds. 
Also, supposing the resistance to be overcome by a piece which 
turns about an axis, let 

T be the number of turns and fractions of a turn made in the 
given time, and i = 2 ^ T = 6*2832 T the angular motion in the 
given time ; and let 

I be the leverage of the resistance; that is, the perpendicular 
distance of the line along which it acts from the axis of motion ; 
so that 8 = il, and II Hs the statical moment of the resistance. 
Supposing the resistance to be a pressure, exerted between a piston 
and a fluid, let A be the area or projected area of a piston, and j? 
the intensity of the pressure in pounds per unit of area. 

Then the following expressions all give quantities of work in the 
given time in foot-pounds : — 

Rs; i^l; p As ; ip AL 

The last of these expressions is applicable to a piston turning on 
an axis, for which I denotes the distance from the axis to the centre 
of gravity of the area A. 

397. Work against an Oblique Force. — The resistance directly 
due to a force which acts against a moving body in a direction ' 
oblique to that in which the body moves, is found by resolving 
that force into two components, one at right angles to the direction 
of motion, which may be called a lateral force, and which must be 
balanced by an equal and oi[)po«.\\iek \a.\«t«\ iatc»^ \mless it takes 

effect by altering the direction oi \]^e>\>o^Y^Tc^o\Kci\i,^\A>55«^^^'Owst 
coniponent directly opposed to t\\e> Aoo^V^ moXKss^, ^>kvOcs. \a» '(^'^ 
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resistance required. That resolution is effected by means of the 
well-known priDciple of the parallelogram of forces as follows: — 

In fig. 147, let A represent the point at whicli a resistance is over- 
come, A B the direction in which 

that point is moving, and let A F 

be a line whose direction and 

length represent the direction and 

magnitude of a force obliquely Yis. 147. 

opposed to the motion of A. 

From F upon B A produced, let fall the perpendicular F~R; the 
length of that perpendicular will represent the magnitude of the 

lateral component of the oblique force, and the length A R will 
represent the direct component or resistance. 

The work done against an oblique resisting force may also 
be calculated by resolving the motion into a direct component 
in the line of action of the force, and a transverse component, 
and multiplying the whole force by the direct component of the 
motion. 

398. Summation of Quantities of Work. — In every machine, 
resistances are overcome during the same interval of time, by 
different moving pieces, and at different points in the same moving 
piece ; and the whole work performed during the given interval is 
found by adding together the several products of the resistances 
into the respective distances through which they are simultaneously 
overcome. It is convenient, in algebraical symbols, to denote the 
result of that summation by the symbol — 

2-Ila;... (1.) 

in which 2 denotes the operation of taking the sum of a set of 
quantities of the kind denoted by the symbols to which it is pre- 
fixed. 

When the resistances are overcome by pieces turning upon axes, 
the above sum may be expressed in the form — 

2 iRZ; (2.) 

and so of other modes of expressing quantities of worjs:. 

The following are particular cases of the summation of quantities 
of work performed at different points : — 

L In a shifting piece, or one which has the kind of movement 
called trmislation only, the velocities of every point at a given 
instant are equal and parallel ; hence, in a given interval of time, 
the motions of all the points are equal ; and the work performed 
is to be found by multiplying the sum of the resistawx^ \wtc> ^^^^ 
motion as a common factor ; an operation ex^tcw^^ ^^^wcaASsalivS.^ 

sER^ *^^ 
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II. For a turning piece, the angular motions of all the points 
during a given interval of time are equal ; and the work performed 
is to be found by multiplying the simi, of the moments of the resist- 
ances relatively to the aacia into the angular motion as a common 
factor — an operation expressed algebraically thus— 

i2-R/;.... (4.) 

The sum denoted by E > K / is the total moment of resistance of the 
piece in question. 

III. In every 1/rain of mechanism, the proportions amongst the 
motions performed during a given interval of time by the several 
moving pieces, can be determined from the mode of connection of 
those pieces, independently of the absolute magnitudes of those 
motions, by the aid of the Theory of Pure Mechanism, Part II. 
This enables a calculation to be performed which is called 
reducing the resistances to the driving point; that is to say, 
determining the resistances, which, if they acted directly at the 
point where the motive power is applied to the machine, would 
requiie the same quantity of work to overcome them with the 
actual resistances. 

Suppose, for example, that by the principles of pure mechanism 
it is ibiiiid, that a certain point in a machine, where a resistance R 
is to be overcome, moves with a velocity bearing the ratio ti : i to 
the velocity of the driving point. Then the work performed in 
overcoming that resistance will be the same as if a resistance n R 
were overcome directly at the driving point. If a similar calcula- 
tion be made for each point in the machine where resistance is 
overcome, and the results added together, as the following symbol 
denotes : — 

2-7iE, (5.) 

that sum is the equivalent resistance at the driving poinJt ; and if in 
a given interval of time the driving point moves through the dis- 
tance s, then the work performed in that time is — 

5 2 • wR (6.) 

The process above described is often applied to the steam engine, 
by reducing all the resistances overcome to equivalent resistances 
acting directly against the motion of the piston. 

A similar method may be applied to the moments of resistances 
overcome by rotating pieces, so as to reduce them to equivalent 
moments at the driving a^le. Thus, let a resistance R, with the 
levtTHge I, be overcome by a piece whose angular velocity of rota- 
tion bears the ratio n '.\ to that of the driving axle. Then the 
equivalent moment of resistance at the driving axle is n R ^ ; and 
if a similar calculation be made> foT eai^ili rotating piece in the 
machine which overcomes xeaistaTic^, ^.ti^ ^^ t^'sx^^.'^ ^^^^^Xrt 
getber, the sum — .- < 

-a-nUi '^^ 
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is the totai equivalentmomerU of reaiitance at the dnvingATcle; and 
if in a given interval of time the driving axle turns throagh the 
arc i to radius nnity, the work performed in that time is — 



(8-) 




IV. Centre of gravity. — The work performed in lifting a body 
ia the product df (Ao iceight of the body into the height tfirottgh jehich 
il» centre of gravity is lifted. 

If a machine lifts the centres of gravity of several bodies at once 
to heights either the same or different, the whole quantity of work 
performed in so doing is the sum of the several prodncts of the 
weights and heigbtsj bat that quantity can also be computed by 
fnultiplyitig the gum of ail tlje 
•waghta into the height through 
which their common centre of 
gravity is lifted. 

399. BepreBentation ofWork 
by an Area. — As a quantity of [a] 
work is the product of two 
quantities, a force and a motion, 

it may he represented by the "8- '^ 

area of a plane £gure, which is the product of two dimensions. 
Let the base of the rectangle A, fig. 148, represent one foot of 
motion, and its height rnie pound of resistancej then will its area 
represent one foot-pound of work. 

In the larger rectangle, let the base O 8 represent a certain 
motion s, oa the same scale with the base of the Hoit-area A; and 
let the height U~K represent a certain resistance E, on the same 
scale with the height of the unit-area A; then will the number of 
times that the rectangle 08 ■ R contains the nnit-rectaDgle A, 
express the number of foot-pounds in the quantity of work R s, 
which is performed in overcoming the resistance R through the 
distance s. 

400. Work against Varying Resistance. — In fig. U9, let dis- 
tances, as before, be represented ^ 
by lengths measured along the 
OBse line X of the figure; and 
let the magnitudes of the resist- i 
ance overcome at each instant be 
represented by the lengths of 
ordinates drawn perpendicular to „ 

O X, and parallel to O Y r— For -* „." '' -•■ 

example, when the working body '^' 

has moved through the distance repreBen.te4\jy *J '&,\'&'^ ^^ t^-s*- 
mce be represented by the ordinate % R. 




250 THEORY OF MACHINES. 

If the resistance were constant, the summits of those ordinates 
would lie in a straight line parallel to O X, like R B in Gg. 148; 
but if the resistance varies continuously as the motion goes on, the 
summits of the ordinates will lie in a fine, straight or curved, such 
as that marked ERG, fig. 149, which is not parallel to O X. 

The values of the resistance at each instant being represented by 
the ordinates of a given line ERG, let it now be required to deter- 
mine the work performed against that resistance during a motion 

represented by 0¥ = s. 

Suppose the area E G F to be divided into bands by a series of 
parallel ordinates, such as A C and B D, and between the upper 
ends of those ordinates let a series of short lines, such as D, be 
drawn parallel to O X, so as to form a stepped or serrated outline, 
consisting of lines parallel to O X and O Y alternately, and (ipproxir 
mating to the given continuous line E G. 

Now conceive the resistance, instead of varying continuously, to 
remain constant during each of the seiies of divisions into which 
the motion is divided by the parallel ordinates, and to change 
abruptly at the instants between those divisions, being represented 
for each division by the height of the rectangle which stands on 
that division : for example, during the division of the motion 
represented by A B, let the resistance be represented by A C, and 
so for other divisions. 

Then the work performed during the division of the motion re- 
presented by A B, on the supposition of alternate constancy and 
abrupt variation of the resistance, is represented by the rectangle 

A B • A C ; and the whole work performed, on the same supposition 
during the whole motion O F, is represented by the sum of all the 
rectangles lying between the parallel ordinates; and inasmuch as 
the supposed mode of variation of the resistance represented by the 
stepped outline of those rectangles is an approximation to the real 
mode of variation represented by the continuous line E G, and is a 
closer approximation the closer and the more numerous the parallel 
ordinates are, so the sum of the rectangles is an approximation to 
the exact representation of the work performed against the conti- 
nuously varying resistance, and is a closer approximation the closer 
and more numerous the ordinates are, and by making the ordinates 
numerous and close enough, can be made to differ from the exact 
representation by an amount less than any given difference. 

But the sum of those rectangles is also an approximation to the 
area O E G F, bounded above by the continuous line E G, and is 
a closer approximation the closer and the more numerous the ordi- 
nates are, and by making the ordinates numerous and close enough, 

can be made to differ from iVe «».\:ea. O^S^Q^l^Xi^ ^^^ss\Si\m.t less 

than any given difference. 
Therefore the area O E G E, hounded by the slraxgUU'nA^^ .-^Vx^ 
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represents the motion^ hy the line E G, whose ordinates represent tJie 
values of the resistance, and by the two ordinates O E and F G, repre- 
sents exactly the work performed, (See Article 34, page 17). 

The MEAN RESISTANCE during the motion is found by dividing 
the area O E G F by the motion OT. 

401. Useful Work and Lost Work. — The useful work of a ma- 
chine is that which is performed in effecting the purpose for which 
the machine is designed. The lost work is that which is performed 
in producing effects foreign to that purpose. The resistances over- 
come in performing those two kinds of work are called respectively 
useful resistance and prejudicial resistance. 

The useful work and the lost work of a machine together make 
tip its total or gross work. 

In a pumping engine, for example, the useful work in a given 
time is the product of the weight of water lifted in that time into 
tlie height to which it is lifted : the lost work is that performed in 
overcoming the friction of the water in the pumps and pipes, the 
friction of the plungers, pistons, valves, and mechanism, and the 
resistance of the air pump and other parts of the engine. 

For example, the useful work of a marine steam engine in a 
given time is the product of the resistance opposed by the water to 
the motion of the ship, into the distance through which she 
moves : the lost work is that performed in overcoming the resist- 
ance of the water to the motion of the propeller through it, the 
friction of the mechanism, and the other resistances of the engine, 
and in raising the temperature of the condensation water, of the 
gases which escape by the chimney, and of adjoining bodies. 

There are some cases, such as those of muscular power and of 
windmills, in which the useful work of a prime mover can be 
determined, but not the lost work. 

402. The Work Performed against Friction in a given time, 
between a pair of rubbing surfaces, is the product of that friction 
into the distance through which one surface slides over the other. 

When the motion of one surface relatively to the other consists 
in rotation about an axis, the work performed may also be cal- 
culated by multiplying the relative angular motion of the surfaces 
to radius unity into the moment of friction; that is, the product of 
the friction into its leverage, which is the mean distance of the 
rubbing surfaces from the axis. 

For a cylindrical journal, the leverage of the friction !s simply 
the radius of the journal. 

For a Jlat pivot, the leverage is two-thirds of the radius of the 
pivot. 

For a collar, let r and r be the inner an^L o\x\>«t x^^\\\ ^<5xv K^^ 
leverage of the friction is 

2 T^^r'^ v^s.:^ 
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In the cup cmd ball pivot, the end of the sbafb, and the step on 
which it presses, present two recesses facing each other, into which 
are fitted two shallow cups of steel or hard bronze. Between the 
concave spherical sur&ces of those cnps is placed a steel hall, being 
either a complete sphere, or a lens having convex surfaces of a some- 
what less radius than the concave surfaces of the cups. The 
moment of friction of this pivot is at first almost inappreciable, 
from the extreme smallness of the radius of the circles of contact 
of the ball and cups; but as they wear, that radius and the moment 
of friction increase. 

By the rolling of two surfaces over each other without sliding, a 
resistance is caused, which is called sometimes '' rolling friction," 
but more correctly roUing resistance. It is of the nature of a couple 
resisting rotation ; its moment is found by multiplying the normal 
pressure between the rolling surfaces by an arm whose length 
depends on the nature of the rolling surfaces; and the work lost 
in an unit of time in overcoming it is the product of its moment 
by the angular velocity of the rolling surfaces relatively to each 
other. The following are approximate values of the arm in decimaU 
of a foot: — 

Oak upon oak, 0-006 (Coulomb). 

Lignum-vitae on oak, 0*004 „ 

Cast-iron on cast-iron, 002 (Tredgold). 

The work lost in friction produces heat in the proportion of one 
British thermal unit, being so much heat as raises the temperature 
of a pound of water 1° of Fahr., for every 772 foot-pounds of 
lost work. 

The heat produced by friction, when moderate in amount, is 
useful in softening and liquefying unguents; but when excessive 
it is prejudicial by decomposing the unguents, and sometimes even 
by softening the rcetal of the bearings, and raising their tempera- 
ture so high as to set fire to neighbouring combustible matters. 

Excessive heating is prevented by a constant and copious supply 
of a good unguent. When the velocity of rubbing is about four 
or five feet per second, the elevation of temperature is found to 
be, with good fatty and soapy unguents, 40° to 50° Fahr., with 
good minei-al unguents, about 30°. The effect of friction upon the 
efficiency of machines will be considered at the end of this Part. 

403. Work of Acceleration. — In order that the velocity of a body's 
motion may be changed, it must be acted upon by some other body 
with a force in the direction of the change of velocity, which force 
is proportional directly to the change of velocity, and to the mass 
of the body acted upon, and inversely to the time occupied in pro- 
diwiDg the change. If the char\^"e> \s «ivi «L^ic,^«t?L\KQ.\s. o^ Vsj^a^ceaae of 
velocity, let the first body \>e ca\\e^^\i^'dTX'oeu\>od'y,^\A^^^^^^\ 
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the driving body. Then the force must act upon the driven body- 
in the direction of its motion; Every force being a pair of equal 
and opposite actions between a pair of bodies, the same force which 
accelerates the driven body is a resistance as respects the driving 
body. 

For example, during the commencement of the stroke of the 
piston of a steam engine, the velocity of the piston and of its rod is 
accelerated; and that acceleration is produced by a certain part of 
the pressure between the steam and the piston, being the excess of 
that pressure above the whole resistance which the piston has to 
overcome. The piston and its rod constitute the driven body; the 
steam is the driving body ; and the same part of the pressure which 
accelerates the piston, acts as a resistance to the motion of the 
steam, in addition to the resistance which would have to be over- 
come if the velocity of the piston were uniform. 

The resistance due to acceleration is computed in the following 
manner : — It is known by experiment, that if a body near the 
earth's surface is accelerated by the attraction of the earth, — that 
i3, by its own weight, or by a force equal to its own weight, its 
velocity goes on continually increasing very nearly at the rate of 
32*2 feet per second of additional velocity, for ea^h second during 
which the force acts. This quantity varies in different latitudes, 
and at different elevations, but the value just given is near enough 
to the truth for purposes of mechanical engineering. For brevity's 
sake, it is usually denoted by the symbol g] so that, if at a given 
instant the velocity of a body is Vj feet per second, and if its own 
weight, or an equal force, acts freely on it in the direction of its 
motion for t seconds, its velocity at the end of that time will have 
increased to 

v^ = VT,-\-gt (1.) 

If the acceleration be at any different rate per second, tlte force 
necessa/ry to prodiLce that acceleration, being die resistance on tJie 
driving body due to the acceleration of the driven body, bears the 
same proportion ^ the driven bodxfs weight which the actual rate of 
acceleration bears to the rate of acceleration produced by gravity 
acting freely, (In metres per second, ^ = 9*81 nearly.) 

To express this by symbols, let the weight of the driven body be 
denoted by W. Let its velocity at a given instant be Vi feet per 
second ; and let that velocity increase at an uniform rate, so that 
at an instant t seconds later, it is V2 feet per second. 

Let /denote the rate of acceleration ; then 

f=!!!lZ^ .V!L>4 
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and the force R necessary to produce it will be given by the pro- 
portion, 

^:/::W:R; 

that is to say^ 

^^fj^^YJ^ 

The factor — , in the above expression, is called the mass of the 
9 
driven body; and being the same for the same body, in what place 

soever it may be, is held to represent the quantUy of matter in the 

body. (See Article 195, page 117) 

The product of the mass of a body into its velocity at any 

instant, is called its momentum; so that the resistance due tea 
given acceleration is equal to the increase of momentum divided by 
tlie time which that increase occupies. 

If the product of a force by which a body is accelerated, equal 
and opposite to the resistance due to acceleration, into the time 
during which it acts, be called impulse, the same principle may be 
otherwise stated by saying, that the increase of momentum is equal 
to the impulse by which it is caused. 

If the rate of accelemtion is not constant, but variable, the force 
E, varies along with it. In this case, the value, at a given instant 

of the rate of acceleration, is represented by /=— , and the cr- 

responding value of the force is 

^J_W^W,dv 

g g d t ^ ' 

The WORK PERFORMED in accelerating a body is the product of 
the resistance due to the rate of acceleration into the distance 
moved through by the driven body while the accelei'ation is going 
on. The resistance is equal to the mass of the bodj^, multiplied by 
the increase of velocity, and divided by the time which that 
increase occupies. The distance moved through is the product of 
the mean velocity into the same time. Therefore, the work per- 
formed is equal to the mass of the body multiplied by the increase 
of the velocity, and by the mean velocity ; that is, to the mass of 
the body, multiplied by the increase of the half-square of its velocity' 

To express this by symbols, in the case of an uniform i-ate of 
acceleration, let s denote the distance moved through by the driven 
body during the acceleration ; then 
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which being multiplied by Equation 3, gives for the work of accele- 
ration, 

. ^'" g ~i Y- ^ -y "2- (^-^ 

In the case of a variable rate of acceleration, let v denote the 
mean velocity, and d s the distance moved through, in an interval 
of time dt BO short that the increase of velocity dvi^ indefinitely 
small compared with the mean velocity. Then 

ds = vdt; (7,) 

which being multiplied by Equation 4, gives for the work of accele- 
ration during the interval d t, 

W dv 
"Rds = — • -J— ' V d t 
g dt 

W 
= — ' vdvi (8.) 

g ^ ' 

and the integration of this expression (see Article 29) gives for 
the work of acceleration during a finite interval, 



jlRds = ~fvdv= '-^^ (9.) 



g 

being the same with the result already arrived at in Equation 6. 

From Equation 9 it appears that the work performed in producing 
a given acceleration depends on the initial and final velocities, Vj and 
V2, and not on the intermediate changes of velocity. 

If a body falls freely under the action of gravity from a state of 
rest through a height A, so that its initial velocity is 0, and its final 
velocity v, the work of acceleration performed by the earth on the 
body }B simply the product W h of the weight of the body into the 
height of fall. Comparing this with Equation 6, we find — 

^=i-g ••••• (1«) 

This quantity is called the /leight, or faU, due to the velocity v ; 
and from Equations 6 and 9 it appears that the work performed in 
producing a given acceleration is the sams with that performed in 
lifting the driven body ihrcmgh the difference of the heights due to its 
initial and final velocities. 

If work of acceleration is performed by a prime mover upon 
bodies which neither form part of the prime mover itself, nor of the 
machines which it is intended to drive, that woTV\a Vi^\i\ ^^ V^^\\. 
a marine engine perfonuB work of acceleration otl \;^i^^^\»^x "O^^^^a* 
struck by the propeller. 
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Work of acceleration performed on the moving pieces of the 
prime mover itself, or of the machinery driven by it, is not neces- 
sarily lost, as will afterwards appear. (Article 413.) 

404. Summation of Work of Acceleration. — If several pieces of 
a machine have their velocities increased at the same time, the 
work performed in accelerating them is the sum of the several 
quantities of work due to the acceleration of the respective pieces; 
a result expressed in symbols by 



{j-m <'■) 



9 

The process of finding that sum is facilitated and abridged in 
certain cases by special methods. 

I. Accelerated Rotation, — Let a denote the angular velocity of a 
solid body rotating about a fixed axis; — that is, as explained in 
Article 87, the velocity of a point in the body whose radius- 
vector, or distance from the axis, is unity. 

Then the velocity of a particle whose distance from the axis 
is r is 

v-a r; (2.) 

and if in a given interval of time the angular velocity is accelerated 
from the value aj, to the value a^, the increase of the velocity of the 
particle in question is 

t?2 - '^1 = r (ao — ai) ..(3.) 

w 
Let w denote the weight, and — the mass of the particle in ques- 

tion. Then the work performed in accelerating it, being equal to 
the product of its mass into the increase of the half-square of its 
velocity, is also equal to the product of its mass into the square of i^ 
radius-vector, and into the increase of the half-square of the angular 
velocUy; that is to say, in symbols, 






w vf^-vi _w r^ ttg — ai 



To find the work of acceleration for the whole body, it is to be con- 
ceived to be divided into small particles, whose velocities at any 
given instant, and also their accelerations, are proportional to their 
distances from the axis; then the work of acceleration is to be found 
for each particle, and the results added together. But in the sum 
so obtained, the increase of the half-square of the angular velocity 
is a common factor, having Wie satcL^ valvikft for each particle of the 
body; and the rate of acceVexa^AOU ^to^mg^^ >a^ ^^^^'^^ g=^^*l^s 
a common divisor. It is t\ieTeioxe s,\3ffii.c^^xi^. to ad.a \.oge\Ax«t nJ^s. 
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fyroducU of the weight of each pcvrtide (w) into the square of its 
radius-vector (r^j, and to multiply ike sum so obtained (2 • w r^) by 

the increase of the half-square cf ^e am,gular velocity ( o(^ ~ ^?) )> 

cmd divide by the rate of acceleration dus to gravity (g). The 
result, viz.: — 






is the work of acceleration sought. In fact, the sum ^wr^ is the 
weight of a body, which, if concentrated at the distance umty from 
the axis of rotation, would require the same work to prodiu:e a given 
increase of cmgular velocity which the acttud body requires, 

405. Bedaced Inertia. — If in a certain machine, a moving piece 
whose weight is W has a velocity always bearing the ratio w : 1 to 
the velocity of the driving point, it is evident that when the driving 
point undergoes a given acceleration, the work performed in pro- 
ducing the corresponding acceleration in the piece in question is 
the same with that which would have been required if a weight 
n^ W had been concentrated at the driving point, the work per- 
formed in producing the acceleration depending on the square of 
the velocity. 

If a similar calculation be performed for each moving piece in the 
machine, and the results added together, the sum 

2-n2W.... (1.) 

gives the weight which, being concentrated at the driving point, 
would require the same work for a given acceleration of the driviug 
point that the actual machine requires; so that if Vi is the initial, 
and Va the final velocity of the driving point, the work of accelera- 
tion of the whole machine is 

^i^'-S-w^W (2.) 

2g ^ ^ 

This operation may be called the reduction of the inertia to the 
driving point. Mr. Moseley, by whom it was first introduced into 
the theory of machines, calls the expression (1.) the '* coefficient of 
steadiness.*' 

In finding the reduced inertia of a machine, the mass of each 
rotating piece is to be treated as if concentrated at a distance from 
its axis equal to its radius of gyration ^; so that if v represents the 
velocity of the driving point at any instant, and a the corresponding 
angular velocity of the rotating piece in question, we are to make 

«^=^ v^^ 

w performing the calculation expressed by ttie toTi£i\xV»i <^>i 

s 
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406. Snmmory of Various Kinds of Work. — ^In order to present 
at one view the symbolical expression of the various modes of per- 
forming work described in the preceding articles, let it be supposed 
that in a certain interval of time d t the driving point of a machine 
moves through the distance ds; that during the same time its 
centre of gravity is elevated through the height dh; that resist- 
ances, any one of which is represented by R, are overcome at 
points, the respective ratios of whose velocities to that of the 
driving point are denoted by n ; that the weight of any piece of 
the mechanism is W, and that n' denotes the ratio of its velocity 
(or if it rotates, the ratio of the velocity of the end of its radius of 
gyration) to the velocity of the driving point ; and that the driving 

d s 
pointy whose mean velocity is v = -tt, undergoes the acceleration 

d V, Then the whole work ^perf armed during the interval in ques- 
tion is 

The mean total resistance, reduced to the driving point, may be 
computed by dividing the above expression by the motion of the 
driving point d8 = vdt, giving the following result : — 

^i.2W + 27iR + -^-27i'2W (2.) 

ds gdt ^ ' 

Section 2. — Of Energy, Power, and Efficiency. 

407. Condition of Uniform Speed.— According to the first law 
of motion, in order that a body may move uniformly, the forces 
applied to it, if any, must balance each other; and the same 
principle holds for a machine consisting of any number of bodies. 

When the direction of a body's motion varies, but not the velocity, 
the lateral force required to produce the change of direction depends 
on the principles set forth in Article 335; but the condition of bdance 
still holds for the forces which act along the direction of the body's 
motion, that is, for the efforts and resistances ; so that, whether for 
a single body or for a machine, the condition of uniform velocity is, 
that the efforts shall balance the resistances. 

In a machine, this condition must be fulfilled for each of the 
single moving pieces of which it consists. 

It also follows, from the principles of statics, that in any 

body, system, or machine, that condition is fulfilled when the sum 

of the products of the e^orts into the velocities of their respective 

points of action is equal to the sum of th/e prodAJWiU of \}[m^ TesUlAi.'wses 

mto the velocities of the 2>oint8 where the^ (wre oroerconnA. 
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Thus, let V be the velocity of a driving paint, or point where an 
effort P is applied; v' the velocity of a working point, or point where 
a resistance E, is overcome; the condition of uniform velocity for 
any body, system, or machine is 

2 • Pt? = 2 • R V'. ^ (1.) 

If there be only one driving point, or if the velocities of all the 
driving points be alike, then P being the total effort, the single 
product P V may be put in in place of the sum 2 • P i; ; reducing 
the above equation to 

P«? = 2-Ri;' ,. (2.) 

Referring now to Article 398, let the machine be one in which 
the compa/rative or proportionate velocities of all the points at a 
given instant are known independently of their absolute velocities, 
from the construction of the machine ; so that, for example, the 
velocity of the point where the resistance R is overcome bears to 
that of the driving point the ratio 

- =n'. 

V 

then the condition of uniform speed may be thus expressed : — 

P = 2?iR; (3.) 

that is, the total effort is equal to the sum of the resistances reduced to 
the driving point, 

408 Energy — Potential Energy. — Energy means capacity for 
performing work, and is expressed, like work, by the product of a 
force into a space. 

The energy of an effort, sometimes called ^^ potential energy ^^ (to 
distinguish it from another form of energy to be referred to in Article 
414), is the product of the effort into the distance thraagh which it is 
capMe of acting. Thus, if a weight of 100 pounds be placed at an 
elevation of 20 feet above the ground, or above the lowest plane 
to which the circumstances of the case admit of its descending, 
that weight is said to possess potential energy to the amount of 
100 X ^i) = 2 fiO(i foot-pounds ; which means, that in descending 
from its actual elevation to the lowest point of its course, the 
weight is capable of performing work to that amount. 

To take another example, let there be a reservoir containing 
10,000,000 gallons of water, in such a position that the centre of 
gravity of the mass of water in the reservoir is 100 feet above the 
lowest point to which it can be made to descend while overcoming 
resistance. Then as a gallon of water weighs 10 lbs., the weight of 
the store of water is 100,000,000 lbs., which beixi^ xoxi^Y^'Si^ Vj 
the height thron^h which that weight ia capa\Ae oi ^jcMysi^A^^ l*^^"^^ 

gives 10,000,000,000 foot-pounds for tlie poteutSaX evi^x^ ^^ "^^ 

weight of the store of water. 



260 THEOBT OF MACHINES. 

409. Equality of Energy Exerted and Work Performed, or the 
Conservation of Energy. — ^When an effort actually does drive 
its point of application through a certain distance, energy to the 
amount of the product of the effort into that distance is said to 
be exerted; and the potential energy, or energy which remains 
capable of being exerted^ is to that amount diminished. 

W hen the energy is exerted in driving a machine at an uniform 
speed, it is eqv^ to the work performed. 

To express this algebraically, let t denote the time during which 
the energy is exerted, v the velocity of a driving point at which an 
effort P is applied, 8 the distance through which it is driven, v' the 
velocity of any working point at which a resistance R is overcome, 
8' the distance through which it is driven ; then 

8 = vt; 8' = v't; 

and multiplying Equation 1 of Article 407 by the time t, we obtain 
the following equation : — 

2«Pt;« = 2-Ilv'« = 2-P« = 2-Rs'j (1.) 

which expresses the equality of energy exerted, and work per- 
formed, for constant efforts and resistances. 

When the efforts and resistances vary, it is sufficient to refer to 
Articles 400 and 29, to shew that the same principle is expressed 
as follows : — 

2fVd8= 



fVd8 = 2 fRd8'; (2.) 



where the symbol f expresses the operation of finding the work 

performed against a varying resistance, or the energy exerted bj a 
varying effort, as the case may be ; and the symbol 2 expresses the 
operation of adding together the quantities of energy exerted, or work 
performed, as the case may be, at different points of the machine. 

410. Varions Factors of Energy. — ^A quantity of energy, like a 
quantity of work, may be computed by multiplying either a force 
into a distance, or a statical moment into an angular motion, or 
the intensity of a pressure into a volume. These processes have 
already been explained in detail in Articles o94 and 395, pages 
244 to 246. 

411. The Energy Exerted in Prodncing Acceleration is equal to 
the work of acceleration, whose amount has been investigated in 
Articles 403 and 404, pages 252 to 257. 

412. The Accelerating Effort by which a given increase of 
velocity in a given mass is produced, and which is exerted by the 
driving body against the dri'oen bod-y^ is ecyial and opposite to the 

resistance due to acceleration. w\nc^>i)aa ^YVNevi\«A'^ e^^iNa^^ksgixwst 
he driving body, and wlioae amoxm^ \i^ \s^«^ \^^«^ *^ fe^x^^ 
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403 and 404. Referring, therefore, to Equations 4 and 8 of Article 
403, we find the two following expressions, the first of which gives 
the accelerating effort required to produce a given acceleration d v 
in a body whose weight is W, when the time dt ia which that 
acceleration is to be produced is given, and the second, the same 
accelerating effort, when the distance d8 = vdt in which the ac- 
celeration is to be produced is given : — 

p=:^-f-: (1.) 

g d t ^ ' 

^W.i^^W.ciJi^ 

g da g 2d8 

Referring next to Article 404, page 257, we find, from Equation 5, 
that the work of acceleration corresponding to an increase da in the 
angular velocity of a rotating body whose moment of inertia is I, is 

I • d (a^) _1 ad a 

Liet d t he the time, and di = adt the angtdar motion in which 
that acceleration is to be produced ; let P be the accelerating effort, 
and I its leverage, or the perpendicular distance of its line of action 
&om the axis ; then, according as the time d t, or the angle d i, is 
given, we have the two following expressions for the a^ccelerating 
couple: — 

P^=-^ -^^ (3.) 

g dt ^ ' 



^I .a^^ I J{a^) ^. 

a di a 2di ""^ '' 



Lastly, refen-ing to Article 405, page 257,' Equation 2, we find, 

that if a train of mechanism consists of various parts, and if W be 

the weight of any one of those parts, whose velocity v' bears to that 

v' 
of the driving point t? the ratio — = w, then the accelerating effort 

which must be applied to the driving point, in order that, during 
the interval d i, in which the driving point moves through the 
distance ds^vdt, that point may undergo the acceleration d v, 
and each weight W the corresponding acceleration ndv, is given 
by one or other of the two formulae — 

^ r~dt ^^-^ 



Sn^W vd 



vJZt^ .d^ ^^^ 



ds g ^d s 
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both of which are derived from the eqaation Tds =Tv'dt = 
v'dv -, 5 

9 

413. Work Dnnng Betardation— Energy Stored and Restored.— 
Id order to cause a given retardation, or diminution of the velocity 
of a given body, in a given time, or while it -traverses a given dis- 
tance, resistance must be opposed to its motion equal to the effort 
which would be required to produce in the same time, or in the 
same distance, an acceleration equal to the retardation. 

A moving body, therefore, while being retarded, overcomes re- 
sistance and performs work; and that work is equal to the energy 
exerted in producing an acceleration of the same body equal to the 
retardation. 

It is for this reason that it has been stated, in Article 403, that 
the work performed in accelerating the speed of the moving pieces 
of a machine is not necessarily lost j for those moving pieces, hy 
returning to their original speed, are capable of performing an 
equal amount of work in overcoming resistance; so that the pe^ 
formance of such work is not prevented, but only deferred. Hence 
energy exerted in acceleration is said to be stored; and when by a 
subsequent and equal retardation an equal amount of work is per- 
formed, that energy is said to be restored. 

The algebraical expressions for the relations between a retarding 
resistance, and the retardation which it produces in a given body 
by acting during a given time or through a given space, are ob- 
tained from the equations of Article 412 simply by putting K, the 
symbol for a resistance, instead of P, the symbol for an effort, and 
— dv, the symbol for a retardation, instead of d v, the symbol for 
an acceleration. 

414. The Actual Energy of a moving body is the work which 
it is capable of performing against a retarding resistance before 
being brought to rest, and is equal to the energy which must he 
exerted on the body to bring it from a state of rest to its actual 
velocity. The value of that quantity is the product of the weighi 
of the body into the height from which it must fall to acquire its 
actvxd velocity ; that is to say, 

^ (^•> 

The total actual energy of a system of bodies, each moving with 
its own velocity, is denoted by 

2 g ' (^-^ 

flrf when those bodies are the pieces ot a tnB.dDcme.,N)\is»«>^'^>»si»sa. 
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bear definite ratios (any one of which is denoted by n) to the velo- 
city of the driving point v, their total actual energy is 

^•2»«W, (3.) 

being the product ofUve reduced inertia (or coefficient of steadiness, 
as Mr. Moseley calls it) into the height due to the velocity of the 
driving point. 

The actual energy of a rotating body whose angular velocity is a, 
and moment of inertia 2 W r^ = I, is 

-2?^ (^-J 

that is, the product of the moment of inertia into the height due to the 
velocity y sby of a point, whose distance from the aods of rotation is 
unity. 

When a given amount of energy is alternately stored and restored 
by alternate increase and diminution in the speed of a machine, 
the actual energy of the machine is alternately increased and 
diminished by that amount. 

Actual energy, like motion, is relative only. That is to say, in 
computing the actual energy of a body, which is the capacity it 
possesses of performing work upon certain other bodies by reason 
of its motion, it is the motion relatively to those other bodies that is 
to be taken into account. 

For example, if it be wished to determine how many turns a 
wheel of a locomotive engine, rotating with a given velocity, would 
make, before being stopped by the friction of its bea/rings <ynly, sup- 
posing it lifted out of contact with the rails, — the actual energy of 
that wheel is to be taken relatively to the frame of the engine to 
which those bearings are fixed, and is simply the actual energy due 
to the rotation. But if the wheel be supposed to be detached from 
the engisjE), and it is inquired how high it will ascend up a perfectly 
smooth inclined plane before being stopped by the attraction of tJie 
earth, then its actual energy is to be taken relatively to the earth; 
that is to say, to the energy of rotation already mentioned, is to be 
added the energy due to the translation or forward motion of the 
wheel along with its axis. 

415. A Reciprocating Force is a force which acts alternately as 
an effort and as an equal and opposite resistance, according to the 
direction of motion of the body. Such a force is the weight of a 
moving piece whose centre of gravity alternately rises and falls ; 
and such is the elasticity of a perfectly e\aa\.\G \io^'^. ^Y>Dife"«'3^ 
which a body performs in moving against a T^csv^Toosa.Vka^^^'tQ.'ek'^^ 
employed in increasing its own potential en^xgy, «jcL^\axia^^"^'^^^^ 
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the body; so that by the motion of a body alternately against and 
-with a reciprocating force, energy is stored and restored, as well as 
by alternate acceleration and retardation. 

Let D W denote the weight of the whole of the moving pieces of 
any machine, and h a height through which the common centre of 
gravity of them all is alternately raised and lowered. Then the 
quantity of energy — 

is stored while the centre of gravity is rising, and restored while it 
is falling. 

These principles are illustrated by the action of the plungers 
of a single-acting pumping steam engine. The weight of those 
plungers acts as a resistance while they are being lifted by the 
pressure of the steam on the piston; and the same weight acts as 
effort when the plungers descend and drive before them the water 
with which the pump barrels have been filled. Thus the energy 
exerted by the steam on the piston is stored during the up-stroke 
of the plungers; and during their down-stroke the same amount of 
energy is restored, and employed in performing the work of raising 
water and overcoming its friction. 

416. Periodical Motion. — If a body moves in such a manner 
that it periodically returns to its original velocity, then at the end 
of each period, the entire variation of its actual energy is nothing; 
and if, during any part of the period of motion, energy ha» been 
stored by acceleration of the body, the same quantity of energy 
exactly must have been during another part of the period restored 
by retardation of the body. 

If the body also returns in the course of the same period to the 
same position relatively to all bodies which exert reciprocating 
forces on it — for example, if it returns periodically to the same 
elevation relatively to the earth's surface — any quantity of energy 
which has been stored during one part of the period by moving 
against reciprocating forces must have been exactly restored during 
another part of the period. 

Hence at the end of each period, the equality of energy' and toork, 
cmd the balance of mean effort and mean resistance, Iiolds tffilh 
respect to the driving effort and the resistances, exactly as if the speed 
were uniform amd the reciprocating forces null; and all the equa- 
tions of Articles 407 and 409 are applicable to periodic motion, pro- 
vided that in the equations of Article 407, and Equation 1 of 
Article 409, P, R, and v are held to denote the mean values of the 
efforts, resistances, and velocities, — that s and s' are held to denote 
spaces moved through in one or more efrUire periods, — and that in 

Equation 2 of Article 409, tliie in\,egww\A.oYv& ^^xioX^Wyj \ \^Wd 

to extend to one or more entire periods. 



! 
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These principles are illustrated by the steam engine. The velo- 
cities of its moving parts are continually vaiying, and those of 
some of them, such as the piston, are periodically reversed in direc- 
tion. But at the end of each period, called a revolution, or double- 
stroke, eyery part returns to its original position and Telocity; so 
that the equality of energy and loork, and the eqvxdity of ifie mean 
effort to the mean resistance reduced to the driving point, — that is, 
the equality of the mean effective pressure of the steam on the 
piston to the mean total resistance reduced to the piston — hold for 
one or any whole number of complete revolutions, exactly as for 
uniform speed. 

It thus appears that (as stated at the commencement of this 
Part) there are two fundamentally different ways of considering a 
periodically moving machine, each of which must be employed in 
succession, in order to obtain a complete knowledge of its working. 

'^ I. In the first place is considered the action of the machine 
during one or more whole periods, with a view to the determination 
of the relation between the mean resistances and mean efforts, and 
of the efficiency; that is the ratio which the useful part of its 
work bears to the whole expenditure of energy. The motion of 
eveiy ordinaiy machine is either uniform or periodical 

" II. In the second place is to be considered the action of the 
machine during intervals of time less than its period, in order to 
determine the law of the periodic changes in the motions of the 
pieces of which the machine consists, and of the periodic or recip- 
rocating forces by which such changes are produced." 

417. Starting and Stopping. — The starting of a machine consists 
in setting it in motion from a state of rest, and bringing it up to 
its proper mean velocity. This operation requires the exertion, 
besides the energy required to overcome the mean resistance, of an 
additional quantity of energy equal to the actual energy of the 
machine when moving with its mean velocity, as found according 
to the principles of Article 414, page 262. 

If, in order to stop a machine, the effort of the prime mover is 
simply suspended, the machine will continue to go until work has 
been performed in overcoming resistances equal to the actual energy 
due to the speed of the machine at the time of suspending the 
effort of the prime mover. 

In order to diminish the time required by this operation, the 
resistance may be increased by means of the friction of a brake. 
Brakes will be further described in the sequel. 

418. The Efficiency of a machine is a fraction expressing the 
ratio of the useful work to the whole work, which is equal to the 
energy expended. The Counter-efficieucy \s \Jci^ x^^v^x^^iss^- ^'l 
the efBciency, and is the ratio in which. t\ie et^et^ C3.^\A^^ ^^^ 

g^reater than the useful work. Tbe object oi \m^TON^x£i«^^ " 
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machines is to bring their efficiency and counter-efficiency as near 
to unity as possible. 

As to useful and lost work, see Article 401. The a^ebraical 
expression of the efficiency of a machine having uniform or perio- 
dical motion, is obtained by introducing the distinction betweoi 
useful and lost work into the equations of the conservation of energy; 
Article 409. Thus, let P denote the mean effi)rt at the driving point; 
8y the space described by it in a given interval of time, being a 
whole number of periods of revolutions; B^, the mean useful resist- 
ance; 8^, the space through which it is overcome in the same 
interval; Ilg, any one of the wasteful resistances; s^, the space 
through which it is overcome ; then 

P« = Il«i + 2 • n^s^; (1.) 

and the efficiency of the machine is expressed by 

P« ~RiSi + 2 • E^»2 

In many cases the lost work of a machine, K^ ^2* consists of a con- 
stant part, and of a part bearing to the useful work a proportion 
depending in some definite manner on the sizes, figures, arrange- 
ment, and connection of the pieces of the train, on which also 
depends the constant part of the lost work. In such cases the 
whole energy expended and the efficiency of the machine are 
expressed by the equations 



P5 = (l + A)RiSi + B; 
B^gi _ 1 

1 + A + 



RiSj 



.(3.) 



and the first of these is the mathematical expression of what Mr. 
Moseley calls the " modulus" of a machine. 

The useful work of an intermediate piece in a train of mechanism 
consists in driving the piece which follows it, and is less than the 
energy exerted upon it by the amount of the work lost in over- 
coming its own friction. Hence the efficiency of such an inter- 
mediate piece is the ratio of the work performed by it in driving 
the following piece, to the energy exerted on it by the preceding 
piece; and it is evident that the efficiency/ of a machine is the prodwdt 
of the efficiencies of the series of moving pieces which transmit energy 
from the driving point to the working point The same principle 
applies to a train of successive machines^ each driving that which 
follows it; and to counter-effiiciexicy aa-^^s^aX-o ^^^\^w^'^. 
419. Powet and Effect — ^H.ois^ "Po^^x.— "IXva-poww cii^^^^^Ksss. 
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is the energy exerted, and the effect, the useful work peiformed, in 
some interval of time of definite length, such as a second, a minute, 
an hour, or a day. 

The unit of power called conventipnally a horse-potoer, is 550 
foot-pounds per second, or 33,000 foot-pounds per minute, or 
1,980,000 foot-pounds per hour. The effect is equal to the power 
multiplied by the efficiency; and the power is equal to the effect 
multiplied by the counter-efficiency. The loss of power is the dif- 
ference between the effect and the power. As to the French 
" Force de Cheval," see Article 392, page 244. It is equal to 
0*9863 of a British horse-power; and a British horse-power is 
1*0139 of a French force de cheval. 

420. General Equation. — ^The following general equation pre- 
sents at one view the principles of the action of machines, whether 
moving uniformly, periodically, or otherwise : — 

where W is the weight of any moving piece of the machine; 

A, when positive, the elevation, and when negative, the depres- 
sion, which the common centre of gravity of all the moving pieces 
undergoes in the interval of time under consideration; Vi the 
velocity at the beginning, and v^ the velocity at the end, of the 
interval in question, with which a given particle of the machine of 
the weight W is moving ; 

g, the acceleration which gravity causes in a second, or 32*2 feet 
per second, or 9*81 metres per second. 



/ 



/ 



II d »', the work performed in overcoming any resistance during 
the interval in question; 

T da, the energy exerted during the interval in question. 

The second and third terms of the right-hand side, when positive, 
are energy stored; when negative, eriergy restored. 

The princij)le represented by the equation is expressed in words 
as follows : — 

The energy exerted, added to the energy restored, is eqmd to the 
energy stored added to the work performed. 

421. The Principle of Virtual Velocities, when applied to the 
uniform motion of a machine, is expressed by Equation 3 of Article 
407, already given in page 259; or in words as follows : — Tlie effort 
is equal to the sum of the resistances reduced to tJie driving point ; 
that is, each multiplied by the ratio of the velocity of its wo^kvcs^ 
point to the velocitj of the driving poiut. T\i^ «a?ai^ Y^vx^^x:^^^ 
wlien applied to reciprocating forces and to xe-^kfiXKavi^ ^x^-^ *^ 
Faiyirg speed, as well as to passive resialancea, \^ e^Y^^'s*^^^ ^'^ 
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means of a modified form of the general equation of Article 420, 

obtained in the following manner : — Let n denote either the ratio 

borne at a given instant by the velocity of a given working point, 

where the resistance K is overcome, to the velocity of the driving 

point, or the mean value of that ratio during a given interval of 

time; let n" denote the corresponding i*atio for the vertical ascent 

or descent (according as it is positive or negative) of a moving 

piece whose weight is W ; let n' denote the corresponding ratio 

for the mean velocity of a mass whose weight is W^ undergoing 

dv' 
acceleration or retardation, and — r- either the rate of acceleration 

at 

of that mass, if the calculation relates to an instant, or the mean 

value of that rate, if to a finite interval of time. Then the effort 

at the instant, or the mean effort during the given interval, as the 

case may be, is given by the following equation : — 

P = 2wR + 2w'' W + 2- J-— 

gdt ' 

If the ratio n\ which the velocity of the mass W bears to that of 
the driving point, is constant, we may put -rr = - , , where -77 
denotes the rate of acceleration of the driving point; and then the 
third term of the foregoing expression becomes —j- 2 • n'^ W, as 

in formula 2 of Article 406, page 258. 

422. Forces in the Mechanical Powers, Neglecting Friction- 
Purchase. — ^The mechanical powers, considered as means of modi- 
fying motion only, have been considered in Section 6, Part II., 
pages 107 to 110. When friction is neglected, any one of the 
mechanical powers may be regarded as an uniforTrUy-movirig simfle 
machine^ in which one effort balances one resista/nce; and in which, 
consequently, according to the principle of virtual velocities, or 
of the equality of energy exerted and work done, the effort and 
resistance are to each other inversely as tlie velocities along their lines 
of action of the points where they are applied. 

In the older writings on mechanics, the effort is called the 

power, and the resistance the weight; but it is desirable to avoid 

the use of the word " power " in this sense, because of its being 

very commonly used in a different sense — viz., the rate at which 

energy is exerted by a prime mover; and the substitution of 

" resistance " for " weight " is made in order to express the fect^ 

that the principle just stated applies to the overcoming of all sorts 

of resistance, and not to tYie Witin^ oi ^^\^\a o^Iy- 

The weight of the movmg piece \\s^ m ^ tsx^^^^kv^s^ ^^^ 

majr either be wholW s\ippoT\.ed a\. \>cve \ie^YVTi«, \S. \X^^ ^>srr>s. 
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balanced; or if not, it is to be regarded as divided into two 
parallel components, one supported directly at the bearing, and 
the other being included in the effort or in the resistance, as the 
case may be. 

The relation between the effort and the resistance in any 
mechanical power may be deduced from the principles of statics ; 
viz.: — In the case of the lever (including the wheel and axle), 
from the balance of couples of equal and opposite moments ; in the 
case of the inclined plane (including the wedge and the screw), 
from the parallelogram of forces; and in the case of the pulley, 
from the composition of parallel forces. The principle of virtual 
velocities, however, is more convenient in calculation. 

The total load in a mechanical power is the resultant of the 
effort, the resistance, the lateral components of the forces acting at 
the driving and working points, and the weight directly earned at 
the bearings; and it is equal and directly opposed to the re-action 
of the bearings or supports of the machine. 

By the pwrchaae of a mechanical power is to be understood the 
ratio borne by the resistance to the effort, which is equal to the 
ratio borne by the velocity of the driving point to that of the 
working point. This term has already been employed in connec- 
tion with the pulley. 

The following are the results of the principle of virtual velocities, 
as applied to determine the purchase in the several mechanical 
powers : — 

I. Lever. — The effort and resistance are to each other in the 
inverse ratio of the perpendicular distances of their lines of action 
from the axis of rotation or fulcrum ; so that the jmrckase is the 
ratio which, the perpendicular distance of the effort from the axis 
bears to the perpendicular distance of the resistance from the axis. 

• Under the head of the lever may be comprehended all turning 
or rockirfg primary pieces in mechanism which are connected with 
their drivers and followers by linkwork. 

II. Wheel and Axle. — The purchase is the same as in the case 
of the lever; and the perpendicular distances of the lines of action 
of the effort and of the resistance from the axis are the radii of the 
pitch-circles of the wheel and of the axle respectively. 

Under the head of the wheel and axle may be comprehended 
all turning or rocking primary pieces in mechanism which are 
connected with their drivers and followers by means of rolling 
contact, of teeth, or of bands. By the " wheel " is to be understood 
the pitch-cylinder of that part of the piece which is driven ; and by 
the " axle," the pitch-cylinder of that part of the piece which drives. 

III. Inclined Plane, and IV. Wedge. — Het^t\v<ei^\jx^2w2yafe^'a^ 
ratio of the resistance to the effort, ia tli© Ta\.\o\iQnKv^V3 ^^"^VOva 
velocity of the aliding body (represented \>^ ^ C» m "^^^ ^^^> 
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and Cc in fig. 76f, page 109) to that component of tlie 
Tdodty (represented hy B D in fig. 76e, and C 6 in fig. 75f, 
page 109) which is directlj opposed to the resistance : it beiBg 
understood that the efibit is exerted in the direction of motion 
of the sliding body. 

The torn inclined plane may be nsed when the resistance to 
the motion of a body that slides along a guiding surface consists 
of its own weight, or of a force appli^ to a point in it by means 
of a link; and the term tctdge, when that resistance consists of a 
pressure applied to a plane sui&ce o£ the moving body, oblique 
to its direction of motion. 

V. Screw. Let the resistance (R) to the motion of a screw 
be a force acting along its axis, and directly opposed to its advance; 
and let the effort (P) which drives the screw be applied to a point 
rigidly attached to the screw, and at the distance r from the axis, 
and be exerted in the direction of motion of that point. Then, 
while the screw makes one revolution, the working point advances 
against the resistance through a distance equal to the pitch (p); 
and at the same time the driving point moves in its helical path 
through the distance J {^ ^^ ^-^1^)1 therefore the purchase of 
the screw, neglecting friction, is expressed as follows : — 



P" P 

__ length of one coil of path of driving point 
~ pitch 

YI. Pulley. — In the pulley without friction, the purchase is 
the ratio borne by the resistance which opposes the advance of 
the running block to the effort exerted on the hauling part of 
the rope ; and it is expressed by the number of plies of rope by 
which the running block is connected with the fixed block. 

VII. The Hydraulic Press, when friction is neglected, may 
be included amongst the mechanical powers, agreeably to the 
definition of them given at the beginning of this Article. By the 
resistance is to be understood the force which opposes the outward 
motion of the press- plunger ; and by the effort, the force which 
drives inward the pump-plunger. The intensity of the pressure 
exerted between each of the two plungers and the fluid is the 
same; therefore the amount of the pressure exerted between 
each plunger and the fluid is proportional to the area of that 
plunger; so that the purchase of the hydraulic press is expressed 
as follows : — 

R tran sverse aTea oi ^Tea^-^xm^^T ^ 
P ~ trausverae axea oi ^um^-^VMi^^ 
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and this is the reciprocal of the ratio of the yelocities of those 
pluDgers, as already shewn in Article 185, page 110. 

The purchase of a train of mechanical powers is the product of 
the purchases of the several elementary parts of that train. 

The object of producing a purchase expressed by a number 
greater than unity is, to enable a resistance to be overcome by 
means of an effort smaller than itself, but acting through a greater 
distance; and the use of such a purchase is found chiefly in 
machines driven by muscular power, because of the effort being 
limited in amount. 

Section 3. — Of Dynamometers. 

423. Dynamometers are instruments for measuring and record- 
ing the energy exerted and work performed by machines. They 
may be classed as follows : — 

I. Instruments which merely indicate the force exerted between 
a driving body and a driven body, leaving the distance through 
which that force is exerted to be observed independently. 

II. Instruments which record at once the force, motion, and 
toork of a machine, by drawing a line, straight or curved, as the 
case may be, whose abscissae represent the distances moved through, 
its ordinates the resistances overcome, and its area the work per- 
formed (as in fig. 149, page 249).. 

A dynamometer of this class consists essentially of two principle 
parts : a spring whose deflection indicates the force exerted between 
a driving body and a driven body ; and a band of paper, or a card, 
moving at right angles to the direction of deflection of the spring 
with a velocity bearing a known constant proportion to the velo- 
city with which the resistance is overcome. The spring carries a 
pen or pencil, which marks on the paper or card the required 
line. The Steam Engine Indicator is an example of this class of 
instruments. 

III. Instruments called Integrating Dynamometers, which re- 
cord the work performed, but not the resistance and motion 
separately. 

424. Steam Engine Indicator. — This instrument was invented 
by Watt, and has been improved by other inventors, especially 
M*Naught and Richards. Its object is to record, by means of a 
diagram, the intensity of the pressure exerted by steam against one 
of the faces of a piston at each point of the piston's motion, and so 
to afford the means of computing, according to the principles of 
Articles 395 and 400, first, the energy exerted by the steam in 
driving the piston during the forward stroke-, ae(io\idV^,^?a&^<i't^ 
lost hy the piston in expelling the steam. ixoTCL \;Jjiei e,^\aA^\i $y»xvsi'^ 
tie return stroke; and thirdly, tlie difference oi ^CtiQ^ Q^«»^^^s^'^•» 
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I 

which ia the avaHahh or effective eoeiOT exerted by the steam on 
the piston, and which, being multipliea by the number of strokes 
per miaute and divided by 33,000 foot-pounds, gives theiEHsicmD I 
HOUSE- POWER. j 

The indicator in a common form iB represented by fig. 150. AB I 
is a cylindrical ccise. Its lower end, A, contains & smaUer cylindn, | 
fitted with a piston, which cylinder, by means of the screwed I 
nozde at its lower end, can be fixed in any convenient position | 
on a tube communicating with that end of the engine-cylinder 
where the work of the steam is determined. The communication 
between the engine-cylinder and the indicator-cylinder can be 
opened and shut at will by means of the cock E. 
When it is open, the intensity of the pressure i^ 
the steam on the englne-piaton and on the indi- 
cator-piston ia the same, or nearly the same. 

The upper end, B, of the cylindi-ical case con- 
tains a spiral spring, one end of which is st- 
j tached to the piston, or to its rod, and the other 
to the top of the casing. The indicator-pistoa 
is pressed from below by the steam, and from 
above by the atmosphere. When the pressure 
of the steam ia equal to that of the atmosphere, 
the spring retaius its unstrained length, and the 
piston ita original position. When the pressure 
of the steam exceeds that of the atmosphere, 
the piston ia driven outwards, and the spring 
compressed; when the pressure of the steam is 
less than that of the atmosphere, the piston ia 
driven inwards, and the spring extended. The 
compression or extension of the spring indicates 
the difference, upward or downward, between the pressure of the 
steam and that of the atmosphere. 

A short arm, C, projecting from the indicator piaton-rod carries at 
one side a pointer, X), which shews the pressure on a scale whou 
zero denotes the pressure of the atmoepiiere, and which is graduated 
into pouoda on the square inch both upwards and downwards 
from that zero. At the other side the short arm has a longer ana 
jointed to it, carrying a pencil, E. ^ 

F ia a brass drum, which rotates backward and forward about a 
vei'tical axis, and which, when about to he used, is covered with a 
piece of paper called a " card." It is alternately pulled round in 
one direction by the cord H, which wraps on fi»e pulley G, and 
pulled back to its original position by a spring contained within 
itself. The cord H is to be connected with the mechanism of the 
steam engine in any con^emeo^. ma.tiiiM ■^'k\.^ *isi!i. ^tisssw^ that 
tite velocity of rotation of ttie 4r\im ^*Ji &\. ft-itx^ \s,^i«&>«i»» 
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Fig. 151. 



constant ratio to that of the steam engine piston : the back and 
forward motion of the surface of the drum representing that of the 
steam engine piston on a reduced scale. This having been done, 
and before opening the cock K, the pencil is to be placed in con- 
tact with the drum during a few strokes, when it will mark on the 
card a line which, when the card is afterwards spread out flat, 
becomes a straight line. This line, whose position indicates the 
pressure of the atmosphere, is called the atmospheric line. In fig. 
151 it is represented by A A. 

The cock K is opened, and the pencil, moving up and down 
with the variations of the pressure 
of the steam, traces on the card 
during each complete or double 
stroke a curve such as B C D E B. 
The ordinates drawn to that curve 
from any point in the atmospheric 

line, such as H K and H G, indi- 
cate the differences between the 
pressure of the steam and the at- 
mospheric pressure at the corre- 
sponding point of the motion of the 
))iston. The ordinates of the part BODE represent the pres- 
sures of the steam during the forward stroke, when it is driving 
the piston) those of the part EB represent the pressures of the 
steam when the piston is expelling it from the cylinder. 

To found exact investigations on the indicator-diagrams of steam 
engines, the atmospheric pressure at the time of the experiment 
ought to be ascertained by means of a barometer; but this is 
generally omitted; in which, case the atmospheric pressure may be 
assumed at its mean value, being 14*7 lbs. on the square inch, or 
2116*3 lbs. on the square foot, at and near the level of the sea. 

Let AO = HF be ordinates representing the pressure of the 
atmosphere. Then F V parallel to A A is the absolute or tnte 
zero line of the diagram, corresponding to no preaswre; and ordi- 
nates drawn to the curve from that line represent the absolute 
intensities of the pressure of steam. Let O B and L E be ordi- 
nates touching the ends of the diagram ; then 

O L represents the volume traversed by the piston at each single 
stroke ( = « A, where 8 is the length, of the stroke and A the area 
of the piston) ; 

The area O B C D E L O represents the energy exerted by the 
steam on the piston during the forward stroke; 

The area OBELO represents the work lost in expelling tiba 
steam during the return stroke; 

The area BCDEB, being the difference oi >i)a.e ^on^ ^x^'i^^> 

T 
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represents the effective work of the steam on the piston during the 
complete stroke. 

Those areas can be foand hy the roles of Article 34^ page 
17; and the common trapezoidal rule, D, page 21, is in general 
sufficiently accurate. The number of intervals is usually ten, and 
of ordinates eleven. 

The mean forward pressure, the mean ha>ck pressure, and the mean 
effective pressure, are found by diviuiDg those three areas respec- 
tively by the Tolume s A, which is represented by O L. 

Those mean pressures, however, can be found by a direct process, 
without first measuring the areas, viz. : — ^having multiplied each 
ordinate, or breadth, of the area under consideration by the proper 
multiplier, divide the sum of the products by the sum of the 
multipliers, which process, when the common trapezoidal rule is 
used, takes the following form: add together the halves of the 
endmost ordinates, and the whole of the other ordinates, and 
divide by the number of intervals. That is, let Bq be the first, 5, 
the last, and h^, h^, <S2^c., the intermediate breadths; then let n be 
the number of intervals, and h^ the mean breadth; then 



K = \(^^^h + h + kc)', (1.) 



and this represents the mean forward pressure, mean back pressure, 
or mean effective pressure, as the case may be. Let p^ be the 
mean effective pressure; then the effective energy exerted by the 
steam on the piston during each double stroke is the product of 
the mean effective pressure, the area of the piston, and the length 
of stroke, or 

Pe^8', (2.) 

and if N be the number of double strokes in a minute, the indicated 
potuer in/oot-pounds per minute, in a single-acting engine, is 

PeJ^^s; (3.) 

from which the indicated horse-power is found by dividing by 33,000. 
In a double-acting engine the steam acts alternately on either 
side of the piston; and to measure the power accurately, two indi- 
cators should be used at the same time, communicating respectively 
with the two ends of the cylinder. Thus a pair of diagrams will 
be obtained, one representing the action of the steam on each face 
of the piston. The mean effective pressure is to be found as above 
for each diagram separately, and then, if the areas of the two faces 
of the piston are sensibly ecj^ual, the mean of those two results is to 
be taken as the general mean ejffectl'ce pressuTe; ^\iv3cL\k^Yw^\s!«lt\r 
pJied by the area of the piston, \\\e\^x\^^:L qI ^\a:qV^,^\^M'v»vi^'n^^ 



STEAli ENGINE INDICATOR. 275 

number of double strokes or revolutions in a minute, gives the 
indicated power per minute ; that is to say, if y denotes the general 
mean effective pressure^ the indicated power per minute is 

p" A'2N8; (4.) 

If the two faces of the piston are sensibly of unequal areas 
(as in " trunk engines"), the indicated power is to be computed 
separately for each face, and the results added together. 

If there are two or more cylinders, the quantities of power 
indicated by their i-espective diagrams are to be added together. 

The reactions of the moving parts of the indicator, combined 
with the elasticity of the spring, cause oscillations of its piston. 
In order that the errors thus produced in the indicated pressures 
at particular instants may be as small as possible, and may 
neutralize each other's effects on the whole indicated power, the 
moving masses ought to be as small as practicable, and the spring 
as stiff as is consistent with shewing the pressures on a visible 
scale. In Hichard's indicator this is effected by the help of a train 
of very light linkwork, which causes the pencil to shew the move- 
ments of the spring on a magnified scale. 

The friction of the moving parts of the indicator tends on 
the whole to make the indicated power and indicated mean 
effective pressure less than the truth, but to what extent is un- 
certain. 

Every indicator should have the accuracy of the graduation of its 
scale of pressures frequently tested by comparison with a standard 
pressure gauge. 

The indicator may obviously be used for measuring the energy 
exerted by any fluid, whether liquid or gaseous, in driving a 
piston; or the work performed by a pump, in lifting, propelling, 
or compressing any fluid. 
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CHAPTER III. 
OP REGULATING APPARATUS. 

425. Regulating Apparatus Classed— Brake— Fly— Governor.— 
The effect of all regidatiDg apparatus is to control the speed of 
machinery. A jugulating instrument may act simply by con- 
suming energy, so as to prevent acceleratiou, or produce re- 
tardation, or stop the machine if required; it is then called a 
brake; or it may act by storing surplus energy at one time, and 
giving it out at another time when energy is deficient: in this 
case it is called 9k fly; or it may act by adjusting the power of the 
prime mover to the work to be done, when )t is called a governor. 
The use of a brake involves waste of power. A fly and a governor, 
on the other hand, promote economy of power and economy of 
strength. 

Section 1. — Of Brakes. 

426. Brakes Defined and Glassed. — The contrivances here com- 
prehended under the general title of Brakes are those by means of 
which friction, whether exerted amongst solid or fluid particles, 
is purposely opposed to the motion of a machine, in order either to 
stop it, to retard it, or to employ superfluous energy during uniform 
motion. The use of a brake involves waste of energy, which is in 
itself an evil, and is not to be incurred unless it is necessary to 
convenience or safety. 

Brakes may be classed as follows : — 

I. Block-hrahes, in which one solid body is simply pressed against 
another, on which it rubs. 

II. Flexible brakes, which embrace the periphery of a drum or 
pulley. , 

III. Pump-brakeSy in which the resistance employed is the 
friction amongst the particles of a fluid forced through a narrow 
passage. 

IV. Fan-brakeSy in which the resistance employed is that of a 
fluid to a fan rotating in it. 

427. Action of Brakes in General. — The work disposed of by a 
brake id a given time is the product of the resistance which it pro- 

'''wes into the distance tbrongja. \?\i\Qi\x ^i^».\. x^'sv^XaxkR^Va* ^^^^^orcaft 
given time. 
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To Stop a maclime, the brake must employ work to the amount 
of the whole actual energy of the machine, as already stated iu 
Article 417. To reta/rd a machine, the brake must employ work 
to an amount equal to the difference between the actual energies 
of the machine at the greater and less velocities respectively. 

To dispose of surplus energy, the brake must employ work equal 

to that energy; that is, the resistance caused by the brake must 

balance the surplus effort to which the surplus energy is due ; so 

that if n is the ratio which the velocity of inibbing of the brake 

bears to the velocity of the driving point, P, the surphis effort at 

'the driving point; and E. the resistance of the brake, we ought to 

have — 

P 
R = - (1.) 

It is obviously better, when practicable, to store surplus energy, 
or to prevent its exertion, than to dispose of it by means of a 
brake. 

When the action of a brake composed of solid material is long- 
continued, a stream of water must be supplied to the rubbing 
surfaces, to abstract the heat that is produced by the friction, 
according to the law stated in Article 402, page 252. 

428. Block-Brakes. — ^When the motion of a machine is to be 
controlled by pressing a block of solid material against the rim of 
a rotating drum, it is advisable, inasmuch as it is easier to renew 
the rubbing sur&ce of the block than that of the drum, that the 
drum should be of the harder, and the block of the softer material 
— ^the drum, for example, being of iron, and the block of wood. 
The best kinds of wood for this purpose are those which have con- 
siderable strength to resist crushing, such as elm, oak, and beech. 
The wood forms a facing to a frame of iron, and can be renewed 
when worn. 

When the brake is pressed against the rotating drum, the direc-^ 
tion of the pressure between them is obliquely opposed to the 
motion of the drum, so as to make an angle with the radius of the 
drum equal to the cmgle of repose of the rubbing surfaces (denoted 
by ^; see page 154). The component of that oblique pressure in 
the direction of a tangent to the rim of the drum is the friction 
(R) ; the component perpendicular to the rim of the drum is the- 
normal pressure (N) required in order to produce that friction, and 
is given by the equation 

N=|; (1.) 

/ being the coefScient of friction, and tYie i^to^t ^^kixxfc ^^ ^\fc\s^'?> 
deteraJned by the principles stated in Ai\,vc\ft V2»l . 
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It is in general desirable tbat the brake sbonld be capable of 
effecting its purpose when pressed against the dmm by means of 
the strength of one man, pulling or pushing a handle with one 
hand or one foot. As the required normal pressure N is usually 
considerably greater than the force which one man can exert, a 
lever, or screw, or a train of levers, screws, or other convenient 
mechanism, must be interposed between the brake block and the 
handle, so that when the block is moved towards the drum, the 
handle shall move at least through a distance as many times greater 
than the distance by which the block directly approaches the drum, 
as the required normal pressure is greater than the force which' 
the man can exert. 

Although a man may be able occasionally to exert with one 
hand a force of 100 lbs., or 150 lbs., for a short time, it is desirable 
that, in working a brake, he should not be required to exert a force 
greater than he can keep up for a considerable time, and exert re- 
peatedly in the course of a day, without fatigue — that is to say, 
about 20 lbs. or 26 lbs. 

429. The Brakes of Carriages are usually of the class just de- 
scribed, and are applied either to the wheels themselves or to 
drums rotating along with the wheels. Their effect is to stop or to 
retard the rotation of the wheels, and make them slip, instead of 
rolling on the road or railway. The resistance to the motion of a 
carriage which is caused by its brake may be less, but cannot be 
greater, than the friction of the stopped or retarded wheels on the 
road or rails under the load which rests on those wheels. The 
distance which a carriage or train of carriages will run on a level 
line during the action of the brakes before stopping, is found by 
dividing the actual energy of the moving mass before the brakes 
are applied, by the sum of the ordinary resistance and of the addi- 
tional resistance caused by the brakes; in other words, that dis- 
tance is as many times greater than the height due to the speed as 
the weight of the moving mass is greater than the total resistance. 

The skid, or slipper-drag, being placed under a wheel of a caniage, 
causes a resistance due to the friction of the skid upon the road or 
rail under the load that rests on the wheel. 



Section 2. — Of Fly-Wheels. 

430. Periodical Flnctuations of Speed in a machine are caused 

by the alternate excess and deficiency of the energy exerted above 

^J&e "irorl: performed in oveTCOTn\i\^TesA^\im^Wc.^^,'^ldGh produce 

BD alternate increase and diminwtioTi oi «uc.\iv\s2L ^\i^x^,^R!Wix^CkSiS|,\a 

^be Jaw explained in Article 41^, ^^^^ *^^' 



s^. 
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To determine the greatest fluctuation of speed in a machine 
moving periodically, take ABC, in fig. 162, 
to represent the motion of the driving point y^^^'NS ^ 
during one period; let the effort P of the prime ^ 
mover at each instant be represented by the 
ordinate of the curve D GE I F; and let the 
sum of the resistances, reduced to the driving ""__ _ _ 

point as in Article 398, at each instant, be i^« 152. 

denoted by R, and represented by the ordinate 
of the curve D H E K F, which cuts the former curve at the 
ordinates A D, B E, C F. Then the integral, 



/{P-R)d., 



being taken for any p£irt of the motion, gives the excess or defi- 
ciency of energy, according as it is positive or negative. For the 
entire period ABC, this integral is nothing. For A B, it denotes 
an eoccess of energy received, represented by the area D G E H; and 
for B C, an equal excess of work 'performed^ represented by the equal 
area E K F I. Let those equal quantities be each represented by 
A E. Then the actual energy of the machine attains a maximum 
value at B, and a minimum value at A and C, and A E is the 
difference of those values. 

Now let Vo be the mean velocity, v-^ the greatest velocity, v^ the 
least velocity of the driving point, and 2 • w^ W the reduoed inertia 
of the machine (see Article 405, page 257); then 

4^-2-w2W = AE; (1.) 

which, being divided by the mecm actual energy, 

gives 

»J - Eo ' ••^^■' 

and observing that Vq = (v^ + Vi)-^- 2, we find 

^i-i?a _A'E grAE ^ 

V, ~ 2 Eo "vi^-n^W ^ ^^ 

a ratio which may be called the coeffidemjt 0/ JluciUuiAMya of v^eed. 
or of unsteadiness. 
The ratio of the periodical exceaa and defiudsuoj^ ot ^^asst^ bJ^ 
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to the whole energy exerted in one period or revolution, I T ds, 
has been determined by General Morin for steam engines under 
various circumstances, and found to be from -^tv to - for single- 
cylinder engines. For a pair of engines driving the same shaft, 
with cranks at right angles to each other, the value of this ratio 
is about one-fourth, and for three engines with cranks at 120°, 
one-twelfth of its value for single-cylinder engines. 

The following table of the ratio, A E -r- / P (i «, for one revolution 

of steam engines of different kinds is extracted and condensed from 
General Morin's works : — 



NON-EZPANSIVE El«OINES. 

Iiength of connecting rod _ o /. 

Length of crank " 



AE-^/ 



Vds = -105 -118 -125 -132 

Expansive Condensing Engines. 

Connecting rod = crank x 5. 

Fraction of Stroke at) 111111 

which steam is cut off, J 3 4 5 6 7 8 

AE-f-/Pc^« - -163 -173 -178 -184 -189 -191 

Expansive Non-Condensing Engines. 

Steam cut off at ^ « -7 -= 

A E -^ |p c? 5 = -160 -186 -209 -232 

For double-cylinder expansive engines, the value of the ratio 

A E -f- j J* d 8 may be taken as equal to that for single-cylinder 

non-expansive engines. 

For tools working at intervals, such as punching, slotting, and 
plate-cutting machines, coining presses, &c., A E is nearly equal to 
the whole work performed at eacYi o^et^tvoii. 
43 L JFVy- Wheels. — A fty-w\iee\ \s «u ^V^^ n^SJOsv ^ V^^a??^ Tvsa., 
vbose great moment of inertia \ie\Ti^ toTiv^x^eiA^^ \a. •^'i. 
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redaced moment of inertia of a macHine, reduces the coefficient 
of fluctuation of speed to a certain fixed amount, being about .j^ for 

ordinary machinery, and ^ or ^. for machinery for fine purposes. 

Let — be the intended value of the coefficient or fluctuation of 
m 

speed, and A E, as before, the fluctuation of energy. If this is to 

be provided for by the moment of inertia, I, of the fly-wheel alone, 

let Oq be its mean angular velocity ; then Equation 3 of Article 

430 is equivalent to the following : — 

m~ a\\. ' ^ ' 

l^ ^a^^ . (2.) 

the second of which equations gives the requisite moment of inertia 
of the fly-wheel. 

The fluctuation of energy may arise either from yariations in the 
effbrl exerted by the prime mover, or from variations in the resist- 
ance, or from both those causes combined. When but one fly- 
wheel is used, it should be placed in as direct connexion as 
possible with that part of the mechanism where the greatest 
amount of the fluctuation originates; but when it originates at 
two or more points, it is best to have a fly-wheel in connection 
with each of those points. 

For example, let there be a steam engine which drives a shaft 
that traverses a workshop, having at intervals upon it pulleys for 
driving various machine-tools. The steam engine should have a 
fly-wheel of its own, as near as practicable to its crank, adapted to 
that value of A E which is due to the fluctuations of the effort 
applied to the crank-pin above and below the mean value of that 
effort, and which may be computed by the aid of General Morin's 
tables, quoted in Article 430 ; and each machine tool should also 
have a fly-wheel, adapted to a value of A E equal to the whole 
work performed by the tool at one operation. 

As the rim of a fly-wheel is usually heavy in comparison with 
the arms, it is often sufficiently accurate for practical purposes to 
take the moment of inertia as simply equal to the weight of the 
rim multiplied by the square of the mean between its outside and 
inside radii — ^a calculation which may be expressed thus : — 

I = Wr2; , (3.) 

whence the weight of the rim is given by tlie ioTixiVjX^L — 

aji^ ~ v'^ ' ^ 

fv'be the velocity of the rim of tlie fiy-N<r\iee\. 
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In mill work the ordinaiy values of the product mg, the unit 
of time being the second, lie between 1,000 and 2fi60 feet, or 
approximately between 300 and 600 metres. In pumping- 
machinery it is sometimes only about 300 feet, or 90 metres. 

The rim of the fly-wheel of a factory steam engine is very often 
provided with teeth, or with a belt, in order that it may directly 
drive the machinery of the factory. 

Section 3. — Op Governors. 

432. The Regulator of a prime mover is some piece of apparatus 
by which the rate at which it receives energy from the source of 
energy can be yaried; such as the sluice or valve which adjusts 
the size of the orifice for supplying water to a water-wheel, the 
apparatus for varying the surface exposed to the wind by windmill 
sails, the throttle- valve which adjusts the opening of the steam pipe 
of a steam engine, the damper which controls the supply of air to 
its furnace, aud the expansion gear which regulates the volume of 
steam admitted into the cylinder at each stroke of the piston. 

In prime movers whose speed and power have to be frequently 
and rapidly varied at will, such as locomotives and winding 
engines for mines, the regulator is adjusted by hand. In other 
cases the regulator is adjusted by means of a self-acting instrument 
driven by the prime mover to be regulated, and called a Governor. 

The special construction of the different kinds of regulators is a 
subject for a treatise on prime movers. In the present treatise it 
is suflGlcient to state that in every governor there is a moving piece 
which acts on the regulator through a suitable train of mechanism, 
and which is itself made to move in one direction or in another 
according as the prime mover is moving too fast or too slow. 

The object of a governor, properly so called, is to preserve a 
certain umform speed, either exactly or approximately; and such 
is always the case in millwork. There are other cases, as in 
marine steam engines, where it may be considered sufficient to 
prevent sudden variations of speed, without preserving an uniform 
speed; and in those cases an apparatus may be used possessing 
only in part the properties of a governor : fliis may be called a 
fly-governor^ to distinguish it from a governor proper. 

Governors proper may be distinguished into positwrirgovemorSf 
disengagement-governors, and differmtial governors: a position-gov- 
ernor being one in which the moving piece that acts on the regu- 
lator assumes positions depending on the speed of motion, as in 
the common steam engine governor, which consists of a pair of 
revoipin^ pendulums acting directly on a train of mechanism which 
adjusts the throttle-valve: a diaei[i^a^xi%-%ciN^Tv:iGx\i€\x\.^Q^^ 
when the s^ed deviates aV)Ove or \ife\o^ \Xa Y^Q^^T -q^x^a^'vioKsssR^ 
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the regulator into gear with one or other of two trains of 
mechanism which move it in contrary directions so as to diminish 
or increase the speed, as the case may require, as in water-mill 
governors; and a differential-governor being one which, by means 
of an aggregate combination, moves the regulator in one direction 
or in another with a speed proportional to the difference between 
the actual speed and the proper speed of the engine. 

In almost all governors the action depends on the centrifugal 
force exerted by two or more masses which revolve round an axis. 
By another classification, different from that which has already 
been described, governors may be distinguished into gramty- 
govemors, in which gravity is the force that opposes the centrifugal 
force; and bcUanced-govemorSy in which the actions of gravity on 
the various moving parts of the governor are mutually balanced, 
and the centrifugal force is opposed by the elasticity of a spring. 

Governors may be further distinguished into those which are 
truly isochronous — that is to say, which remain without action on 
the regulator at one speed only; and those which are nearly 
isochronous — that is to say, which admit of some variation of the 
permanent or steady speed when the resistance overcome by the 
engine varies; and lastly, governors may be distinguished into 
those which are specially adapted to one speed, and those/which 
can be adjusted at will to different speeds. 

433. Fendnlnm-Govemors.-^A pendulum-governor is the simplest 
kind of gravity-governor. It has a vertical spindle, driven by the 
engine to be regulated; and from that spindle there hang, at 
opposite sides, a pair of revolving pendulums, which, by the posi- 
tions that they assume at different speeds, act on the regulator. 

T^he relation between the height of a simple revolving pendulum 
and the number of turns which it makes per" second has already 
been stated in Article 336; but for the sake of convenience it 
may here be repeated : — Let h denote the height or altitude of the 
pendulum ( = O H in fig. 153), and T the number of turns per' 
second; then 

T_ g _ '81^ foot _ 9- 78 inches _ 0-248 m^tre ,- . 

If the rods of the revolving pendulums are jointed, as in £g. 
154, not to a point in the vertical axis, but to a pair of points, 
such as C, c, in arms projecting from that axis, the height is to be 
measured to the point O, where the lines of tension of the rods cut 
the axis. 

In most cases which occur in practice, the balls are so heavy, as 
compared with the rods, that the height may \>^ •measwx^^ V>^j>DkSss5^ 
sensible error from the level of the centres oi t\i^ \i^^ \»^ ^^ ^^xcJs» 
9^ where the lines of suspension cut, t\ie axAS, TV^a ^^o^^^^^^"^^*^ 
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neglecting the effects both of the weight and of the centrifugal 
force of the rods. 

The ordinary steam engine governor invented by Watt, -whicli 
is represented in fig. 153, is a position-governor, and acts on 




.(/"* 



1> 



Fig. 154. 



regulator by means of the variation of its altitude, through a train 
of levers and linkwork. That train may be very much varied in 
detail. In the example shewn in the figure, the lever O C forms 
one piece with the ball-rod O B, and the lever O c with the ball- 
rod O 6; so that when the speed falls too low, the balls B, 6, by 
approaching the spindle, cause the point E to rise; and when the 
speed rises too high, the balls, by receding from the spindle, cause 
the point E to falL At the point E there is a collar, held in the 
forked end of the lever E F, which communicates motion to the 
regulator. 

The ordinary pendulum-governor is not truly isochronous ; for 
when, in order to adapt the opening of the regulator to different 
loads, it rotates with its revolving pendulums at different angles 
to the vertical axis, the altitude h assumes different values, corre- 
sponding to different speeds. 

As in Article 431, let the utmost extent of fluctuation of the 
speed of the engine between its highest and lowest limits be the 

fraction — of the mean speed : let h be the altitude of the governor 
m ^ 

corresponding to the mean speed; and let k be the utmost extent 

of variation of the altitude between its smaller limit, when the 

regulator is shut, and its greater limit, when the regulator is full 

open. Then we have the following proportion : — 
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and consequently 

h m 



* ' (3.) 



434 Loaded Pendulum-Governor. — From the balls of the com- 
mon governor, whose collective weight is (say) A, let there be 
hung by a pair of links of lengths equal to the ball-rods, a load 
B, capable of sliding up and down the spindle, and having its 
centre of gravity in the axis of rotation. Then the centrifugal 
force is that due to A alone ; and the effect of gravity is that due 
to A + 2 B ; for when the ball-rods shift their position, the load 
B moves through twice the vertical distance that the balls move 
through, and is therefore equivalent, to a double load, 2 B, acting 
directly on the balls. Consequently the altitude for a given speed 
is greater than that of a simple revolving pendulum, in the ratio 

2 B 
1+-V-J a given ahsolute variation of altitude in moving the 

regulator produces a proportionate variation of speed smaller than. 

A 

in the common governor, in the ratio -r — ^^ y ^^^ *^® governor 

is said to be more sensitive than a common governor, in the ratio of 
A : A + 2 B. Such is the construction of Porter's governor. 

The links by which the load B is hung may be attached, not 
to the balls themselves, but to any convenient pair of points in 
th^ ball-rods; the links, and the parts of the ball-rods to which 
they are jointed, always forming a rhombus, or equilateral par- 
allelogram. Let q be the ratio borne by each of the sides of that 
rhombus to the length on the ball-rods from the centre of a ball 
to the point where the line of suspension cuts the axis ; then in 
the preceding expressions 2 g B is to be substituted for 2 B. 

In the one case 2 B, and in the other 2 g' B, is the weight, 
applied directly at A, which would be statically equivalent to the 
load B, applied where it is. 
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CHAPTER IV. 

OF THE EFFICIENCY AlfD COUNTER-EFFICIENCY OF PIECES, 
COMBINATIONS, AND TRAINS IN MECHANISM. 

435. Nature and Division of the Sabject.^The terms Efficiency 
and Counter-efficiency have already been explained in Article 418, 
page 265; and the laws of friction, the most important of the 
wasteful resistances which cause the efficiency of a machine to 
be less than unity, have been stated in Articles 261 and 402, pages 
153 and 251. In the present chapter are to be set forth the effects 
of wasteful resistance, and especially of friction, on the efficiency 
and counter-efficiency of single pieces, and of combinations and trams 
of pieces, in mechanism. In practical calculations the counter- 
efficiency is in general the quantity best adapted for use; because 
the useful work to be done in an unit of time, or effective powcTf is 
in general given ; and from that quantity, by multiplying it by the 
counter-efficiency, of the machine — that is, by the continued product 
of the counter-efficiencies of all the successive pieces and combina- 
tions bv means of which motion is communicated from the driving- 
point to the useful working-point — is to be deduced the value of the 
expenditure of energy in an unit of time, or total power, required 
to drive the machine. In symbols, let U be the useful work to be 
done per second; c, c\ c\ <fec., the counter-efficiencies of the several 
parts of the train ^ T, the total energy to be expended per second; 
then 

T = c-c'-c"-&c....U.... (1.) 

When the mean effort required at the driving-point can con- 
veniently be computed by reduciug each resistance to the driving- 
point, and adding together the reduced resistltnces (as in Article 
407, page 253, and Article 421, page 267), the ratio in which the 
actual effort required at the driving-point is greater than what the < 
required effort would be, in the absence of wasteful resistance, is 
expressed by the continued product of the counter-efficiencies of 
the parts of the train, as follows : let Pq be the effort required, in , 
the absence of wasteful resistance; P, the actual effort required; 
then 

P = c • c' • d' • &c....Po; (2.) 

B>nd in determining the e^cveiicy ot \>[v^ ^w^c&fe"t-^^^^K^^ ^ ^ 
single piece, the most couvenieii^ me^^do^ oi ^^wife^^vsi^QJl^fcXi. '^^\^- 
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sists in comparing together the efforts required to drive that piece, 
with and without friction, and thus finding the ratios 

P P 

-^^ = efficiency j tt = counter-efficiency. (3. ) 

In • the ensuing sections of this chapter, the efficiency of single 
primary pieces is first treated of, and then that of the various 
modes of connexion employed in elementsiry combinations. 

Section 1. — Efficiency and CouNXER-EFFiciEifCY of Primary, 

Pieces. 

436. Efficiency of Primary Pieces in General — A primary piece 
in mechanism, moving with an uniform velocity, is balanced under 
the action of four forces, viz. : — 

I. The re-action of the piece which it drives : this may be called 
the Useful Resistance, and (Jenoted by E,; 

II. The weight of the piece itself: this may be denoted by W; 

III. The effort by which the piece is driven: this may be 
denoted by P; and its values with and without friction by P© and 
Pj respectively; 

lY. The resultant pressure at the bearings, or hearing-pressurey 
which may be denoted by Q; and which of course is equal and 
directly opposed to the resultant of the first three forces. 

In the absence of friction, the bearing-pressure would be normal 
to the bearing surface. The effect of friction is, that the line of 
action of the bearing-pressure becomes oblique to the bearing- 
surface, making with the normal to that surface the angle of 
repose (^), whose tangent (/= tan ^) is the coefficient of friction 
(see Article 261, page 154); and the amount of the friction is 
expressed by Q sin ^, or very nearly by f Q, when the coefficient 
of friction is small. 

In the class of problems to which this chapter relates, the first 
two forces — that is, the useful resistance E-, and the weight W — 
are given in magnitude, position, and direction ; and in most cases 
it is convenient to find their resultant, in magnitude, position, and 
direction, by the rules of statics: that is to say, if the line of 
action of E, is vertical, by Article 226, page 128; and if inclined, 
by the rules given or referred to in Article 209, page 122. In 
what follows, the resultant of the useful resistance and weight 
will be called the given force^ and denoted by E,'. 

The third force — that is, the effort required in order to drive 
the piece at an uniform speed — is given in position and direction ; 
for its line of action is the line of connection of the ^iac^ \>cs^^«st 
consideration with the piece that drives it. T\ie> Tcva.^xv\}^\3L^^ ^^fl'^ic^^ 
e^rt is one of the quantities to be found. a. 

The fourth force— thsit is, the bearing-\>reaa\«ft— ^"aa^"^^^"^"^ 
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in position, direction, and magnitude. The general principles 
according to which it is determined are the following : — 

Firatf That if the lines of action of the given force and the effort 
are parallel to each other, the line of action of the resultant 
bearing-pressure must be parallel to them both; and that if they 
are inclined to each other, the line of action of the resultant 
bearing-pressure must traverse their point of intersection. 

Secondly, That at the centre of pressure, where the line of action 
of the resultant bearing-pressure cuts the bearing surfaces, it makes 
an angle with the common normal of those suHaces equal to their 
angle of repose, and in such a direction that its tangential 
component (being the friction) is directly opposed to the relative 
sliding motion of that pair of surfaces over each other. 

Thirdly, That the given force, the effort, and the bearing- 
pressure, form a system of three forces that balance each other; 
and are therefore proportional to the three sides of a triangle 
parallel respectively to their directions. 

437. Efficiency of a Straight-sliding Piece.— In fig. 155, let A A 
be a straight guiding-surface, upon which there slides, in the direc- 







Fig. 155. 

tion marked by the feathered an'ow, the moving piece B. Let 
C D represent the given force, being the resultant of the useful 
resistance and of the weight of the piece B. (The figure shews 
the motion of B as horizontal ; but it may be in any direction.) 
Let C J be the line of action of the effort by which the piece B is 
driven. 

PrsLW C N perpendicular to A A-, ax^d G F making the angle 
NCF = the angle of repose. IVvtow^ T>, ^^t^^ \«i ^"S^^^ajir 
the straight line DHQ, cwttVi^^ O^ mia.,^xv^ ^^\s^^\^^^ 
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through H and Q, and parallel to D C, draw H K© and Q Kj, 
cutting C J in Ko and Ki respectively. Produce H C to H', and 
Q C to Q;, making C H' = H C, and C Q' = Q C. 

Then, in the absence of friction, C H' will represent the resultant 
teuring-pressure exerted upon B by A A; and CKo = DHwilI 
represent the force in the given direction C J required to drive B 
at an uniform speed; and when friction is taken into account, C Q' 
will represent the resultant bearing-pressure, and C Ki the actual 
driving force required ; and we shall have 

the efficiency = p-^; and the counter-efficiency = p-^^ 

If from D, Ko, and Kj there be let fall upon A A the perpen- 
diculars D il, Ko Pe, and Kj Pj, C R will represent the direct 
resistance to the advance of B; C Pq, the direct effort in the 
absence of feictfon; and C Pi, the direct effort taking friction into 
account; so that the distance Pq Pi will represent the friction 
itself; which is also represented by Q N perpendicular to C N. 

To express these results by symbols, let C D = R' (the given 
force) ; let the acute angle A C D be denoted by «, and the acute 
angle A C J by /3; and let ^ denote the angle of repose N" C Q. 

Then, in the triangle C D H, we have ZBCH = - - «, and 
C H D = ^ - /3; and in the triangle C Q D, we have Z B C Q 

tmm 

= o ~ * + ^> and^ C Q D =<i - /3 - ^; consequently 

cos/3^ ^ cos(/3 + ^)* 

whence it follows that the efficiency and counter-efficiency are 
given by the following equations : — 

Ti'ffi«;^««^ ^0 I> H cosflc 'COS (3 + ^) 1 -/tan /8 , . 
Efficiency = p^= DQ = cos /3 - cos <« - ^) = 1 +/tan « ^^^ 

Counter-efficiency = ^r = i ^?n 1- (2-) 

•^ Plo 1 -ytan/3 ^ ' 

It is to be remarked, that the efficiency diminishes to %nothing 
when cotan ^=f\ that is to say, when /3 is the complement of the 
angle of repose, ^. In other words, if the oblique effort is applied 
in the direction C Q, no force, how great soever, will be sufficient 
to keep the piece B in motion. 

438. Efficiency of an Axle.— In fig. 15^,\ei\,^i\vei ^vc^^ fe^ K K. 

represent the trace of the bearing-surface oi «lii «u!^^ <5vi ^^«^^ 

perpendicular to its axis of rotation, O — ^in ot^iet ^at^^> ^^ '^^^^^^' 

TT 
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verse section of that surface. Let the arrow near the lett» N 
represent the direction of rotation. Let C D be the given force; 
that is, as before, the resultant of the weight of the whole piece 
that rotates with the axle, and of the useful resistance or re-action 
exerted on that piece by the piece which it drives ; C J, the line of 
action of the effort by which the rotating piece is driven* 




Fig. 156. 

Let r denote the radius of the bearing-surface. 

About O describe the small circle B B, with a radius = 
r sin <p=fr, very nearly. Draw the line of action, C T Q, of the 
resultant bearing-pressure, touching the small circle at that side 
which will make the beaiing-pressure resist the rotation. In the 
case in which C D and C J intersect each other in a point, C, as 
shewn in the figure, C T Q will traverse that point also; and in 
the case in which the lines of action of the given force and the 
effort are parallel to each other, C T Q will be parallel to both. 
The centre of bearing-pressure is at Q; and O Q T = f, the angle 
of repose. 

In the former case the efficiency may be found by pai'allelo- 

gi-ams of forces, as follows : — Draw the straight line CON; this 

would be the line of action of the resultant bearing-pressure in the 

absence of friction, and 15 wo\\\d\i^ \Xvfe Q.«vi\?c^ Q?l>Q«a.^\i%i5ressure. 

Through D, parallel to C 3, O^m^ T)^^,exi\x:\Tv%^<^^ •x^> 

and CT'Q in E. ThvoxAS^B. aiv^^,^)^^^^^'^^ ^^.^^^^^^ 
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and E Pi- Then, in the absence of friction, H C would represent 
the bearing-pressure, and CPo = DH the effort; the actual bear- 
ing-pressure is represented by E C, and the actual effoi*t by C Pi = 
D E. Hence the efficiency and counter-efficiency are as follows : — 

Po_DH Pi^DE 
Pi"D"E'Po"DH ^^ 

Another method, applicable whether the forces are inclined or 
parallel, is as follows : — From the axis of rotation O, let fall O L^ 
and O Mq perpendicular respectively to the lines of action of the 
given force and of the effort. Then, by the balance of moments, 
the effort in the absence of friction is 

From a convenient point in the actual line of action, C Q, of 
the bearing-pressure (such, for example, as T, where it touches the 
small circle B B), let fall T L^ and T Mi perpendicular respec- 
tively to the same pair of lines of action; then the actual effort 
will be 

^'"^ tm; 

Hence the efficiency and the counter-efficiency have the following 
value :— 



(2.) 



P«_OLo 


•TMi 1 

* • 


A OMo 


•T Li^ 


Pi OM, 
Po OLft 


•TLi 
"T~M/ 



The same results are expressed, to a degree of approximation 
sufficient for practical purposes, by the following trigonometrical 
formulae:— Let OLo = ^; O M^^ = m; ZCOLo = «; ^CO Mo= . 
Then we have, very nearly, 

■D 7 /• • - 1- — -sin/S 

"o_ ^ .^ "■/ r sm j3 _ m /« x 

Pi wi- 1 +fr sin « - Ar . 

l+'-y-*sm« 

V 

In making use of the preceding formula, it is to be observed 
that the contrary algebraical signs of sin a and sin ^ «^V^^1 "^^ "^^^^ 
cases in which the two angles a and 3 lie a\. eo\i\.T^'t^ «v^^^ ^"^^ ^ ^; 
In the eases in which those angles lie at tlve aame> «v^^ ^i ^ ^"^^"^^ 
algebraical signs are the same ) and iu tlxe ioxm>3X^ ^^^ ^^'^ ^ 
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made both padUve or both negative, according as /8 is less or greater 
than «; so that the efficiency may be always expressed by a fiuc- 
tion less than unity. That is to say, 

p 1 - — sm /3 

*■'■ r* ^^ •• ^ p J., \*^^*/ 

1 -—r- sm a 
It 

p I +•'— sin ,3 



""'"'•'t'^fr—' (^») 



1 + -.- sin 



When the lines of action intersect, let O C be denoted by c; 
then I = c cos «, and m = c cos /9; and consequently the three 
preceding equations take the following form ; — 



/3 and • of contrary signs; ^^= f- 

/3 and « of the same sign; 



fr 

' ; (4.) 

tan« 
c 



1 --^ tan /S 

^>"^f!= fr > (^^-^ 

' l--^tan« 
c 

p 1 + — tan ^ 

/3 < «; p-— 7^^ ; (4b.) 

^ 1 + — tan « 
c 

When the lines of action of the forces are parallel, we have sin iS 
and sin «= +1 or— 1, as the case may be; and the formulse 
take the following shape : — 

When I and m lie at contrary sides of O, the piece is a " lever 
of the first kind; ** and 

p 1 

prrz^ (^-^ 

When I and m lie at the same sv^e oi O \ 
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If m>l, the piece ia a " lever of the second kind;" and 

Pi=7A ^'^'^ 

I 

If w» < ?, the piece is a " lever of the third kind;" and 

r,-Tfr- « 

(As to levers of the first, second, and third kinds^ see Article 
184, page 108.) 

The following method is applicable whether the forces are inclined 
or parallel ; in the former case it is approximate, in the latter 
exact. Through O, perpendicular to C, draw U O V, cutting 
the lines of action of the given force and of the effort in U and V 
respectively. The point where this transverse line cuts the small 
circle B B coincides exactly with T when the. forces are parallel, 
and is very near T when they are inclined; and in either case the 
letter T will be used to denote that point. Then 



Po__OJ[J TY 
Pa V ' T U' 



(6.) 



It is evident that with a given radius and a given coefficient of 
friction, the efficiency of an axle is the greater the more nearly 
the effort and the given force are brought into direct opposition to 
each other, and also the more distant their lines of action are from 
the axis of rotation. 

439. Efficiency of a Screw. — The efficiency of a screw acting as 
a primary piece is nearly the same with that of a block sliding on 
a straight guide, which represents the development of a h^lix situated 
midway between the outer and inner edges of the screw-thread ; 
the block being acted upon by forces making the same angles with 
the straight guide that the actual forces do with that helix. As to 
the development of a helix, see Article 160, page 94 ; and as to the 
efficiency of a piece sliding along a straight guide, see Article 437, 
page 288. 

Section 2. — Efficiency and Counter-efficiency of Modes op 

Connection in Mechanism. 

440. Emeiency of Modes of Coiiiiec\iou "m ^«tL«t^.— ^^ ^^ ^~ 
mentaij combination consisting of tNvo Y^^^ie'^, ^ ^xvN'st ^x^^"^ 
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follower, tliere is always some work lost in overcoming wasteful 
resistance occasioned by the mode of connection ; the result being 
that the work done by the driver at its working-point ia greatei 
than the work done upon the follower at its driving-pokt, in a 
proportion which is the counter-efficiency of the connection ; and the 
reciprocal of that proportion is the efficiency of the connection. In 
calculating the efficiency or the counter-efficiency of a train of 
mechanism, therefore, the factors to be multiplied together comprise 
not only the efficiencies, or the counter-efficiencies, of the several 
primary pieces considered separately, but also those of the several 
modes of connection by which they communicate motion to each 
other. 

441. Efficiency of Boiling Contact — ^The work lost when one 
primary piece drives another by rolling contact is expended in 
overcoming the rolling resistcmce of the pitch-surfaces, a kind of 
resistance whose mode of action has been explained in Article 402, 
jmge 251; and the value of that work in units of work per second 
is given by the expression a 6 N ; in which N is the normal pressure 
exerted by the pitch-sur&ces on each other; b, a constant arm, of a 
length depending on the nature of the surfaces (for example 0*002 
of a foot = 0*6 millimetre for cast iron on cast iron, see page 252); 
and a the relative angular velocity of the surfaces. 

The useful work per second is expressed by w/N, in which/ is 
the coefficient of friction of the surfaces, and u the common velocity 
of the pitch lines. Hence the counter-efficiency is 

<j = l+ — -^ (1.) 

uf ^ ^ 

Let pi and p^ be the lengths of two perpendiculars let faM from 
the two axes of rotation on the common tangent of the two pitch- 
lines; if the pieces are circular wheels, those pei*pendiculars will 
be the radii. Then the absolute angular velocities of the pieces 

are respectively - and ; and their relative angular velocity is 

therefore 



** \^ pJ^ 



which value being substituted in Equation 1, gives for the counter 
efficiency the following value : — 



c= 1 + 



\a.^\ (2.) 



It is assumed that tlie normaY i^T«aa\3cc% Sa tiq^. ^wateti ^^t^Ss. 
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necessary in order to give sufficient friction to communicate the 
motion. 

It is evident, from the smallness of b, that the lost work in this 
case must be almost always a very small fraction of the whole. 

442. Efficiency of Sliding Contact in General — In fig. 157, let T 
be the point of contact of a pair of 
moving pieces connected by sliding 
contact. Let the plane of the figure 
be that containing the directions of 
motion of the two particles which 
touch each other at the point T ; and 
let T V be the velocity of the driving- 
particle, and T W the velocity of the 
following particle ; whence V W will 
represent the velocity of sliding, and 
T XJ, perpendicular to V W, the 
common component of the velocities 
of the two particles along their line of 
connection R T P. C T C, parallel to 
V W, and perpendicular to R T P, is 
a common tangent to the two acting 
surfiEu^s at the point T ; the arrow A. 
represents the direction in which the 
driver slides relatively to the follower^ 
and the arrow B, the direction in 
which the follower slides relatively to 
the driver. 

Along the line of connection, that is, normal to the acting sur- 
faces at T, lay off T P to represent the effort exerted by the driver 
on the follower, and TR(= -TP)to represent the equal and 
opposite useful resistance exerted by the follower against the driver. 
Draw S T Q, making with R T P an angle equal to the angle of 
repose of the rubbing surfaces, (see AiHicle 261, page 154), and 
inclined in the proper direction to represent forces opposing the 
sliding motion; draw P Q and R S parallel to C C. Then T Q 
will represent the resultant pressure exerted by the driver on the 
follower, and T S ( = — T Q), the equal and opposite resultant 
pressure exerted by the follower against the driver, and P Q = - R S 
will represent the friction which is overcome, through the dis- 
tance V W, in each second ; while the useful resistance, T R, 
is overcome through the distance T U. Hence the useful work 
per second is T U • T R; the lost work is V W • R S; and the 
counter-efficiency is 




Fig. 157. 



4?= 1 






«V^^ 
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Let the Migle U T V = •, the angle TJ T W = /3, and let/be the 
coefficient of friction. Then we have — 

-^pgp^=tan« + tan^; ^5=/; 

and consequently 

c = l+/(tan« + tan /8).., (2.) 

443. Efficiency of Teeth. — ^It has already been shewn, in Article 
148, page 87, that the relative velocity of sliding of a pair of 
teeth in outside gearing is expressed at a given instant by 

where t denotes the distance at that instant of the point of contact 
from the pitch-point. (In inside gearing the angular velocity of 
the greater wheel is to be taken with the negative sign.) 

The distance t is continually varying from a maximum at the 
beginning and end of the contact, to nothing at the instant of 
passing the pitch-point. Its mean value may be assumed, with 
sufficient accuracy for practical purposes, to be sensibly equal 
to one-half of its greatest value > and in the formulae which 
follow, the symbol t stands for that mean value. 

Let P be the mutual pressure exerted by the teeth ; f, the 
coefficient of friction ; then the work lost per second through 
the friction of the teeth is 

(di + Oa) tfV', 

Let u be the common velocity of the two pitch-circles ; , the 
mean obliquity of the line of connection to the common tangent d 
the pitch-circles ; then u cos ^ is the mean value of the common 
component of the velocities of the acting surfaces of the teeth along 
the line of connection ; and the useful work done per second is 
expressed by 

P u cos 0. 

so that the counter-efficiency is 

^^l^COil^ (1.) 

u cos ^ ^ ' 

Let rj and r^ be the radii of the two pitch circles; then we have 

u u 

and consequently 

- 1 +/t aec 6 VV^i '"^^ 
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If two pairs of teeth at least are to be in action at each instant 
(as in the case of involute teeth, and of some epicjcloidal teeth), 

and if the pitch be denoted bj^, we have t see 6 = h^ and therefore 

«-4^{^u-"/{^i}^ w 

where n^ and n^ are the number of teeth in the two wheels. 

In many examples of epicycloidal teeth, especiallj where small 

2 3 

pinions are used, the duration of the contact is only « or j of that 

assumed in Equation 3; and the work lost in friction is less in the 
same proportion. 

444. Efficiency of Bands. — ^A band, such as a leather belt or a 
hempen rope, which is not perfectly elastic, requires tho expenditure 
of a certain quantity of work — ^first to bend it to the curvature of 
a puUey, and then to straighten it again; and the quantity of work 
so lost has been found by experiment to be nearly the same as 
would be required in order to overcome an additional resistance, 
varying directly as the sectional area of the band^ directly as its 
tension, and inversely as the radius of the pulley. In the follow- 
ing formulae for leather belts, the stiffness is given as estimated by 
Keuleaux {Consl/ryxstionslehrefiir MaschinenbaUy § 307). 

Let T be the mean tension of the belt; B, its sectional area; 
r, the radius o£ the pulley; 5, a constant divisor determined by 
experiment; H'^ the resistance due to stiffness; then 

R' = |^ (1.) 

or ^ ' 

h (fo» leather) = 3*4 inch = 87 millimetres. 

To apply this to an endless belt connecting a pair of pulleys of 
the respective radii t^ and rj, let Tj and Tg be the tensions of the 
two sides of the belt Then the useful resistance is T^ - Tj . the 

T + T 

mean tension is -^-^ — ?; and the additional resistance due to 

stiffness is 

T, + T,.S/1 U. 

consequently the counter-efficiency is 



e = 1 + 



Ti + Tj, Sfl l\ 



■^ 
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T 

N denoting f^. Tbe sectional area, S, of a leather belt is given 
by the formula 

s-^'; (3.) 

where p denotes the safe working tension of leather belts, in onlts 
of weight per unit of area; its value being, according to Morin, 

0'2 kilogramme on the square millimetres or 
285 lbs. on the square inch. 

The ordinary thickness of the leather of which belts are made b 
about 0*16 of an inch, or 4 millimetres; and from this and from 
the area the breadth may be calculated. A double belt is of doable 
thickness, and gives the same area vnih. half the breadth of a single 
belt. 

When a band runs at a high velocity, the cmtrifugail tension, 
or tension produced by centrifugal force, must be added to the 
tension required for producing friction on the pulleys, in order to 
find the total tension at either side of the band, with a view to 
determining its sectional area and its stiffiiess. The centrifugal 
tension is given by the following expression : — 

; (4.) 

in which w is the heaviness (being, for leather belts, nearly ^qual to 
that of water); S, the sectional area; v, the velocity; and g, gravity 
( = 32-2 feet, or 9*81 metres per second). 

When centrifugal force is taken into consideration, the following 
formula is to be used for calculating the sectional area; T^ heing 
the tension at the driving-side of the belt, eocdnsive of centrifugal 
tension : — 

wifi; (5.) 



P- 



9 
and the following foimula for the counter-efBiciency : — 

For calculating the eflBciency of hempen ropes used as bands, it 
is unnecessary in such questions as that of the present article to 
use a more complex formula than that of Eytelwein — viz., 

K-^-. V^. 
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wbere D is the diameter of the rope, and V = 54 millimetres = 
2-125 inches. 

In all the formulae, -rr is to be substituted for -^. The proper 

value of Jfi is given by the formula 



p 



,(8.) 



where p' = 1,000 for measures in inches and lbs. ; and 

p'= Qrl for measures in millimtoes and killogrammes. 
445. Efficiency of Linkwork.—In fig. 158, let C^ T^, Cg Tg be two 
levers, turning about parallel axes at Ci and Cg, and connected with 
each other by the link T^ Taj Ti and Tg being the connected points. 




.l/^L 



Fig. 158. 



The pins, which are connected with each other by means of the 
link, are exaggerated in diameter, for the sake of distinctness. Let 
Cj Tj be the driver, and Cg Tg the follower, the motion being as 
shewn by the arrows. From the axes let fall the perpendiculars 
^1 I*i> C, Pj, upoa the line of connection. Then the angular 
velocities of the driver and follower are inversely as those perpen- 
diculars; and, in the absence of friction, the driving moment of the 
£rst lever and the working moment of the second are . directly as 
those perpendiculars; the driving pressure being exerted along the 
line of connection Tj T2. Let Mg be the working moment ; and 
let Mq be the driving moment in the absence of friction j then we 
liave 
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To allow for the fiictioD of the pins, multiplj the radius of eacb 
pin by the sine of the angle of repose; that is, very nearly by the 
coefficient of friction ; and with the small radii thus computed, 
Ti Ai and T, A^, draw small circles about the conned;ed poink 
Then draw a straight line, Q^ Ai B| Qs A, Bj, touching both the 
small circles, and in such a position as to represent the line of 
action of a force that resists the motion of both pins in the eyes of 
the link. This will be the line of action of the resultant force 
exerted through the link. Let fall upon it the perpendiculars 
^1 Qi} ^s Qs^ these will be proportional to the actual driving 
moment and working moment respectively; that is to say, let M^ 
be the driving moment, including friction; then 



Mj= 



Mj-C,Qi 



Comparing this with the value of the driving moment without 
friction, we find for the counter-efficiency 

_M, C.Q.C.P. . ,,. 

"-MrCjQjC.P,' ^^' 



and for the efficiency 

1 Mq C,Q,C,fi 

c" Mi"CiQ,-C2P; ^ ^^ 

446. Efficiency of Blocks and Tackle.— (See Articles 181, 182, 
pages 105 and 106.) — In a tackle composed of a fixed and a running 
block containing sheaves connected together by means of a rope, let 
the number of plies of rope by which the blocks are connected with 
each other be n. This is also the collective number of sheaves in 
the two blocks taken together, and is the number expressing the 
purchase, when friction is neglected. 

Let c denote the counter-efficiency of a single sheave, as depend- 
ing on its friction on the pin, according to the principles of Article 
373, page 290. Let c' denote the counter-efficiency of the rope, 
when passing over a single sheave, determined by the principles 

"D 

of Article 444, the tension being taken as nearly equal to-; 

where R is the useful load, or resistance opposed to the motion of 
the running block. R -j- tj is also the effort to be exerted on the 
hauling part of the rope, in the absence of friction. Then the 
counter-efficiency of the tackle will be expressed approximately by 

(cc')-; (1.) 

SO that the actual or effective -^xxc^^-as^, YaaXi^aA q1 \i^\\i^ exijressed 
by /ij will be expressed by 

n^ccV ^^^ 
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447. EfElcieiicy of Connection by means of a FlT]id.~WheQ 
motion is commuDicated from one piston to another by means of au 
intenrening mass of fluid, as described in Articles 185 to 188, 
pages 110 and 111, the efficiencies and counter-efficiencies of the two 
pistons have in the first place to be taken into account; that is 
to say, with ordinary workmanship and packing, the efficiency of 
each piston maybe taken at 0*9 nearly; while with a carefully 
made cupped leather collar the counter-efficiency of a plunger may 
be taken at the following value : — 

>-T^ (••) 

in which d is the diameter of the plunger; and h a constant, whoso 
value is from 0*01 to 0*015 of an inch, or from 0*25 to 38 of a 
millimetre. For if c be the circumference of the plunger, and p 
the effective pressure of the liquid, the whole amount of the pres- 
sure on the plunger is . ; and the pressure required to overcome 

the friction is pcb. 

The efficiency and counter-efficiency of the intervening mass of 
fluid remain to be considered ; and if that fluid is a liquid, and 
may therefore be regarded as sensibly incompressible, these quan- 
tities depend on the work which is lost in overcoming the resist- 
ance of the passage which the liquid has to traverse. 

To prevent unnecessary loss of work, that passage should 
be as wide as possible, and as nearly as possible of uniform 
l^nsv^rse section; and it should be free from sudden enlarge- 
ments and contractions, and from sharp bends, all necessary 
enlargements and contractions which may be required being made 
by means of gradually tapering conoidal parts of the passage, 
and all bends by means of gentle curves. When those conditions 
are fulfilled, let Q be the volume of liquid which is forced through 
the passage in a second; S, the sectional area of the passage; 
then, 

^4 (^•> 

is the velocity of the stream of fluid. Let 5 denote the wetted 
border or circumference of the passage; then, 

»» = -j, (3.) 



iigr what is called the A^draulic mean depth, oi \)aa ^^asaj?^^* ^^^ 
cylindrical pipe, m =^ \ diameter. l»et I ^>e^ \.\i«> \e\i^>^ ^"^ ^^'^ 
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passage, and to the heaviness of the liquid, l^en the loss of pres- 
sure in overcoming the friction of the passage is 

^.=^•-27^ ^*> 

in "which g denotes gravity, and f a coeflScient of friction whose 
value, for water in cylindrical cast-iron pipes^ according to the 
expeiiments of Darcy, is 



/=0005(l+^^);» (5.) 



d being the diameter of the pipe in feet. 

Let jo be the pressure on the driven or following piston ; then 
the pressure on the driving piston is 'p + p'; and the counter- 
efficiency 0/ the fluid is 

1 + ^; (6.) 

P 

which, being multiplied by the product of the counter-efficiencies 
of the two pistons, gives the counter-efficiency of the intervening 
liquid. 

When the intervening fluid is air, there is a loss of work 
through friction of the passage, depending on principles similar to 
those of the friction of liquids; and there is a further loss through 
the escape by conduction of the heat produced by the compression 
of the air. 

The friction which has to be overcome by the air, and which 
causes a certain loss of pressure between the compressing pumps 
and the working machinery, consists of two parts, one occasioned 
by the resistance of the valves, and the other by the friction along 
the internal surface of pipes. 

To overcome the resistance of valves, about five per cent, of the 
effective pressure may be allowed. 

The friction in the pipes depends on their length and diameter, 
and on the velocity of the current of air through them. It is 
nearly proportional to the square of the velocity of the air. 

A velocity of about forty feet per second for the air in its com- 
pressed state has been found to answer in practice. The diameter 
of pipe required in order to give that velocity can easily be com- 
puted, when the dimensions of the cylinders of the machinery to be , 
driven, and the number of strokes per minute, are given. 

When the diameter of a pipe is so adjusted that the velocity of 

the air is 40 feet per second, the pressure expended in overcoming 

its friction may be estimated at cue per ceut. 0/ the total or absolute 

* When the diameter is expTesaed "m miaimfctT^, iw ;^^^x^^^x\ivi.\* - ^ 
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presswre of the air, for every five hund/red diameters of the pipe that 
its length contains. 

Although the abstraction from the air of the heat produced by 
the compression involves a certain sacrifice of motive power (say 
from 30 to 35 per cent.) still the effects of the heated air are so 
inconvenient in practice, that it is desirable to cool it to a certain 
extent during or immediately after the compression. This may be 
effected by injecting water in the form of spray into the com- 
pressing pumps; and for that purpose a small forcing pump of 
about xJ^th of the capacity of the compressing pumps has been 
found to answer in practice. The air may thus be cooled down to 
about 104" Fahr. or 40° Cent. 

The factor in the counter-eflficiency due to the loss of heat 
expresses the ratio in which the volume of air as discharged from 
the compressing pump at a high temperatttre is greater than the 
volume of the same air when it reaches the working machinery at 
a reduced temperatui*e; which ratio may be calculated approxi- 
mately by taking two-sevenths of the loga/rithm of the absolute 
working pressure of the compressed air in atmospheres, and finding 
the corresponding natural number. That is to say, let Pq denote 
one atmosphere ( = at the level of the sea 14*7 lbs. on the square 
inch, or 10,333 kilogrammes on the square m^tre); let pi be the 
absolute working pressure of the air, so that Pi-pois the effective 
pressure; then the counter-efficiency due to the escape of heat is. 



^= 9Y (7-) 




From examples of the practical working of compressed air, 
when used to transmit motive power to long distances, it appears 
that in order to provide for leakage and various other imperfec- 
tions in. working, the capacity of the compressing pumps should be 
very nearly double of the net volume of uncompressed air required; 
and it has also been found necessary, in working the compressing 
pumps, to provide from three to four times the power of the 
machinery diiven by the compressed air. 
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Absolute unit of force, 213. 
Acceleration, work of, 252. 
Accelerating effect of gravity, 213. 

force, 213. 

impulse, 207. 
Action and re-action, 115. 
Actual energy, 207. 
Addendum of a tooth, 81. 
' Aggregate combinations, 73, 112. 
Angle of repose, 154. 

of rotation, 48. 
Angular impulse, 220. 

momentum, 219, 228. 

momentum, conservation of, 220. 

momentum and angular impulse 
relation of, 220. 

velocity, 48. 

velocity, variation of, 63. 
Arch, line of pressures in, 177. 
Arcs, measurement of, 23, 24. 
Areas, centre of, 26. 

mensuration of, 16, 17. 
Axis, instantaneous, 55. 

of rotation, 47, 48. 
Axle, strength of, 187 

torsion of, 187. 
Axles and shafts, efficiency of, 289. 

friction of (see Efficiency). 

Balance, 31, 118. 

of any system of forces, 135, 136, 
137. 

of any system of forces in one 
plane, 134. 

of chain or cord, 174. 

of couples, 126. 

of forces in one line, 118. 

of inclined forces, 1 22. 

of parallel forces, 131, 132. 

of structures, 157. 
Balanced forces, motion under, 210. 
Bands, classed, 97. 

connection by, 72, 97, 98. 

efficiency of, 297. 

len^ of; 99. 

motion of, 97. 

principle of connection by, 97« 
Bar. 158. 



Beam, 158. 

allowance for weight of, 200. 

limiting length of, 200. 

in linkwork, 101. 
Bearings, 71. 

friction of, 251. 
Belt, with speed cones, 100. 
Bending moment, at a series of sec- 
tions, 193. 
Bending moment, greatest, 194. 
Bending moments, calculation of, 

190. 
Bending, resistance to, 189. 

moment of, 190. 
Bevel-wheels (see Wheels). 
Blocks and tackle, 105. 

efficiency of, 300. 
Blocks, stability of a series of, 158, 

175. 
Bodies, 30. 

rigid, 47. 
Bracing of frames, 166, 167, 163. 
Brake, 241. 
Brakes, 276. 

block, 277. 
Bulkiness, 12L 
Buoyancy, centre o^ 121. 

Cam or Wiper, 92. 
Centre of area, 26. 

of a curved line, 27. 

of a plane area, 20. 

of buoyancy, 121. 

of gravity, 121, 140. 

of magnitude, 25, '26, 27, 28, 29. 

of mass, 207. 

of oscDlation or percussion, 208, 
227. 

of parallel forces, 119, 133. 

of pressure, 121. 

of resistance, 176. 

of special figures, 28. 

of volume, 27. 
Centrifugal force, 207 (see also De- 

viatmg Force). 
Cliains, ec^o^T^UTEL ^"l^ \^^ X\\. 
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Cinematics, principles o( 33. 
Circle, involate of (see Involute). 

area o( 21. 
Circular arcs, measurement o^ 23. 
Circular measure, 8. 

sector, area of^ 22. 

arcs, length of, 23, 24. 
Click, 105. 
Coefficient of stiffness, 183. 

of elasticity, 184. 

of pliability, 183. 
Coff, nunting, 83. 
CoUar, friction o^ 251. 
Collision, 208, 221. 
Combinations, aggregate (see Aggre- 
gate). 

elementary (see Elementary). 
Comparative motion, 38, 45, 50, 63. 
Components, 123. 

of motion, 35. 

of varied motion, 40. 
Compression, resistance to, 202. 
Cones, pitch (see also Wheels, bevel). 

rolling, 63. 

speed, 100. 
Connected points, motion o^ 102. 
Connecting-rod, 101 (see Linkwork). 
Connection, line of, 73. 

principle of, 73. 
Connectors, 71. 
Conservation of energy, 206, 260. 

of angular momentum, 220. 

of momentum, 219. 
Continued fractions, 2. 
Continuity, equations o:^ in liquids, 

67, 69. 
Contracted vein, 233. 
Contraction, coefficient of, 233. 
Cord, equilibrium of, 158, 174. 

guided by surfaces of revolution, 
66. 

motion of, 65. 
Counter-efficiency, (see Efficiency). 
Coupled parallel shafts, 101. 
Couples, 118, 119. 

equivalent, 125. 

parallelogram of, 126. 

polygon of, 126. 

resultant of, 125. 

with parallel axes, 126. 
Coupling, double, Hooke's, 105. 

Hooke's, 104. 
Oldham's, 96, 
CoupliDg-rod, 101 (see LinkworkV 
Crank -rod, 101 (see LinkworkV 
CroaS'breakjj}£r, reaiataxice to. \^% 



Crushing, direct resistance to, 202. 
Curved unes, measurement o4 23. 
Curves, measurement of tiie lengtl 

of, 23, 24, 25. 
Cycloid, 66. 
Cylinders, strength of; 186, 187. 

Dead points in linkwork, 101. 

Dead load, 180. 

Density, 120. 

Deviating force, 207, 216. 

in terms of angular velocity, 217. 
Deviation (of motion), uniform, 44. 

varying, 45. 
Differential and integral calculus, 10 

coefficients, 11, 12. 

calculus, geometrical illustratioi 
0^12. 
Direction, fixed and nearly fixed, 

33. 
Directional relation, 38. 
Distributed forces, 119, 120, 140. 

loads, 160. 
Driving-point, 242. 
Dynamics, 32. 

general equations o^ 211. 
Djniamometer, 271. 

Eccentric, 103. 

rod, 101. 
Effect and power, 241, 266. 
Efficiency and counter-efficiency, 
241, 265, 286. 

of a machine, 265, 266. 

of a shaft or axle, 289. 

of a sliding piece, 288. 

of modes of connection in mechan- 
ism, 293. 

of primary pieces, 287. 

of bands, 297. 

of linkwork, 299. 

of blocks and tackle, 300. 

of fluid connection, 301. 

of a screw, 293. 

of rolling contact, 294. 

of sliding contact, 295. 

of teeth, 296. 
Effort, 205. 

accelerating, 260. 

when speed is uniform, bal^* 
resistances, 215. 
Elasticity, 183. 

coefficients of, 184. 
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206, 259. 

(or kinetic), 207, 262. 

)rk, general equation o^ 267. 

1 and work done, equality 

:60. 

ial, 259. 

and restored, 208, 262. 

vation of, 206, 260. 

)rmation o^ 208. 

id, 58. 

idal teeth, 89, 90. 

oid, 58. 

J, 60. 

3, 59. 

um (see Balance). 

a tooth, 81. 

)f safety, 180. 

of anumher, 1. 

►ody (see Gravity). 

-ection, 33. 

31. 

a tooth, 81. 

iquid, 66, 67. 

ream, 67. 

ions of speed, 241. 

otion of, 66, 68, 69, 230. 

re of, 147. 

motion oi^ 68. 

y and flow of, 66. 

ow of volume o^ 69. 

3 of, 147. 

' mass of, 69. 

ils, 241, 278, 280. 

nd,243. 

ye unit of, 116, 213. 

iigal (see Deviating Force). 

ng (see Deviating ^orce). 

m of, 116. 

iited, 119, 120, 140. 

ude of, 116. 

e of, 117. 

ts of, 127, 130. 

^lar components of, 124. 

ntation of, 115, 116. 

eating, 208, 263. 

ction and reaction, 115. 

stermined and expressed, 

i, resultant and balance 

22, 125. 

1, 118. 

, magnitude of resultant of, 

o^ 128. 



Forces, parallelogram o^ 122. 

parallelepiped o^ 123. 

polygon of, 323. 

representation of by line, 117. 

resolution of, 122, 123, 124. 

resulta:it and component o^ 118. 

triangle o:^ 122. 
Fractions, continued, 2. 
Frames, 71. 

bracing oi^ 166. 

equilibrium and stability of, 158. 

of two bars, 161. 

polygonal, 163, 164 165. 

resistance of, at a section, 171. 

triangular, 162, 163. 
Friction, 153, 154. 

coefficient of, 154. 

moment of, 251. 

of liq uid, 235. 

of solid bodies, law of, 153. 

tables of, 155. 

work done against, 251. 
Frictional stabuity, 176. 
Function, 6. 

GovEENORS, 241, 282. 

pendulum, 283. 

loaded, 285. 
Gravity, accelerating effect of, 213. 

centre of, 121, 140. 

motion under, 213. 

speciflc, 120. 
Greatest common measure, I. 
Gyration, radius o^ 208, 223. 

table of radii o^ 226. 

Head, dynamic, of liquid, 230. 
Heat of motion, 252. 
Heaviness, 120. 
Helical motion, 51, 52. 
Helix (see Screw-line). 

normal, 93. 
Horse-power, 241, 266. 
Hunting-cog, 83. 
Hydraulic connection, 110. 

efficiency o^ 301. 

hoist. 111. 
Hydraulic press, 110. 
Hydrostatics, principles of, 147, 148, 
149. 

Impulse, 207. 

Inclined "pVaa^, \Q1 . 
ludic&toT, 211. 



308 



INDEX. 



Indicator diagram, 273. 
Inertia, or mass, 206. 

moment of (see Moment). 

redaced, 267. 
Integrals, approximate computation 

of, 13, 14, 16. 
Intensity of distribated force, 120. 

of pressure, 121. 

of stress, 143. 
Interveniiu; fluid, connection by, 73. 
Involute, §&, 

Joints, of a structure, 166. 
JourntJ, friction of, 251. 

Kinetics, 32. 206. 
general equations of, 211. 

Latebal force, 205. 

Length, measure of, 30, 31. 

Lever, 101, 107, 128. 

Line, 30. 

Link, 101. 

Linkwork, connecti<m by, 72, 101. 

comparative motion of the cod 
nected points in, 102. 

efficiency of, 299. 
Liquid, dynamic head o( 230. 

equilibrium of, 147. 

free surface of, 231. 

motion of; 230, 233. 

motion of, in plane layers, 232. 

motion of^ with friction, 233. 

surface of equal pressure in^ 231. 

without friction, motion of, 230. 
Live load, 180. 
Load, 179. 

dead, 180. 

live, 180. 

working, 179. 
Logarithms, conmion, 4, 5, 6. 

Machine, efficiency of (see Effi- 
ciency), 
action o( 243. 
general equation of the action of, 

267. 
moving pieces in, primary and 
secondary, 72. 
Machines, 32. 

theory of, 240. 
Magnitude, centre of, 25. 
Mass, 206. 
centre of, 207. 
in terms of weight, 212. 
meaBureof, 117. 



Matter, 30. 

Measure, greatest conmum, 1. 

Measures offeree and mats, 117 

of len^ 30, 
Mechamcal powers, compantive 
tionin, 107. 

forces in, 268. 
Mechanics, 30. 
Mechanism, theoij o^ 70. 

lu^gregate combinations in, 73 

^raientary combinations in, ' 

principle of connection in, 73. 
Mensuration of areas, 17. 

of curved lines, 23. 

of geometrical moments, 25 

of volumes, 22. 
Merrifield's trapezoidal rule, 19, 
Modulus of elasticity, 184. 

height or length o^ 184. 

of pliability, 18a 

of resilience, 185. 

of stiffiiess, 183. 

of transverse elasticity, 187. 
Moment, bending, 190. 

geometrical, 25. 

geometrical, of inertia, 199. 

greatest, 1S4. 

of a couple, 127. 

of a force, 127, 130. 

of inertia, 208,222. 

of inertia, table o^ 226. 

of stabUity, 177. 

of stress, 196. 
Momentum, 207. 

and impulse, law of, 254. 

angular (see Angular Momenti 

conservation of, 219. 

of a rotating body, 228. 

resultant, 207. 

variation and deviation of, 20' 
Motion, 31. 

combination of uniform, and 
formly accelerated, 43. 

comparative, 38, 39, 50, 63. 

component and resultant, 35. 

first law of, 210. 

graphical representation of, 4 

of a falling body, 213. 

of fluid of constant density, ( 

of pistons, 68. 

of points, 34, 37. 

of X)oints, varied, 39, 40. 

oC"^\ia.\ila bodies and fluids, ( 

^^XYO^Qi^> ^ift*^, "iSA. '^'^^ 
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second law o^ 211. 
rm, 37, 205. 
rm, dynamical principles of, 

• 

ll sxjrfacb, 197. 

•Lie curves, 16, 17. 
forces, 118, 127. 
3 of, 119, 133. 

, resultant o^ 127, 128, 129, 
, 132. 

3tion (seeProjection,ParaIlel). 
ograiii, area o^ 16. 
opiped of motions, 38. 
im, rotating, 217. 
e oscillating, 218. 
e revolving, 217. 
ion, centre of (see Centre). 
; motion, 208, 264, 278. 
;al motion of machines, 208. 
moving, 71. 
bructure, 156. 
smallest, with involute teeth, 

riction in, 237. 

mce caused by sudden en- 

rement in, 238. 

ance of curves and knees in, 

't 

mce of mouthpieces of, 238. 
110. 

i of a fluid upon, 110. 
n of, 68. 
rod, 101. 

r a screw, axial, 94. 
3d, 93. 
al, 93. 

th, 81 (see Teeth), 
rcles, 81. 
nes, 8L 
Dint, 81. 

irfaces, 74, 81 (see "Wheels), 
riction of, 251. 
f rotation, 48. 
3y, 183. 
;ients of, 183. 
10. 

31, 35. 
ns of, 34. 
ig, 35. 
cal, 30. 
241. 

iflfect, 241, 266. 
, 241, 266. 

mechanical (see Mechanical 

ers). 



Press, hydraulic (see Hydraulic 

press). 
Pressure, 144. 

centre 6i^ 121. 

intensity o^ 121. 
Primary moving pieces, efficiency ol, 
287. 

motions oi^ 72. 
Prime factors, 1. 
Prime movers, 240. 
Projection, parallel, 138, 153, 178. 
Projectile, unresisted, 214. 
Proof strength, 182, 183. 
Pull (see Tension). 
Pulley-blocks (see Tackle). 
Pulley (mechanical power), 107. 

Racks, toothless, 74. 

smooth, 74. 

straight and circular wheels, 75. 
Radius, geometrical, 81. 

of cyration, 208. 

real, 81. 
Ratio, 2. 

approximation to, 2. 
Reaction and action, 115. 
Reciprocating force, 208, 263. 
Reduced inertia, 257. 
Reduction of forces and couples in 
machines to the driving point, 
257. 
RedupHcation (see Tackle). 
Regulating apparatus, 276. 
Regulator of a prime mover, 241. 
RepKDse, angle of (see Angle). 
Resilience, 184. 
Resistance, 205. 

centre o^ 176. 

line of, 176. 

points oJ^ 242. 

of curves and knees, 238. 

of mouthpieces, 238. 

of rolling, 252. 

useful and prejudicial, 241. 
Resolution of forces, 122. 
Rest, 31. 
Resultant, 118. 

momentum, 207. 

of any system of forces, 135. 

of any system of forces in one 
plane, 134. 

of couples, 125. 

of inclined forces, 125. 

motions, ^^. 

oi paraX\fe\ iat^«», VH, Y2&, V)a> 
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Rigid bod^, motion o( 47, 222 (see 

Rotation). 
Rigidity or stiffiiess, 183L 

coefficients oi^ 183. 
Rod (see Crank-rod, Gonpling-rod, 
Connecting-rod, Eccentric-rod, 
Link, Piston-rod). 
Rolled curves (see Cydoid, Epicy- 
cloid, Epitrochoid, Involute, 
Spiral, Trochoid). 
Rollers, 74. 

Rolling contact, connection by, 72. 
cones, 63. 
efficiency of^ 294. 
general conditions of, 74. 
of cylinder on plane, 55. 
of cylinder on cylinder, 58. 
of plane on cylinder, 55. 
resistance, 252. 
Rotating body, comparative motion 
of points in, 50. 
components of velocity of a point 

in, 50. 
relative motion of a pair of points 
in, 49. 
Rotation, 47. 
actual energy of, 229. 
angle of, 48. 
angular velocity of, 48. 
axis of^ 47, 48. 

combined with translation, 51, 54. 
combined parallel, 56, 57, 62. 
components o^ varied, 64. 
instantaneous axis of, 55. 
plane of, 48. 

right and left handed, 49. 
uniform, 48, 228. 
varied, 63, 64. 
Rotations about intersecting axes 
combined, 62. 

Safety, factors o^ 180. 
Screw, 92. 

circular, pitch of, 93. 

efficiency of, 293. 

mechanical power, 107. 

piteh of, 92, 93. 
Screw-gearing, 94. 

axial pitch of, 94. 

development o^ 94. 

divided pitch of, 93, 
Screw-like or helical motion, 51, 52. 
Screw-line, normal pitch of, 93. 
Screws, compound, 113. 
relative sliding of a pair of, 95. 
right and left handed, 93. 



Secondary moving pieces, 72. 

efficiency oi^ 289. 
Sections, method o^ applied to frame- 
work, 171. 
Shaft, strength of (see Axle). 
Shear, 144. 
Shearing load, greatest, 192. 

at a series of sections, 192. 
Shearing loads, calculation of, 190. 
Shearing, resistance to, 186. 
Sheaves, 105. 

Shifting, or translation, 47. 
Simpson's Rules, 18, 19. 
Skew-bevel wheels (see Wheels). 
Sliding' contact, connection by, 72. 

efficiency oi^ 295. 

principle oi^ 79, 80. 
Sliding piece, efficiency of, 288. 
Solid, 30. 

Solii^b, mensuration of, 22. 
Specific gravity (see Gravity, 

Specific). 
Speed (see Velocity). 
Speed, adjustments of^ 73. 

cones, 100. 

fluctuations of, 241. 

periodic fluctuations of (see 
Periodic motion). 

uniform, condition of, 258. 
Spheres, strength of, 186. 
Spiral, 55, 56. 
Spring, 184. 
Stability, 156. 

frictional, 176. 

of position, 176. 
Standard measure of length, 30. 

measure of weight, 116. 
Starting a machine, 265. 
Statics, 32. 

principles of, 115. 
Stiffiiess, 157, 179. 
Stopping a machine, 265. 
Strain, 179. 
Stream of liquid, friction o^ 235. 

hydraulic, mean depth o^ 236. 

varying, 236. 
Strength, 156, 179, 

coefficients or moduli ofi 180. 

proof, 179. 

transverse, 196. 

ultimate, 179. 
Stress, 143, 179. 

classes of, 144. 
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Stress, moment of, 196. 

shearing, 150. 

tangential, 144. 

uniform, 145. 

varying, 145. 
Stresses, conjugate, principal, 150. 
Stretching, resistance to, 184. 
Structures, 32. 

equilibrium of, 157. 

theory of, 166. 
Stroke, length o^ in linkwork, 104. 
Struts, 158. 
Supports, 156. 
Sur&ce, 30. 
System of parallel forces, 131. 

Tackle, 105. 

connection by, 73, 105. 

eflSciency of, 300. 
Tearing, resistance to, 184. 
Teeth, arc of contact o^ 88. 

dimensions of, 91. 

efficiency of^ 296. 

epicycioidal, 89. 

involute, for circular wheels, 88, 
89. 

of mitre or bevel-wheels, 91, 92. 

of non-circular wheels, 42. 

of spur wheels and racks, 86. 

of wheels, 81. 

of wheel and tnmdle, 90. 

pitch and number o^ 81. 
^ sliding of, 87. 
} traced by rolline; curves, 86. 

j Tension, 144, 184. 
' Testing, 182. 
t Thrust, 144. 
Tie, 168. 

strength of, 184. 
Time, measure of, 35. 
Tooth, face o^ 81. 

flank o^ 81. 
Torsion (see Wrenching). 
Trains of mechanism, 73, 111. 

of wheelwork, 83, 84, 85. 
Transformation (see Projection). 
Transformation of energy, 208. 
Translation or shifting, 47. 

varied, 211, 219. 
Transverse strength, 196. 

table, 200. 
Trapezoid, area of, 16. 
Trapezoidal rule, MerrifieldX 19, 20. 

common, 21. 
Tiiangles, area of, 10^ 16,^ 
solution of plane, 8, 9. 
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Trigonometrical rules, 6. 

functions of one angle, 7. 

functions of two angles, 8. 
Trochoid, 65. 
Trundle, 90. 
Truss, 168. 

compound, 169. 
Trussing, secondary, 169, 170, 171. 
Turning (see Rotation). 
Twisting (see Wrenching). 

Unguents, 252. 
Uniform motion, 37, 205. 

deviation, 44. 

effort or resistance, effect of, 215. 

motion under balanced forces, 210. 

rotation, 48. 

stress, 145. 

velocity, 36. 
Universal joint, 104. 

double, 105. 

Valves, 110. 

VeJocities, virtual, 206, 267. 

Velocity, 36, 244. 

angular, 48. 

an^ar, variation of, 63. 

ratio, 38. 

uniform, 36. 

uniformly-varied, 41. 

varied, 39. 

varied rate of variation o^ 43. 
Virtual velocities, 206, 267. 
Volume, 30. 
Volumes, measurement of, 22. 

Wedge (mechanical power), 107. 
Weight, 116. 

mass in terms of, 212. 
Wheel and axle, 107. 

and rack, 75. 

and screw, 95. 
Wheels, bevel, 76, 81. 

circular, in general, 75. 

non-circular, 77. 

pitch-surfaces, pitch-Hnes, pitch- 
points oj^ 81. 

skew-bevel, 77, 78, 81. 

spur, 81. 
Wheelwork, train o:^ 83. 
White's tackle, 106. 
Windlass, differential, 112. 
Wooley*s rule, 22. 
Work, 206, 243. 
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WorkyagainstvaryiiigresLstanoe, 249, 

250. 
algebraical ezpressioiis for, 246. 
and energy, general equation o( 

267. 
dime, and energy exerted, equality 

0^260. 
done duiinpr retardation, 262. 
in terms oiangular motion, 244. 
in terms of pressure and volume, 

245. 
measures of^ 243. 
of acceleration, 252. 



Work, of acceleration, summation of, 
256. 

of machines, 243. 

rate o^ 243. 

represented by an area, 249. 

summary of various kinds o( 253. 

summation of, 247, 248, 256. 

useful and lost, 241, 251. 
Working point, 242. 
Working stress, working load, 179. 
Wrenchmg, resistance to, 187. 

Yard, standard, 30. 



THE EUD. 



\ 




•'* 



\ 



r 



TOnrrnD by bilul xvt> ivvts, q\j^^c>^ 




-.-v:.V.-^'-.'_-'^li-.:v 




"^S2i^ 












